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Abstract

We prove an unstable version of Morel’s A1
-connectivity theorem over arbitrary base schemes. In the stable

setting, this recovers (and simplifies the proof of) the known connectivity bounds due to Morel, Schmidt–Strunk,

Deshmukh–Hogadi–Kulkarni–Yadav, and Druzhinin, and extends them to possibly non-noetherian schemes. Using

the recent work of Bachmann–Elmanto–Morrow, this also implies that the slice filtration on homotopy K-theory

is convergent for qcqs schemes of finite valuative dimension.

1 Introduction
Motivic homotopy theory is an analogue of homotopy theory in algebraic geometry, where the affine line plays

the role of the unit interval. It was first introduced by Morel and Voevodsky [MV99] as a way to import ideas from

topology to the study of algebraic varieties, and ultimately led to the proof of the Bloch–Kato conjecture relating

Milnor K-theory and Galois cohomology [Voe11].

The basic objects of study in motivic homotopy theory are motivic spaces, i.e., A1
-invariant Nisnevich sheaves

of spaces on smooth schemes over a base. To pass from Nisnevich sheaves to motivic spaces, one typically uses

the localisation functor Lmot, which is however somewhat inexplicit. In particular, because it enforces simulta-

neously A1
-invariance (which adds information in the homological direction) and Nisnevich descent (which adds

information in the cohomological direction), it may a priori spread in infinitely many degrees in both directions.

This article is motivated by the following conjecture of Morel.

Conjecture 1.1 (Stable A1
-connectivity, [Mor05, Conjecture 2]). Let S be a regular noetherian scheme, and n ⩾ 0

be an integer. Then for any n-connective pointed space E ∈ PNis(SmS)∗, the motivic spectrum LmotE ∈ SH(S) is

n-connective.

When S is the spectrum of a field, this conjecture was proved by Morel in [Mor04, Mor05], and serves as a foun-

dation for several results in unstable motivic homotopy theory over a field [Mor12]. However, when S is a scheme

of higher dimension, Ayoub exhibited counterexamples to this conjecture and explained why the regularity hypoth-

esis on S should not be related to stable A1
-connectivity [Ayo06]. A corrected version of Morel’s conjecture, where

the connectivity bound is now shifted by the dimension of S to take into account Ayoub’s counterexamples, was

then formulated by Schmidt and Strunk [SS18]. This shifted stable A1-connectivity conjecture was proved when S is

a Dedekind scheme with infinite residue fields by Schmidt–Strunk [SS18], when S is the spectrum of a noetherian

domain with infinite residue fields by Deshmukh–Hogadi–Kulkarni–Yadav [DHKY21], and for general noetherian

schemes S by Druzhinin [Dru22].

Our main result is an unstable refinement of Druzhinin’s shifted stable A1
-connectivity theorem. We formulate

this result using the notion of valuative dimension, which is better-behaved than the Krull dimension for non-

noetherian schemes. Note that the valuative dimension of a scheme is always at least equal to its Krull dimension,

and that both notions agree on noetherian schemes.

Theorem 1.2 (Shifted unstable A1
-connectivity; see Theorem 3.9). Let S be a qcqs scheme of valuative dimension d,

and n ⩾ 0 be an integer. Then for any n-connective pointed space E ∈ PNis(SmS)∗, the motivic space LmotE ∈ H(S)∗
is (n− d)-connective.

Theorem 1.2 was previously known when S is the spectrum of a field. For perfect fields, this was first proved

by Morel [Mor12, Theorem 5.38] as a consequence of the main results of [Mor12]. More direct proofs, which also

hold for non-perfect fields, were later on provided by Asok [Aso09] and Ayoub [Ayo24]. Here, we follow Ayoub’s

strategy, and adapt it to the case of an arbitrary base scheme S. The two main ingredients in doing so are the
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results of Clausen–Mathew [CM21] and the presentation lemma over a general base proved in [BK25]; see the

outline below for more details.

Outline of the proof.

E
n-connective

=⇒ E
perverse n-connective

=⇒
Coro. 2.6

LmotE
perverse n-connective

=⇒ LmotE
generically (n−d)-connective

=⇒
Gersten

LmotE
(n−d)-connective

In Section 2, we introduce the notion of perversen-connectivity for pointed spaces, and prove that it is preserved

by the motivic localisation functor Lmot from pointed spaces to motivic spaces (Corollary 2.6). In Section 3, we use

this result to prove the shifted unstable A1
-connectivity theorem (Theorem 3.9), as well as consequences for stable

A1
-connectivity (Corollary 3.12) and convergence of the slice filtration on homotopy K-theory (Corollary 3.14).

Notation and Conventions.
We use the word “anima” for spaces/∞-groupoids, and we denote by Ani the ∞-category of anima. We write

P(C)∗ for the ∞-category of presheaves of pointed anima on C. If τ is a Grothendieck topology on C, we denote

by Pτ (C)∗ ⊆ P(C)∗ the full subcategory of pointed τ -sheaves. Following [MV99] (see [Hoy14, Appendix C]

for a treatment without noetherian hypotheses), given a scheme S, a pointed space is an object of the category

PNis(SmS)∗, the category of motivic spaces H(S)∗ ⊆ PNis(SmS)∗ is the full subcategory of A1
-invariant pointed

spaces, and the category of motivic spectra SH(S) is obtained by formally inverting P1
S (seen as a motivic space

pointed at infinity) in H(S)∗. All pointed spaces E ∈ PNis(SmS)∗ are assumed to be finitary, and are implicitly

extended from smooth to ind-smooth S-schemes by taking cofiltered limits, so that it is possible to evaluate E on

(henselian) local ind-smooth S-schemes.

2 Perverse connectivity is preserved by A1-localisation
In this section, we prove that the motivic localisation functor Lmot preserves perverse n-connective objects

(Corollary 2.6) as a consequence of a variant of a result of Clausen–Mathew (Theorem 2.4). Our definition of per-

verse connectivity (Definition 2.1) is inspired by the perverse t-structures in stable motivic homotopy theory, as

constructed in [Ayo07, Section 2.2.4] and [BD17, Section 2.3], and by Ayoub’s notion of weak connectivity [Ayo24].

We formulate this definition using the notion of valuative dimension, as introduced by Jaffard for commutative

rings [Jaf60, Chapter IV] and generalised to schemes in [EHIK21, Section 2.3]. We refer to these references for the

definition and main properties of the valuative dimension. Note that the only property of the valuative dimen-

sion that we will use, and which fails for the Krull dimension on general non-noetherian schemes, is the fact that

dimv(A1
X) = dimv(X) + 1 for any scheme X .

Definition 2.1 (Perverse connectivity). Let S be a scheme, and n ⩾ 0 be an integer. A pointed presheaf E ∈
P(SmS)∗ is perverse n-connective if the henselisation Xh

of any local essentially smooth S-scheme X of val-

uative dimension d satisfies that the pointed anima E(Xh) is (n − d)-connective. Similarly, a pointed space

E ∈ PNis(SmS)∗ (resp. a motivic space E ∈ H(S)∗) is perverse n-connective if its underlying pointed presheaf

E ∈ P(SmS)∗ is perverse n-connective.

Remark 2.2. Let S be a scheme, and n ⩾ 0. Being perverse n-connective is a Nisnevich-local condition. In

particular, a pointed presheaf E ∈ P(SmS)∗ is perverse n-connective if and only if the associated pointed space

LNisE ∈ PNis(SmS)∗ is perverse n-connective.

The following lemma will be used in Theorem 2.4.

Lemma 2.3. Let R be a local ring, and I ⊆ R be a finitely generated ideal contained in the maximal ideal of R. If
Spec(R) is of valuative dimension d, then Spec(R) \ V (I) is of valuative dimension at most d− 1.

Proof. By [EHIK21, Proposition 2.3.2 (1)], the statement is Zariski-local on Spec(R) \ V (I), so it suffices to prove

that dimv(R[ 1f ]) + 1 ⩽ dimv(R) for f ∈ I . Let p be a prime ideal of R[ 1f ], which restricts to a prime ideal of R,
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which we also denote p. Given a valuation ring V of rank r such that R[ 1f ]/p ⊆ V ⊆ Frac(R[ 1f ]/p), there exists a

valuation ring extension V ′
of V of rank r + 1 such that R/p ⊆ V ′ ⊆ Frac(R/p). Consequently,

dimv(R[ 1f ]) + 1 = sup
p⊆R[

1
f ]

dimv(R[ 1f ]/p) + 1 ⩽ sup
p⊆R[

1
f ]

dimv(R/p) ⩽ sup
p⊆R

dimv(R/p) = dimv(R).

Theorem 2.4. Let S be an affine scheme, and n ⩾ 0 be an integer. Then for every perverse n-connective pointed space
E ∈ PNis(SmS)∗ and every essentially smooth S-scheme X of valuative dimension d, the pointed anima E(X) is
(n− d)-connective.

Proof. First note that, replacing valuative dimension by Krull dimension everywhere, this statement is a result of

Clausen–Mathew ([CM21, Theorem 3.30], where we use that dim({x}) ⩽ d − dim(Xx) for every point x ∈ X).

We adapt the argument of [CM21, Theorem 3.30], and prove the desired statement by induction on the valuative

dimension of X .

If the scheme X is local, then the argument of [CM21, Theorem 3.30] proves the desired claim, by using

Lemma 2.3 to implement the induction step.

In general, the underlying topological space of the affine scheme X is a spectral space of finite Krull dimension

([EHIK21, Proposition 2.3.2 (8)]). The proof of [CM21, Theorem 3.14] then implies, using the same argument as in

Lemma 2.3 for the induction step, that the pointed anima E(X) is (n − d)-connective if, for every point x ∈ X ,

the pointed anima E(Xx) is (n− dimv(Xx))-connective. The desired result is then a consequence of the previous

paragraph.

Following [MV99, Section 2.3] (see also [AE17, Definition 4.23]), given a scheme S, we denote by

Sing
A1

: P(SmS)∗ −→ P(SmS)∗

the singular construction, which takes a pointed presheaf of anima E to the pointed presheaf of anima

Sing
A1

(E) := |E(−×∆•)|.

Proposition 2.5. For any qcqs scheme S, the localisation Lmot : PNis(SmS)∗ → H(S)∗ is equivalent to the countable
iteration (LNis Sing

A1

)◦N.

Proof. A classical reference, although stated only in the case where S is the spectrum of a field, is [Mor12, Propo-

sition 5.20]. The more general case where S is an arbitrary qcqs scheme is [AE17, Theorem 4.27].

Corollary 2.6. Let S be a qcqs scheme. Then for every integer n ⩾ 0, the localisation Lmot : PNis(SmS)∗ → H(S)∗
preserves perverse n-connective objects.

Proof. By Proposition 2.5, it suffices to prove that both the Nisnevich sheafification LNis and the singular construc-

tion Sing
A1

preserve perverse n-connective objects. For the Nisnevich sheafification, this is Remark 2.2. For the

singular construction, let E ∈ P(SmS)∗ be a pointed presheaf of anima, and X be the henselisation of a local

essentially smooth S-scheme of valuative dimension d. By [EHIK21, Proposition 2.3.2 (7)], for every integer m ⩾ 0,

the scheme X ×∆m
is of valuative dimension d+m. By Theorem 2.4, this implies that, for every integer m ⩾ 0,

the pointed anima E(X×∆m) is (n−d−m)-connective. Using the Bousfield–Kan spectral sequence, this in turn

implies that the geometric realisation (Sing
A1

E)(X) := |E(X ×∆•)| is (n− d)-connective.

3 Shifted unstable A1-connectivity
In this section, we use Corollary 2.6 and a new Gersten injectivity result (Proposition 3.6) to prove our main

result (Theorem 3.9), and review some expected consequences (Corollaries 3.12 and 3.14).

Definition 3.1 (Connectivity). Let S be a scheme, and n ⩾ 0 be an integer.
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(1) For every integer i ⩾ 0, the ith homotopy sheaf πiE of a pointed space E ∈ PNis(SmS)∗ is the Nisnevich

sheaf of pointed sets associated with U 7→ πi(E(U)).

(2) A pointed space E ∈ PNis(SmS)∗ is n-connective if its ith homotopy sheaf πiE vanishes for all integers

i < n. Similarly, a motivic space E ∈ H(S)∗ is n-connective if its underlying pointed space E ∈ PNis(SmS)∗
is n-connective.

Remark 3.2. Let S be a scheme, and n ⩾ 0 be an integer. By definition, if E ∈ PNis(SmS)∗ is n-connective

and X is the henselisation of a local essentially smooth S-scheme, then E(X) is n-connective. In particular, any

n-connective pointed space is also perverse n-connective.

The following notion was first introduced in [CTHK97].
1

Definition 3.3 (Deflatability). Given a scheme S, a functor F : Sch
qcqs,op

S → Ani∗ is called deflatable if for any qcqs

S-scheme X , there exists a functorial equivalence between the maps

F (P1
X) F (A1

X),
(∞X◦πX)∗

j∗X

where the maps ∞X , jX , and πX are defined in the following commutative diagram of schemes.

A1
X P1

X X

X

πX

jX ∞X

Example 3.4. If a functor F : Sch
qcqs,op

S → Ani∗ is A1
-invariant, then F is deflatable in the sense of Definition 3.3

(see for instance [BK25, Remark 3.9]). Note that any family of functors satisfying the P1
-bundle formula is also

deflatable ([CTHK97], see also [BK25, Lemma 3.12]).

The following lemma will be used in Propositions 3.6 and 3.8.

Lemma 3.5. Let S be a scheme, X be the henselisation of a local essentially smooth S-scheme, and s ∈ S be the image
of the closed point of X . Then the fibre Xs of X over s is irreducible.

Proof. The proof is the same as in the first paragraph of the proof of [BK25, Theorem 3.2], where we first reduce to

S being the spectrum of a henselian local ring instead of a henselian valuation ring.

Proposition 3.6 (Gersten injectivity over a base). Let S be a scheme, X be the henselisation of a local essentially
smooth S-scheme, and s ∈ S be the image of the closed point of X . Then for every finitary deflatable Nisnevich sheaf
F : Sch

qcqs,op

S → Ani∗ and every integer i ⩾ 0, we have that

ker
(
(πiF )(X) −→ (πiF )(Xη)

)
= {∗},

where η ∈ X is the generic point of the irreducible scheme Xs (Lemma 3.5), and Xη is the local scheme of X at η.2

Proof. The main geometric ingredient here is the Nisnevich-local presentation lemma [BK25, Corollary 2.25]. The

proof that this implies the desired Gersten injectivity statement is classical and goes back to [CTHK97] (see also

[BK25, Theorem 3.2] for a proof without hypotheses on the base scheme).

Lemma 3.7. Let R be a local integral domain of valuative dimension d, and m be the maximal ideal of R. Then the
localisation R′ := R[X]m·R[X] is also of valuative dimension d.

1
See also [EM23] for the original reference where this was called deflatability.

2
In practice, one often knows the vanishing of πiF at the henselisation Xh

η , which implies that πF vanishes on Xη , hence also on X .
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Proof. Let F be the fraction field of R, F ′ := F (X) be the fraction field of R′
, and let V ′

be a valuation ring

satisfying that R′ ⊆ V ′ ⊆ F ′
. We want to prove that the rank of V ′

is at most equal to d. Let V be the valuation

ring defined as the intersection of V ′
and F . By construction, we know that R ⊆ V ⊆ F . In particular, by the

assumption that R is of valuative dimension d, this implies that the valuation ring V is of rank at most d. The

condition that R′ := R[X]m·R[X] ⊆ V ′
then implies that the valuation on V ′

is the Gauss valuation induced by V :

|
∑

i aiX
i|V ′ = mini |ai|V (see for instance [Kun23, proof of Lemma 3.10]). The value groups of V and V ′

are then

naturally isomorphic, and in particular the rank of V ′
is equal to that of V , which is at most equal to d.

Proposition 3.8. Let S be a scheme of valuative dimension d, X be the henselisation of a local essentially smooth
S-scheme, and s ∈ S be the image of the closed point of X . Then the henselian local scheme Xh

η , where η ∈ X is the
generic point of the irreducible scheme Xs (Lemma 3.5), is of valuative dimension at most d.

Proof. The statement is Zariski-local around s ∈ S, so we can assume that the scheme S is local with closed point s
([EHIK21, Proposition 2.3.2 (3)]). By construction, there exists a smooth S-scheme Y and a generic point y ∈ Ys

such thatXh
η is the henselisation of the local scheme of Y at y. By [Sta25, Tag 02G8] and [EHIK21, Proposition 2.3.5],

if Y ′ → Y is an unramified morphism of schemes, then dimv(Y
′) ⩽ dimv(Y ). In particular, it suffices to prove

that the localisation of Y at y is of valuative dimension at most that of S. Zariski-locally around y ∈ Y , the map

Y → S factors as a composite Y → Am
S → S for some integer m ⩾ 0 and where the map Y → Am

S is étale. Using

again [Sta25, Tag 02G8] and [EHIK21, Proposition 2.3.5], we can assume that Y = Am
S and y is the generic point of

the special fibre of Y . By induction on the integer m ⩾ 1, we can further assume that m = 1. Finally, in this case,

by definition of the valuative dimension, the desired claim is a consequence of Lemma 3.7.

Theorem 3.9 (Shifted unstable A1
-connectivity theorem). Let S be a qcqs scheme of valuative dimension d, and

n ⩾ 0 be an integer. Then for any n-connective pointed space E ∈ PNis(SmS)∗, the motivic space Lmot E ∈ H(S)∗ is
(n− d)-connective.

Proof. By Remark 3.2, the pointed space E ∈ PNis(SmS)∗ is perverse n-connective in the sense of Definition 2.1.

By Corollary 2.6, this implies that the motivic space LmotE ∈ H(S)∗ is perverse n-connective. In particular, the

henselisation X of any local essentially smooth S-scheme of valuative dimension e satisfies that the pointed anima

(LmotE)(X) is (n−e)-connective. By Example 3.4, the A1
-invariant Nisnevich sheaf LmotE is deflatable. By Propo-

sition 3.6 (applied to the deflatable Nisnevich sheaf LmotE) and Proposition 3.8, this implies that the henselisation

X of any local essentially smooth S-scheme satisfies that the pointed anima (LmotE)(X) is (n − d)-connective,

i.e., that the motivic space LmotE ∈ H(S)∗ is (n− d)-connective.

Remark 3.10. As a consequence of Proposition 2.5, one can actually prove a stronger version of Theorem 3.9

when n = 1. Namely, for any 1-connective pointed space E ∈ PNis(SmS)∗, the motivic space Lmot E ∈ H(S)∗ is

1-connective ([AE17, Corollary 3.30]).

Corollary 3.11. Let S be a noetherian scheme of Krull dimension d, and n be an integer. Then for any n-connective
pointed space E ∈ PNis(SmS)∗, the motivic space LmotE ∈ H(S)∗ is (n− d)-connective.

Proof. This is a consequence of Theorem 3.9 and of the fact that the valuative and Krull dimensions agree on locally

noetherian schemes ([EHIK21, Proposition 2.3.2 (9)]).

The following result was previously known, using different techniques, when S is locally noetherian [Dru22,

Theorem 2.7].

Corollary 3.12 (Shifted stable A1
-connectivity theorem). Let S be a qcqs scheme of valuative dimension d, and

n ⩾ 0 be an integer. Then for any n-connective pointed space E ∈ PNis(SmS)∗, the motivic spectrum LmotE ∈ SH(S)
is (n− d)-connective.

Proof. This is a consequence of the definition of n-connectivity for a motivic spectrum (see for instance [Dru22,

Section 2.1]) and of the shifted unstable A1
-connectivity theorem (Theorem 3.9).

Remark 3.13. The analogue of Corollary 3.12 for motivic S1
-spectra SH

S1

(S), as also studied in [SS18, DHKY21,

Dru22], is similarly a consequence of Theorem 3.9.

We refer to [BEM25, Section 3.3] for the notation relevant to the following result.
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Corollary 3.14 (Convergence of the slice filtration). Let S be a qcqs scheme of valuative dimension d. Then the
motivic spectrum kglS ∈ SH(S) is very effective and, for every integer n ⩾ 0, the Nisnevich sheaf of spectra
ω∞

Fil
j
slice

KGLS is (n − d)-connective. In particular, if S is a qcqs scheme of finite valuative dimension, then the
slice filtration Fil

j
slice

KGLS is convergent.

Proof. The proof is exactly as in [BEM25, Proposition 3.44 and Lemma 4.8] (where the proof is stated for regular

noetherian S of dimension at most one), using the shifted stable A1
-connectivity theorem (Corollary 3.12).
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