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Abstract

We introduce a theory of motivic cohomology for quasi-compact quasi-separated schemes, which
generalises the construction of Elmanto–Morrow in the case of schemes over a field. Our construc-
tion is non-A1-invariant in general, but it uses the classical A1-invariant motivic cohomology of
smooth Z-schemes as an input. The main new input of our construction is a global filtration
on topological cyclic homology, whose graded pieces provide an integral refinement of derived de
Rham cohomology and Bhatt–Morrow–Scholze’s syntomic cohomology. Our theory satisfies var-
ious expected properties of motivic cohomology, including relations to étale cohomology and to
non-connective algebraic K-theory.
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1 Introduction
Motivic cohomology is an analogue in algebraic geometry of singular cohomology. It was first

envisioned to exist for schemes X of finite type over Z by Beilinson and Lichtenbaum [Lic73, Lic84,
Bĕı86, Bĕı87, BMS87], as a way to better understand the special values of their L-functions. Motivic
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cohomology, in the form of complexes of abelian groups Z(i)mot(X) indexed by integers i ≥ 0, should be
an integral interpolation between étale cohomology, and Adams eigenspaces on rationalised algebraic
K-theory. That is, there should be a natural filtration Fil⋆motK(X) on the non-connective algebraic
K-theory K(X), which splits rationally, and whose shifted graded pieces

Z(i)mot(X) ≃ grimotK(X)[−2i]

are given mod p, when p is invertible in X, and in degrees less than or equal to i, by the étale
cohomology RΓét(X,µ

⊗i
p ):

τ≤i Fp(i)mot(X) ≃ τ≤iRΓét(X,µ
⊗i
p ).

Such a theory was first developed in the smooth case at the initiative of Bloch and Voevodsky [Blo86,
VSF00], using algebraic cycles and A1-homotopy theory. In this generality, the use of A1-invariant
techniques is permitted by Quillen’s fundamental theorem of algebraic K-theory [Qui73], stating that
algebraic K-theory is A1-invariant on regular schemes. On more general schemes, algebraic K-theory
fails to be A1-invariant, so motivic cohomology itself needs to be non-A1-invariant in general. The
first non-A1-invariant theory of motivic cohomology was recently introduced by Elmanto and Morrow
[EM23], using recent advances in algebraic K-theory and topological cyclic homology. Their theory is
developed in the generality of quasi-compact quasi-separated (qcqs) schemes over an arbitrary field,
and recovers on smooth varieties the classical A1-invariant theory.

In this article, we extend the work of Elmanto–Morrow to mixed characteristic, thus producing
a theory of motivic cohomology in the originally expected generality of Beilinson and Lichtenbaum.
Our theory relies on recent progress in integral p-adic Hodge theory [BMS19, BS22, BL22], and offers
in return a complete description of mod p motivic cohomology, even when p is not invertible in the
qcqs scheme X. In addition to the results established in this article, we also refer to [Bou25, BK25]
for further properties satisfied by our theory of motivic cohomology, such as the projective bundle
formula, a motivic refinement of Weibel’s vanishing in algebraic K-theory, and a comparison to the
classical theory of motivic cohomology in the smooth case.

The starting point of our construction is the following result, due to Kerz–Strunk–Tamme [KST18]
(who prove that homotopy K-theory is the cdh sheafification of algebraic K-theory) and Land–Tamme
[LT19] (who prove that the fibre Kinf of the cyclotomic trace map satisfies cdh descent).

Theorem 1.1 ([KST18, LT19]). Let X be a qcqs scheme. Then the natural commutative diagram

K(X) TC(X)

KH(X)
(
LcdhTC

)
(X)

is a cartesian square of spectra, where KH(X) is the homotopy K-theory of X, TC(X) is the topological
cyclic homology of X, Lcdh is the cdh sheafification functor, the top horizontal map is the cyclotomic
trace map, and the bottom horizontal map is the cdh sheafified cyclotomic trace map.

Theorem 1.1 states that algebraic K-theory of schemes can be reconstructed purely in terms of
homotopy K-theory (i.e., information coming from A1-homotopy theory) and topological cyclic ho-
mology (i.e., information coming from trace methods). The cdh topology is a Grothendieck topology
introduced by Voevodsky [SV00, Voe10], as a way to apply topos theoretic techniques to the study of
resolution of singularities. In particular, assuming resolution of singularities, any qcqs scheme would
be locally regular in the cdh topology. While homotopy K-theory and topological cyclic homology
were originally introduced as tools to approximate the existing algebraic K-theory, we construct the
motivic cohomology of schemes using refinements of homotopy K-theory and topological cyclic homol-
ogy. More precisely, our motivic filtration on algebraic K-theory is defined as a pullback of appropriate
filtrations on homotopy K-theory, topological cyclic homology, and cdh sheafified topological cyclic
homology.

On homotopy K-theory, we use the recent work of Bachmann–Elmanto–Morrow [BEM], who con-
struct a functorial multiplicative N-indexed filtration Fil⋆cdhKH(X) on the homotopy K-theory of qcqs
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schemes X. The shifted graded pieces of this filtration, that we will denote by Z(i)cdh(X), provide a
good theory of cdh-local motivic cohomology for qcqs schemes. Note that we use here only the construc-
tion and some of the basic properties of the filtration Fil⋆cdhKH(X), which we review in Section 3.2. In
particular, we do not rely on the main theorems of [BEM] on A1-invariant motivic cohomology, such
as the projective bundle formula or the comparison with the slice filtration in stable motivic homotopy
theory.

Our first construction is that of a functorial multiplicative Z-indexed filtration Fil⋆motTC(X) for
qcqs schemes X. This filtration recovers the HKR filtration on HC−(X/Q) in characteristic zero
[Ant19, MRT22, Rak20], and the motivic filtration on TC(X;Zp) after p-completion [BMS19, Mor21,
BL22, HRW22]. We describe the shifted graded pieces

Z(i)TC(X) ≃ grimotTC(X)[−2i]

of this filtration in the following definition.

Definition 1.2 (See Definition 2.30). For every qcqs scheme X and every integer i ∈ Z, the complex
Z(i)TC(X) ∈ D(Z) is defined by a natural cartesian square

Z(i)TC(X) RΓZar
(
X, L̂Ω

≥i
−/Z

)
∏
p∈P Zp(i)BMS(X)

∏
p∈PRΓZar

(
X, (L̂Ω

≥i
−/Z)

∧
p

)
,

where Zp(i)BMS(X) is the syntomic cohomology of the p-adic formal scheme associated to X.

It is straightforward from this definition that the presheaf Z(i)TC is naturally identified with Bhatt–
Morrow–Scholze’s syntomic complex Zp(i)BMS in characteristic p, and with the Hodge-completed

derived de Rham complex RΓZar(−, L̂Ω
≥i
−/Q) in characteristic zero. Following [EM23], the motivic

complex Z(i)mot is defined in characteristic p and zero respectively by cartesian squares

Z(i)mot(X) Zp(i)BMS(X) Z(i)mot(X) RΓZar
(
X, L̂Ω

≥i
−/Q

)

Z(i)cdh(X)
(
Lcdh Zp(i)BMS

)
(X) Z(i)cdh(X) RΓcdh

(
X, L̂Ω

≥i
−/Q

)
.

The following definition is then a natural mixed characteristic generalisation of Elmanto–Morrow’s
definition over a field.

Definition 1.3 (Motivic cohomology; see Section 3.3). For every qcqs scheme X and every integer
i ∈ Z, the weight-i motivic complex

Z(i)mot(X) ∈ D(Z)

of X is defined by a natural cartesian square

Z(i)mot(X) Z(i)TC(X)

Z(i)cdh(X)
(
Lcdh Z(i)TC

)
(X),

where the bottom horizontal map is induced by a filtered refinement of the cdh sheafified cyclotomic
trace map.

However, proving the expected relation between the motivic complexes Z(i)mot and algebraic
K-theory (Theorem C below) requires more efforts in mixed characteristic than over a field. The
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main foundational obstacle is to prove that the presheaves Z(i)mot vanish in weights i < 0, as we
explain now. Note first that, by construction, the presheaves Z(i)cdh do vanish on all qcqs schemes in
weights i < 0 (Section 3.2).

In characteristic p, the presheaves Zp(i)BMS vanish in weights i < 0, thus so do the presheaves
Z(i)mot, and the zeroth step of the associated motivic filtration Fil⋆motK recovers algebraic K-theory.
Ignoring for a moment the completeness issues for this motivic filtration, this means that the presheaves
Z(i)mot provide a natural cohomological refinement of algebraic K-theory on arbitrary characteristic p
schemes.

In characteristic zero, the presheaves RΓZar(−, L̂Ω
≥i
−/Q) do not vanish in weights i < 0. Instead,

they are equal to the presheaf RΓZar(−, L̂Ω−/Q), which happens to be a cdh sheaf on qcqs Q-schemes,
by results of Cortiñas–Haesemeyer–Schlichting–Weibel [CHSW08], Antieau [Ant19], and Elmanto–
Morrow [EM23]. That is, the right vertical map of the previous diagram is an equivalence in weights
i < 0, so the presheaves Z(i)mot vanish in weights i < 0, and the zeroth step of the associated motivic
filtration Fil⋆motK recovers algebraic K-theory. This means that the presheaves Z(i)mot provide a
natural cohomological refinement of algebraic K-theory on arbitrary characteristic zero schemes.

In mixed characteristic, we prove similarly that in weights i < 0, the presheaves Z(i)TC are cdh
sheaves on qcqs schemes, i.e., that the presheaves Z(i)mot vanish. The result modulo a prime number p
is a consequence, as in characteristic p, of the fact that the presheaves Zp(i)BMS vanish in weights i < 0.
The difficulty is to then prove that the presheaves Q(i)TC are cdh sheaves in weight i < 0.

The main cdh descent result used in characteristic zero does not hold in mixed characteristic. That
is, the presheaf RΓZar(−, L̂Ω−/Z) (or its rationalisation) is not a cdh sheaf on qcqs schemes. We avoid
this difficulty by proving a rigid-analytic analogue of this cdh descent result. To formulate this result,
denote by

RΓZar
(
X, L̂Ω

≥i
−Qp/Qp

)
the rigid-analytic derived de Rham cohomology of a qcqs Z(p)-scheme X, which we define as the pushout
of the diagram

RΓZar
(
X, (L̂Ω

≥i
−/Z)

∧
p

)
←− RΓZar

(
X, L̂Ω

≥i
−/Z) −→ RΓZar(X, L̂Ω

≥i
−Q/Q)

in the derived category D(Z). Here, we restrict our attention to qcqs Z(p)-schemes for simplicity, and
refer to Section 4 for the relevant statements over Z. As a consequence of Definition 1.2, there is a
natural cartesian square

Q(i)TC(X) RΓZar(X, L̂Ω
≥i
−Q/Q)

Qp(i)BMS(X) RΓZar(X, L̂Ω
≥i
−Qp/Qp

)

in the derived category D(Q). In weights i < 0, the presheaves Qp(i)BMS vanish. As already men-
tioned, the presheaf RΓZar(−, L̂Ω−Q/Q) is moreover a cdh sheaf on qcqs schemes. So the fact that the
presheaves Q(i)TC are cdh sheaves in weights i < 0 reduces to the following result, which can be seen
as a rigid-analytic analogue of the latter cdh descent over Q.

Theorem A (Cdh descent for rigid-analytic derived de Rham cohomology; see Corollary 4.44). For
every prime number p, the presheaf RΓZar

(
−, L̂Ω−Qp/Qp

)
satisfies cdh descent on qcqs Z(p)-schemes.

The modern proof of the analogous result over Q relies on the theory of truncating invariants
of Land–Tamme [LT19] and on a theorem of Goodwillie [Goo85], who prove respectively that every
truncating invariant is a cdh sheaf on qcqs schemes and that periodic cyclic homology over Q is a
truncating invariant. By definition, a truncating invariant is a localizing invariant E such that for every
connective E1-ring R, the natural map E(R)→ E(π0(R)) is an equivalence. To prove Theorem A, we
then use the condensed mathematics of Clausen–Scholze [CS19], and prove that a suitable rigid-analytic
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variant of periodic cyclic homology is a truncating invariant. In particular, the proof of Theorem A
relies on a result on associative rings (actually, on general solid connective E1-rings).

As a consequence of Theorem A, we obtain the following cohomological description of rational
motivic cohomology.

Theorem B (p-adic and rational motivic cohomology; see Corollaries 3.26 and 4.66). Let X be a qcqs
scheme, and p be a prime number. Then for any integers i ∈ Z and k ≥ 1, the natural commutative
diagrams

Z /pk(i)mot(X) Z /pk(i)BMS(X) Q(i)mot(X) RΓZar
(
X, L̂Ω

≥i
−Q/Q

)

Z /pk(i)cdh(X)
(
Lcdh Z /pk(i)BMS

)
(X) Q(i)cdh(X) RΓcdh

(
X, L̂Ω

≥i
−Q/Q

)
are cartesian squares in the derived category D(Z).

Together, these two cartesian squares recover the cartesian squares of Elmanto–Morrow that define
the motivic complexes Z(i)mot over a field, and are thus natural mixed characteristic analogues of
these. The p-adic part of Theorem B is a formal consequence of Definitions 1.2 and 1.3. The rational
part of Theorem B implies that the difference between Q(i)mot(X) and Q(i)cdh(X) depends only on
the rationalisation XQ of the scheme X. If X is regular, this difference should vanish, and this is then
more interesting in the presence of singularities. More precisely, Theorem B can be used to capture
interesting information about the singularities of an arbitrary commutative ring R: cdh sheaves are
typically insensitive to singularities, so the singular information in the motivic complex Z(i)mot(R) is
controlled by the complexes Z /pk(i)BMS(R) and LΩ<i(R⊗ZQ)/Q, which are accessible to computation.

Theorem B also implies that the presheaves Q(i)mot vanish in weights i < 0, which was the essential
missing part to establish the following fundamental properties of motivic cohomology.

Theorem C (Relation to algebraicK-theory). There exists a finitary Nisnevich sheaf of filtered spectra

Fil⋆motK(−) : Schqcqs,op −→ FilSp

with the following properties:

(1) (Atiyah–Hirzebruch spectral sequence; see Section 4.5) For every qcqs scheme X, the filtra-
tion Fil⋆motK(X) is a multiplicative N-indexed filtration on the non-connective algebraic K-theory
K(X), whose graded pieces are naturally given by

grimotK(X) ≃ Z(i)mot(X)[2i], i ≥ 0.

In particular, writing Hj
mot(X,Z(i)) := Hj(Z(i)mot(X)) for the corresponding motivic cohomol-

ogy groups, there exists an Atiyah–Hirzebruch spectral sequence

Ei,j2 = Hi−j
mot(X,Z(−j)) =⇒ K−i−j(X).

If X has finite valuative dimension,1 then the filtration Fil⋆motK(X) is complete, and the Atiyah–
Hirzebruch spectral sequence is convergent.

(2) (Adams decomposition; see Corollary 4.60) For every qcqs scheme X, the Atiyah–Hirzebruch
spectral sequence degenerates rationally and, for every integer n ∈ Z, there is a natural isomor-
phism of abelian groups

Kn(X)⊗Z Q ∼=
⊕
i≥0

(
H2i−n

mot (X,Z(i))⊗Z Q
)

induced by the Adams operations on rationalised algebraic K-theory.
1The valuative dimension of a commutative ring, defined in terms of the ranks of certain valuation rings, was intro-

duced by Jaffard in [Jaf60, Chapter IV], and generalised to schemes in [EHIK21, Section 2.3]. The valuative dimension
of a scheme is always at least equal to its Krull dimension, and both notions agree on noetherian schemes. For our
purposes, the valuative dimension of a qcqs scheme X will be used as an upper bound on the cohomological dimension
of the cdh topos of X ([EHIK21, Theorem 2.4.15]).
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One of the main historical motivations for developing motivic cohomology was to apply cohomo-
logical techniques to the study of algebraic K-theory [BMS87]. The following theorem summarizes our
results on the relations between motivic cohomology and previously studied cohomological invariants.
When X is smooth over Z, we denote by

Z(i)cla(X) :=
(
LNis z

i(−, •)
)
(X)[−2i]

the weight-i classical motivic complex, where zi(X, •) is Bloch’s cycle complex (and • is the cohomo-
logical index).

Theorem D. Let X be a qcqs scheme, and i ≥ 0 be an integer.

(1) (Weight zero; see Example 4.68) There is a natural equivalence

Z(0)mot(X)
∼−−→ RΓcdh(X,Z)

in the derived category D(Z).

(2) (Étale cohomology; see Corollary 5.6) For every prime number ℓ which is invertible in X and
every integer k ≥ 1, there is a natural map

Z /ℓk(i)mot(X) −→ RΓét(X,µ
⊗i
ℓk
)

in the derived category D(Z /ℓk) which is an isomorphism in degrees less than or equal to i.

(3) (Syntomic cohomology; see Corollary 5.11) For every prime number p and every integer k ≥ 1,
there is a natural map

Z /pk(i)mot(X) −→ Z /pk(i)syn(X)

in the derived category D(Z /pk) which is an isomorphism in degrees less than or equal to i, where
Z /pk(i)syn(X) denotes the weight-i syntomic cohomology of X in the sense of [BL22].

(4) (A1-invariant motivic cohomology; see Theorem 6.5) There is a natural equivalence(
LA1 Z(i)mot)(X)

∼−−→ Z(i)A
1

(X)

in the derived category D(Z), where Z(i)A1

(X) denotes the cohomology represented by the slices
of the K-theory motivic spectrum KGLX ∈ SH(X).

The following result is a consequence of Theorem D (4) and the fact that the A1-invariant motivic
complexes Z(i)A1

recover the classical motivic complexes Z(i)cla on smooth Z-schemes. In particular,
although we expect our motivic complexes Z(i)mot to actually coincide with the classical motivic
complexes Z(i)cla on smooth Z-schemes,2 this means that the former at least recover the latter after
enforcing A1-invariance.

Corollary E (See Corollary 6.8). Let X be a smooth scheme over Z. Then for every integer i ≥ 0,
there is a natural equivalence

Z(i)cla(X) ≃
(
LA1 Z(i)mot)(X)

in the derived category D(Z).

Recall that on smooth Fp-schemes, the Beilinson–Lichtenbaum conjecture, proved by Suslin and
Voevodsky as a consequence of the Bloch–Kato conjecture [SV00], computes the ℓ-adic part of motivic
cohomology in terms of the cohomology of the étale sheaf µℓk of ℓk-roots of unity. To describe the p-adic
part of motivic cohomology, one needs to replace µ⊗i

ℓk
(which is zero on smooth varieties when ℓ = p

and i > 0) by the logarithmic de Rham–Witt sheaves WkΩ
i
−,log [GL00]. The corresponding description

of p-adic algebraic K-theory, in terms of the logarithmic de Rham–Witt sheaves, is generalised in
[KM21] to all Cartier smooth Fp-algebras, and in particular to all characteristic p valuation rings.

2This is now one of the main results of [BK25].
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On smooth schemes over a mixed characteristic Dedekind domain, the p-adic part of classical
motivic cohomology is similarly described in low degrees by the étale cohomology of the generic fibre
[Gei04]. This result is a consequence of the Gersten conjecture proved by Geisser [Gei04], and is
unknown for general regular schemes. Combined with Theorem D (3), the following result extends
this description of classical motivic cohomology to the regular case. More precisely, the notion of
F -smoothness was introduced by Bhatt–Mathew [BM23] as a non-noetherian generalisation of regular
schemes, and our result naturally applies to general p-torsionfree F -smooth schemes.

Theorem F (Beilinson–Lichtenbaum conjecture for F -smooth schemes; see Corollary 5.12). Let X be
a p-torsionfree F -smooth scheme (e.g., a regular scheme flat over Z). Then for any integers i ≥ 0 and
k ≥ 1, the Beilinson–Lichtenbaum comparison map

Z /pk(i)mot(X) −→ RΓét(X[ 1p ], µ
⊗i
pk
)

is an isomorphism in degrees less than or equal to i− 1, and is injective in degree i.

The proof of Theorem F relies on a syntomic-étale comparison theorem of Bhatt–Mathew [BM23]
(see also [Bou23, Theorem B] for a proof over perfectoid bases using relative prismatic cohomology).

Notation
By default, algebraic K-theory means non-connective algebraic K-theory, as introduced by Thoma-

son–Trobaugh [TT90]. By a theorem of Blumberg–Gepner–Tabuada [BGT13], non-connective alge-
braic K-theory is the universal localizing invariant.

A presheaf F (−) on schemes is called A1-invariant if for every scheme X and every integer m ≥ 0,
the natural map F (X)→ F (AmX) is an equivalence. Given a presheaf F (−) on schemes, the A1-locali-
sation LA1F (−) of F (−) is the initial A1-invariant presheaf with a map from F (−). The A1-localisation
functor LA1 commutes with colimits.

Given a commutative ring R, an R-algebra S, and a scheme X over Spec(R), denote by XS the
base change X ×Spec(R) Spec(S) of X from R to S. If X is a derived scheme, this base change is
implicitly the derived base change from R to S. We sometimes use the derived base even on classical
schemes, and say explicitly when we do so.

An abelian group A is said to have bounded torsion if there exists an integer N ≥ 1 such that the
multiplication by N of every element of A is zero. Given a commutative ring R and an element d of
R, an R-module M is said to have bounded d-power torsion if there exists an integer n ≥ 1 such that
M [dm] = M [dn] for all m ≥ n; this assumption guarantees that the derived d-completion of M is in
degree zero, given by the classical d-completion of M .

The cdh topology is a Grothendieck topology introduced by Voevodsky [SV00, Voe10]; see [EHIK21]
for the definition and properties of the cdh topology in the generality of qcqs schemes. It is a completely
decomposed version of the topology generated by Deligne’s hypercoverings. The cdh sheafification
functor Lcdh preserves multiplicative structures.

Given a functor F (−) (resp. Fil⋆F (−)) taking values in spectra (resp. filtered spectra) and a prime
number p, we denote the rationalisation of F (−) by F (−;Q), its reduction modulo p by F (−;Fp), its
derived reduction modulo powers of p by F (−;Z /pk), its p-completion by F (−;Zp), and the rational-
isation of its p-completion by F (−;Qp). We adopt a similar notation for a functor Fil⋆F (−) taking
values in filtered spectra, e.g., we denote its rationalisation by Fil⋆F (−;Q). Similarly, if Z(i)F (−) is
a functor taking values in the derived category D(Z), we denote the rationalisation of Z(i)F (−) by
Q(i)F (−), its derived reduction modulo p by Fp(i)F (−), etc. Following the same notation, we also
write ∏

p∈P

′
F (−;Qp) :=

(∏
p∈P

F (−;Zp)
)
Q

(
resp.

∏
p∈P

′
Fil⋆F (−;Qp) :=

(∏
p∈P

Fil⋆F (−;Zp)
)
Q

)
.

Denote by Sp the category of spectra. Given a commutative ring R, denote by D(R) the derived
category of R-modules; it is implicitly the derived ∞-category of R-modules, and is in particular
naturally identified with the category of R-linear spectra. Our convention for degrees is by default
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cohomological. In this context, the notions of fibre and cofibre sequences agree, and the fibre and
cofibre of a given map satisfy the relation fib ≃ cofib[−1]. Given an element d of R, also denote by
(−)∧d the d-adic completion functor in the derived category D(R).

By default, a filtration with values in a category C is a Z-indexed decreasing filtered object in the
category C, i.e., a functor from the category (Z,≥)op to the category C. A filtration is called N-indexed
if it is constant in non-positive degrees. Given a filtered object Fil⋆ C and for each integer n ∈ Z, let
grn C ∈ D(R) denote the cofibre of the transition map Filn+1 C → Filn C. A filtered object Fil⋆ C
is said to be complete if the limit limn Filn C vanishes. For instance, The Hodge filtration on the de
Rham complex is given for each n ∈ Z by FilnHod Ω−/R := Ω≥n−/R; the Hodge filtration LΩ≥⋆−/R on the
derived de Rham complex LΩ−/R is defined as the left Kan extension of this filtration. It is N-indexed,
but not always complete. Its completion, the Hodge-completed derived de Rham complex, is denoted
by L̂Ω

≥⋆
−/R.

Given a commutative ring R, denote byDF(R) := Fun((Z,≥)op,D(R)) the filtered derived category
of R-modules. Also denote by FilSp the category of filtered spectra, and by biFilSp the category of
bifiltered spectra (i.e., the category of filtered objects in the category of filtered spectra).

Given a commutative ring R and an ideal I of R, the pair (R, I) is called henselian if it satisfies
Hensel’s lemma. A local ring R is called henselian if the pair (R,m) is henselian, where m is the maximal
ideal of R. Henselian local rings are the local rings for the Nisnevich topology. A commutative ring R
is called d-henselian, for d an element of R, if the pair (R, (d)) is henselian.

Given a commutative ring R, an∞-category D which admits sifted colimits (e.g., D(R) or DF(R)),
and a functor

F : SmR := {smooth R-algebras} −→ D,

define
LF : R-Alg −→ D

S 7−→ colim
P→S

F (P ),

where the colimit is taken over all free R-algebras P mapping to S. The functor LF is called the left
Kan extension from polynomial R-algebras of F . For instance, the cotangent complex L−/R := LΩ1

−/R
is the left Kan extension from polynomial R-algebras of the module of Kähler differentials Ω1

−/R, and
the derived de Rham complex LΩ−/R is the left Kan extension from polynomial R-algebras of the
de Rham complex Ω−/R. We also consider more general left Kan extensions (e.g., from smooth R-
algebras), which are defined similarly –see [EM23, Section 2.3 and Remark 3.4] for a quick review of
this formalism. The left Kan extension from a category C to a category C′, when this makes sense, is
denoted by LC′/C .

A morphism R→ S of commutative rings is called p-discrete, for p a prime number, if the derived
tensor product S⊗L

RR/p ∈ D(R/p) is concentrated in degree zero, where it is given by S/p. It is called
p-flat if it is p-discrete and if its reduction R/p→ S/p modulo p is flat. It is called p-quasisyntomic if
it is p-flat and if the cotangent complex L(S/p)/(R/p) ∈ D(S/p) has Tor-amplitude in [−1; 0].

A commutative ring R is called p-quasisyntomic if it has bounded p-power torsion and if the complex
LR/Z ⊗L

R R/p ∈ D(R/p) has Tor-amplitude in [−1; 0]. Beware that p-quasisyntomic Z-algebras are
p-quasisyntomic rings, but the converse is not true: for instance, Fp is a p-quasisyntomic ring, but
the morphism Z → Fp is not p-discrete. We refer to [BMS19] for the definition of the associated
p-quasisyntomic topology on p-quasisyntomic rings.

A functor F (−) on commutative rings is called rigid if for every henselian pair (R, I), the natural
map F (R)→ F (R/I) is an equivalence.

Quasi-compact quasi-separated (derived) schemes are called qcqs (derived) schemes. These include
all affine (derived) schemes, i.e., (animated) commutative rings. Denote by Schqcqs the category of
qcqs schemes, dSchqcqs the category of qcqs derived schemes, Rings the category of commutative
rings, AniRings the category of animated commutative rings. Schemes, resp. commutative rings, are
sometimes called classical to emphasize that we are not working in the generality of derived schemes,
resp. animated commutative rings. Given a commutative base ring R, also denote by SmR the category
of smooth schemes over Spec(R), Schfp the category of finitely presented schemes over Spec(R), PolyR
the category of polynomial R-algebras, and E1-RingsR the category of associative R-linear ring spectra.
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We use several Grothendieck topologies, including the Zariski, Nisnevich, and cdh topologies. De-
note by LZar, LNis, and Lcdh the sheafification functors for these topologies.
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2 The motivic filtration on topological cyclic homology
In this section, we introduce a motivic filtration on the topological cyclic homology of qcqs derived

schemes (Definition 2.30), whose shifted graded pieces Z(i)TC will serve as a building block for the
definition of the motivic complexes Z(i)mot (Remark 3.21).

We first explain how to express topological cyclic homology in terms of its profinite completion and
of negative cyclic homology. Following [NS18], and given a qcqs derived scheme X and a prime num-
ber p, the p-completed topological cyclic homology TC(X;Zp) of X is constructed from its p-completed
topological negative cyclic homology TC−(X;Zp) and its p-completed topological periodic cyclic ho-
mology TP(X;Zp) (see Section 2.2). Following [DGM13, Lemma 6.4.3.2] and [NS18, Section II.4], the
topological cyclic homology TC(X) of X is then defined by a natural cartesian square of spectra

TC(X) TC−(X)

∏
p∈P TC(X;Zp)

∏
p∈P TC−(X;Zp).

The comparison map THH(X)→ HH(X), induced by extension of scalars along the map of E∞-rings
THH(Z) → Z, is S1-equivariant, and for every integer n ∈ Z, the kernel and cokernel of the induced
map on homotopy groups THHn(X) → HHn(X) are killed by an integer depending only on n. In
particular, the natural commutative diagram

THH(X) HH(X)

∏
p∈P THH(X;Zp)

∏
p∈P HH(X;Zp),

is a cartesian square of spectra, which in turn defines a natural cartesian square of spectra

TC−(X) HC−(X)

∏
p∈P TC−(X;Zp)

∏
p∈P HC−(X;Zp)

by taking homotopy fixed points (−)hS1

. Composing this cartesian square with the cartesian square
defining topological cyclic homology then induces a natural cartesian square

TC(X) HC−(X)

∏
p∈P TC(X;Zp)

∏
p∈P HC−(X;Zp).

9
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We will use this cartesian square to define the motivic filtration on TC(X) (Definition 2.30), by glueing
existing filtrations on the three other terms; namely, the HKR and BMS filtrations.

2.1 The HKR filtrations
In this subsection, we review the HKR filtrations on Hochschild homology and its variants, as

defined, in the generality of qcqs derived schemes, by [Ant19] and [BL22, Section 6.3]. Only the
HKR filtration on negative cyclic homology HC−(−) (Definition 2.4) will be used to define the motivic
filtration on topological cyclic homology TC(−) (Definition 2.30). We will use the other HKR filtrations
of this section in Section 4.

The following result is [BL22, Example 6.1.3 and Remarks 6.1.4 and 6.1.5].

Proposition 2.1 (Tate filtration). Let X be a spectrum equipped with an S1-action. Then the Tate
construction XtS1 ∈ Sp is naturally equipped with a Z-indexed filtration

Fil⋆TX
tS1

∈ FilSp.

This filtration is called the Tate filtration on XtS1

, and satisfies the following properties:

(1) The filtration Fil⋆TXtS1 ∈ FilSp is complete.

(2) Fil0TXtS1

is the homotopy fixed point spectrum XhS1

, which is thus also equipped with an N-indexed
complete filtration Fil⋆TXhS1

, which we call the Tate filtration on XhS1

.

(3) For every integer n ∈ Z, the graded piece grnTX
tS1

is naturally identified with the spectrum X[−2n].

Following [BMS19, Section 5], a filtered spectrum Fil⋆X is called connective for the Beilinson
t-structure if for every integer i ∈ Z, the graded piece griX ∈ Sp is in cohomological degrees at most i.
For every integer i ∈ Z, also denote by τB

≥i the truncation functor for the Beilinson t-structure on
filtered spectra.

Definition 2.2 (Décalage filtration). Let Fil⋆X ∈ FilSp be a filtered spectrum. The décalage filtration
on Fil⋆X is the bifiltered spectrum

Fil⋆BFil⋆X ∈ biFilSp

where, for every integer i ∈ Z, FiliBFil⋆X is the i-connective cover of Fil⋆X ∈ FilSp with respect to
the Beilinson t-structure on the category of filtered spectra:

FiliBFil⋆X := τB
≥iFil⋆X.

Construction 2.3 (HKR filtration on HP). For every integer i ∈ Z, let

FiliHKRFil⋆THP(−) := LZarLdSchqcqs,op/Polyop
Z

FiliBFil⋆THP(−),

where Fil⋆THP(−) is the Tate filtration on periodic cyclic homology of qcqs derived schemes, Fil⋆B is
the décalage filtration of Definition 2.2, and the left Kan extension LdSchqcqs,op/Polyop

Z
is taken in the

category of filtration-complete filtered spectra. The HKR filtration on periodic cyclic homology of qcqs
derived schemes is the functor

Fil⋆HKRHP(−) : dSchqcqs,op −→ FilSp

defined as the underlying filtered object of the bifiltered functor Fil⋆HKRFil⋆THP(−):

Fil⋆HKRHP(−) := lim
−→n

Fil⋆HKRFilnTHP(−).

The following definition is the one which will appear explicitly in the definition of the motivic
filtration on topological cyclic homology (Definition 2.30).
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Definition 2.4 (HKR filtration on HC−). The HKR filtration on negative cyclic homology of qcqs
derived schemes is the functor

Fil⋆HKRHC−(−) : dSchqcqs,op −→ FilSp

defined as
Fil⋆HKRHC−(−) := Fil⋆HKRFil0THP(−).

The following definition is motivated by Proposition 2.1 (3).

Definition 2.5 (HKR filtration on HH). The HKR filtration on Hochschild homology of qcqs derived
schemes is the functor

Fil⋆HKRHH(−) : dSchqcqs,op −→ FilSp

defined as
Fil⋆HKRHH(−) := Fil⋆HKRgr0THP(−).

Cyclic homology HC(−) is defined as the homotopy orbits HH(−)hS1 of the S1-action on Hochschild
homology HH(−), and is related to negative cyclic homology HC−(−) and periodic cyclic homology
HP(−) by a natural fibre sequence

HC−(−) −→ HP(−) −→ HC(−)[2].

Definition 2.6 (HKR filtration on HC). The HKR filtration on cyclic homology of qcqs derived
schemes is the functor

Fil⋆HKRHC(−) : dSchqcqs,op −→ FilSp

defined, for every integer i ∈ Z, by

FiliHKRHC(−) := cofib
(
Fili+1

HKRHC−(−) −→ Fili+1
HKRHP(−)

)
[−2],

where the map on the right hand side is induced by Construction 2.3 and Definition 2.4.

Remark 2.7 (Graded pieces of the HKR filtrations). Let X be a qcqs derived scheme. The main
result of [Ant19] describes the graded pieces of the HKR filtrations on HC−(X), HP(X), and HC(X)
in terms of the Hodge-completed derived de Rham cohomology of X. In particular, Definition 2.6
provides a filtered refinement of the fibre sequence

HC−(−) −→ HP(−) −→ HC(−)[2],

which induces on graded pieces, for every integer i ∈ Z, a natural fibre sequence

RΓZar
(
X, L̂Ω

≥i
−/Z

)
[2i] −→ RΓZar

(
X, L̂Ω−/Z

)
[2i] −→ RΓZar

(
X,LΩ<i−/Z

)
[2i]

in the derived category D(Z).

Proposition 2.8 ([Ant19, BL22]). For every integer i ∈ Z, the functor FiliHKRHC(−), from animated
commutative rings to spectra, is left Kan extended from polynomial Z-algebras, commutes with filtered
colimits, and its values are in cohomological degrees at most −i.

Proof. On animated commutative rings, the Tate filtrations

Fili+1
HKRFil⋆THC−(−) and Fili+1

HKRFil⋆THP(−)

are by definition left Kan extended, as complete filtered objects, from polynomial Z-algebras, thus
so is the Tate filtration FiliHKRFil⋆THC(−). The Tate filtration FiliHKRFil⋆THC(−) is also finite by
construction, so the functor FiliHKRHC(−) is left Kan extended on animated commutative rings from
polynomial Z-algebras. In particular, the functor

FiliHKRHC(−)

11
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commutes with filtered colimits of animated commutative rings. For every integer j ∈ Z, the jth graded
piece of the filtration Fil⋆HKRHC(−) is naturally identified with the functor RΓZar

(
−,LΩ≤j−/Z

)
[2j]

([Ant19]), whose values are in degrees at most −j on animated commutative rings. The filtration
Fil⋆HKRHC(−) is moreover complete on animated commutative rings ([BL22, Remark 6.3.5]), hence
the desired connectivity result.

Lemma 2.9 (Completeness of the HKR filtrations, after [BL22]). Let X be a qcqs derived scheme.
Then the HKR filtrations

Fil⋆HKRHP(X), Fil⋆HKRHC−(X), Fil⋆HKRHH(X), and Fil⋆HKRHC(X)

are complete.

Proof. The result for HC− and HH is a direct consequence of [BL22, Remark 6.3.5]. The result for
HC is a consequence of the connectivity result of Proposition 2.8. By Definition 2.6, the result for HP
is then a consequence of the result for HC− and HC.

Remark 2.10 (Variant over Q). Let X be a qcqs derived scheme. By the base change property for
Hochschild homology, the natural map

HH(X)⊗Z Q −→ HH(XQ/Q)

is an equivalence in the derived category D(Q), where HH(−/Q) is Hochschild homology relative to Q.
Applying the functors (−)hS1

, (−)tS1

, and (−)hS1 to this Hochschild homology relative to Q induces
relative variants HC−(−Q/Q) of negative cyclic homology, HP(−Q/Q) of periodic cyclic homology,
and HC(−Q/Q) of cylic homology. One can then define similar HKR filtrations

Fil⋆HKRHH(XQ/Q), Fil⋆HKRHC−(XQ/Q), Fil⋆HKRHP(−Q/Q), and Fil⋆HKRHC(−Q/Q),

on these functors, whose graded pieces are versions of derived de Rham cohomology relative to Q.

To introduce and study the motivic filtration on topological cyclic homology (Definition 2.30), we
will need some p-complete variants of the previous HKR filtrations.

Definition 2.11 (HKR filtration on HC−(−;Zp)). Let p be a prime number. The HKR filtration on
p-completed negative cyclic homology of qcqs derived schemes is the functor

Fil⋆HKRHC−(−;Zp) : dSchqcqs,op −→ FilSp

defined as
Fil⋆HKRHC−(−;Zp) :=

(
Fil⋆HKRHC−(−)

)∧
p
.

Remark 2.12. The HKR filtrations on HP(−;Zp), HC(−;Zp), and HH(−;Zp) of qcqs derived schemes
are defined as in Definition 2.11, where HC−(−;Zp) is replaced by HP(−), HC(−), or HH(−). In
particular, for every qcqs derived scheme X, Definition 2.6 induces a fibre sequence of filtered spectra

Fil⋆HKRHC−(X;Zp) −→ Fil⋆HKRHP(X;Zp) −→ Fil⋆−1HKRHC(X;Zp)[2].

Lemma 2.13. Let X be a qcqs derived scheme. Then the filtrations∏
p∈P

Fil⋆HKRHP(X;Zp),
∏
p∈P

Fil⋆HKRHC−(X;Zp),
∏
p∈P

Fil⋆HKRHH(X;Zp),

and
∏
p∈P

Fil⋆HKRHC(X;Zp)

are complete.

Proof. The collection of complete filtered spectra is closed under limits in the category of filtered
spectra, so this is a consequence of Lemma 2.9.

Remark 2.14 (Exhaustivity of the HKR filtrations). The HKR filtrations Fil⋆HKRHC− and Fil⋆HKRHP
are not exhaustive on general qcqs derived schemes ([BL22, Remark 6.3.6]). For the purpose of the
motivic filtration on algebraic K-theory (Definition 3.18), we will however only need the fact that the
HKR filtration Fil⋆HKRHC is always N-indexed, and in particular exhaustive.
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2.2 The BMS filtrations
Let p be a prime number. In this subsection, we review the BMS filtrations on p-completed

topological Hochschild homology THH(−;Zp) and its variants, as defined in [BMS19] for p-complete
p-quasisyntomic rings, and generalised in [AMMN22] to p-complete rings and in [BL22, Section 6.2]
to animated commutative rings. Only the BMS filtration on p-completed topological cyclic homology
TC(−;Zp) (Definition 2.20) will appear in the definition of the motivic filtration on topological cyclic
homology TC(−) (Definition 2.30). The other BMS filtrations are necessary to construct the BMS
filtration on p-completed topological cyclic homology TC(−;Zp).

Construction 2.15 (BMS filtration on Fil⋆TTP(−;Zp)). Topological Hochschild homology THH(−)
of qcqs derived schemes admits a natural S1-action, inducing a natural Tate filtration Fil⋆TTP(−) on
topological periodic cyclic homology TP(−) := THH(−)tS1

(Proposition 2.1). The Tate filtration

Fil⋆TTP(−;Zp) : dSchqcqs,op −→ FilSp

is then defined as the p-completion of the Tate filtration Fil⋆TTP(−). For every quasiregular semiper-
fectoid ring R and every integer i ∈ Z, define the filtered spectrum

FiliBMSFil⋆TTP(R;Zp) := τ≥2iFil⋆TTP(R;Zp).

The filtered object
FiliBMSFil⋆TTP(−;Zp) : dSchqcqs,op −→ FilSp

is then first defined on p-quasisyntomic rings as the unique such functor satisfying p-complete faithfully
flat descent (the existence and unicity of such a functor is [BMS19, Proposition 4.31]). In general,
polynomial Z-algebras are p-quasisyntomic rings, and this filtered object is defined as the Zariski
sheafification of its left Kan extension from polynomial Z-algebras

FiliBMSFil⋆TTP(−;Zp) := LZarLAniRings/PolyZ
FiliBMSFil⋆TTP(−;Zp),

where the left Kan extension is taken in the category of p-complete filtration-complete spectra. By
[BL22, Theorem 6.2.4], the resulting functor is still given by the double-speed Postnikov filtration on
quasiregular semiperfectoid rings and, as a functor from animated commutative rings to p-complete
filtration-complete spectra, commutes with sifted colimits and satisfies p-complete faithfully flat de-
scent.

Remark 2.16. The BMS filtrations were first defined in [BMS19] in the generality of p-complete
p-quasisyntomic rings. On general animated commutative rings R, the BMS filtrations, by construc-
tion, depend only on the p-completion of R –and in particular vanish on animated commutative
Z[ 1p ]-algebras. Here the p-completion is the derived p-completion, even on classical commutative rings.
On commutative rings with bounded p-power torsion (e.g., on p-quasisyntomic rings), the derived and
classical p-completions naturally coincide, and there is no conflict between the two definitions.

Definition 2.17 (BMS filtration on TP(−;Zp)). The BMS filtration on p-completed topological peri-
odic cyclic homology of qcqs derived schemes is the functor

Fil⋆BMSTP(−;Zp) : dSchqcqs,op −→ FilSp

defined as the underlying filtered object of the bifiltered functor Fil⋆BMSFil⋆TTP(−;Zp) of Construc-
tion 2.15:

Fil⋆BMSTP(−;Zp) := lim
−→n

Fil⋆BMSFilnTTP(−;Zp).

Topological negative cyclic homology is to topological periodic cyclic homology what negative cyclic
homology is to periodic cyclic homology. Given Definition 2.17, the following definition then mimics
Definition 2.4.
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Definition 2.18 (BMS filtration on TC−(−;Zp)). The BMS filtration on p-completed topological
negative cyclic homology of qcqs derived schemes is the functor

Fil⋆BMSTC−(−;Zp) : dSchqcqs,op −→ FilSp

defined as
Fil⋆BMSTC−(−;Zp) := Fil⋆BMSFil0TTP(−;Zp).

Similarly, topological Hochschild homology is to topological periodic and topological negative cyclic
homologies what Hochschild homology is to periodic and negative cyclic homologies, and the following
definition mimics Definition 2.5.

Definition 2.19 (BMS filtration on THH(−;Zp)). The BMS filtration on p-completed topological
Hochschild homology of qcqs derived schemes is the functor

Fil⋆BMSTHH(−;Zp) : dSchqcqs,op −→ FilSp

defined as
Fil⋆BMSTHH(−;Zp) := Fil⋆BMSgr0TTP(−;Zp).

Topological cyclic homology is however not to topological periodic cyclic homology what cyclic
homology is to periodic cyclic homology. Following [NS18], it is rather defined, after p-completion, by
a fibre sequence

TC(−;Zp) −→ TC−(−;Zp)
ϕp−can−−−−−→ TP(−;Zp).

Unwinding the previous definitions, the map ϕp − can : TC−(−;Zp) → TP(−;Zp) admits a unique
refinement as a filtered map

ϕp − can : Fil⋆BMSTC−(−;Zp) −→ Fil⋆BMSTP(−;Zp).

Definition 2.20 (BMS filtration on TC(−;Zp)). The BMS filtration on p-completed topological cyclic
homology of qcqs derived schemes is the functor

Fil⋆BMSTC(−;Zp) : dSchqcqs,op −→ FilSp

defined as

Fil⋆BMSTC(−;Zp) := fib
(
ϕp − can : Fil⋆BMSTC−(−;Zp) −→ Fil⋆BMSTP(−;Zp)

)
.

The BMS filtration on p-completed topological cyclic homology is always complete, as a consequence
of a connectivity result of [AMMN22]. We will need the following slightly more precise result when
studying the completeness of the motivic filtration on algebraic K-theory.

Lemma 2.21. Let X be a qcqs derived scheme. Then the filtrations
∏
p∈P Fil⋆BMSTC(X;Zp) and(∏

p∈P Fil⋆BMSTC(X;Zp)
)
Q are complete. More precisely, for every integer i ∈ Z, the values of the

presheaves
∏
p∈P FiliBMSTC(−;Zp) and

(∏
p∈P FiliBMSTC(−;Zp)

)
Q are in cohomological degrees at most

−i+ 1 on affine derived schemes.

Proof. The presheaves ∏
p∈P

Fil⋆BMSTC(−;Zp) and
(∏
p∈P

Fil⋆BMSTC(−;Zp)
)
Q

are Zariski sheaves by construction, so it suffices to prove the result for affine derived schemes X. Let
R be an animated commutative ring, and i ∈ Z be an integer. The spectrum FiliBMSTC(R;Zp) is in
cohomological degrees at most −i + 1 for every prime number p ([AMMN22, Theorem 5.1]). Taking
the product over all primes p and rationalisation, this implies that the spectra

∏
p∈P FiliBMSTC(R;Zp)

and
(∏

p∈P FiliBMSTC(R;Zp)
)
Q

are also in cohomological degrees at most −i+ 1, which implies that

the associated filtrations are complete.
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Remark 2.22 (Exhaustivity of the BMS filtrations). The BMS filtrations Fil⋆BMSTP(−;Zp) and
Fil⋆BMSTC−(−;Zp) are not exhaustive on general qcqs derived schemes ([BL22, Warning 6.2.7]). For
the purpose of the motivic filtration on algebraic K-theory (Definition 3.18), we will however only
need the fact that the BMS filtration Fil⋆BMSTC(−;Zp) is always N-indexed ([BMS19, proof of Propo-
sition 7.16]), and in particular exhaustive.

We refer to [BMS19, BS22, BL22] for the relation between prismatic cohomology and the graded
pieces of the BMS filtrations on TP(−;Zp), TC−(−;Zp), and THH(−;Zp). We only define here the
shifted graded pieces of the BMS filtration on TC(−;Zp), which are a version of syntomic cohomol-
ogy (see Remark 2.24), and which will serve as a building block for the p-adic motivic complexes
(Corollary 3.26).

Definition 2.23 (BMS syntomic cohomology). For every integer i ∈ Z, the syntomic complex

Zp(i)BMS(−) : dSchqcqs,op −→ D(Z)

is the functor defined as the shifted graded piece of the BMS filtration on TC(−;Zp):

Zp(i)BMS(−) := griBMSTC(−;Zp)[−2i].

Remark 2.24. Syntomic cohomology Zp(i)syn(X) of qcqs derived (formal) schemes X is defined in
[BL22, Section 8.4] (see also Notation 5.7), in terms of the syntomic complexes of Definition 2.23 and
of étale cohomology. From this perspective, the syntomic complexes Zp(i)BMS(X) of Definition 2.23
correspond to the syntomic cohomology Zp(i)syn(X) of the derived p-adic formal scheme X associated
to X.

Theorem 2.25. (1) ([BMS19, BL22]) The functor Fil⋆BMSTC(−;Zp), viewed as a functor from
p-quasisyntomic rings to p-complete filtered spectra, satisfies descent for the p-quasisyntomic
topology.

(2) ([AMMN22, BL22]) The functor Fil⋆BMSTC(−;Zp), viewed as a functor from animated commu-
tative rings to p-complete filtered spectra, is left Kan extended from polynomial Z-algebras.

Proof. (1) The filtration Fil⋆BMSTC(−;Zp) is complete on p-quasisyntomic rings (Lemma 2.21), so it
suffices to prove the result on graded pieces. The result on graded pieces is a special case of [BL22,
Proposition 7.4.7].

(2) By [AMMN22, Theorem 5.1 (2)], the functor Fil⋆BMSTC(−;Zp), viewed as a functor from
p-complete animated commutative rings to p-complete filtered spectra, is left Kan extended from
p-complete polynomial Z-algebras.3 Let R be an animated commutative ring, and R∧p be its (derived)
p-completion. The natural map

Fil⋆BMSTC(R;Zp) −→ Fil⋆BMSTC(R∧p ;Zp)

is an equivalence of filtered spectra. Indeed, the filtrations

Fil⋆BMSTC(R;Zp) and Fil⋆BMSTC(R∧p ;Zp)

are N-indexed and complete (Lemma 2.21 and Remark 2.22), so it suffices to prove the result on graded
pieces, where this is a direct consequence of [BL22, Corollary 7.4.11]. This implies the desired left Kan
extension property.

Corollary 2.26. Let i ∈ Z be an integer.

(1) The functor Zp(i)BMS(−), viewed as a functor from p-quasisyntomic rings to p-complete objects
in the derived category D(Z), satisfies descent for the p-quasisyntomic topology.

3More precisely, it is proved to be left Kan extended from p-complete polynomial Z-algebras to p-complete
p-quasisyntomic rings. By definition, p-quasisyntomic rings have bounded p-power torsion. Hence, their derived and
classical p-completions are naturally identified, and the left Kan extension to p-complete animated commutative rings
agrees with the left Kan extension to p-complete classical rings on p-complete p-quasisyntomic rings.
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(2) The functor Zp(i)BMS(−), viewed as a functor from animated commutative rings to p-complete
objects in the derived category D(Z), is left Kan extended from polynomial Z-algebras.

Proof. (1) was already part of the proof of Theorem 2.25 (1).
(2) is a direct consequence of Theorem 2.25 (2).

Theorem 2.27 ([AMMN22]). Let (A, I) be a henselian pair of commutative rings. Then for any
integers i ≥ 0 and k ≥ 1, the fibre of the natural map

Z /pk(i)BMS(A) −→ Z /pk(i)BMS(A/I)

in the derived category D(Z /pk) is in degrees at most i.

Proof. By [AMMN22, Theorem 5.2], for every henselian pair (A, I) such that the commutative rings
A and A/I are (classically) p-complete, the fibre of the natural map

Z /pk(i)BMS(A) −→ Z /pk(i)BMS(A/I)

is in degrees at most i. The proof of [AMMN22, Theorem 5.2] proves more generally that for (A, I) a
general henselian pair of commutative rings, the fibre of the natural map

Z /pk(i)BMS(A∧p ) −→ Z /pk(i)BMS((A/I)∧p )

where (−)∧p is the derived p-completion, is in degrees at most i. By [BL22, Corollary 7.4.11] (see also the
proof of Theorem 2.25 (2)), the natural map Z /pk(i)BMS(−) → Z /pk(i)BMS((−)∧p ) is an equivalence
on animated commutative rings, hence for every henselian pair (A, I) of commutative rings, the fibre
of the natural map

Z /pk(i)BMS(A) −→ Z /pk(i)BMS(A/I)

is in degrees at most i.

2.3 The motivic filtration on TC
In this subsection, we introduce the motivic filtration on topological cyclic homology TC(−) of

general qcqs derived schemes (Definition 2.30).
The following proposition is [BL22, Proposition 6.4.1].

Proposition 2.28 ([BL22]). Let p be a prime number. The map

Fil⋆TTP(−;Zp) −→ Fil⋆THP(−;Zp),

viewed as a map of filtered spectra-valued presheaves on the category of qcqs derived schemes, admits
a unique, multiplicative extension to a map of bifiltered presheaves of spectra

Fil⋆BMSFil⋆TTP(−;Zp) −→ Fil⋆HKRFil⋆THP(−;Zp).

Construction 2.29 (BMS-HKR comparison map). Let p be a prime number. The BMS-HKR com-
parison map is the map

Fil⋆BMSTC(−;Zp) −→ Fil⋆HKRHC−(−;Zp)

of functors from (the opposite category of) qcqs derived schemes to the category of filtered spectra
defined as the composite

Fil⋆BMSTC(−;Zp) −→ Fil⋆BMSTC−(−;Zp) −→ Fil⋆HKRHC−(−;Zp)

of the maps given by Definition 2.20, and Proposition 2.28 after restricting to the zeroth step of the
Tate filtration.
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Definition 2.30 (Motivic filtration on TC). The motivic filtration on topological cyclic homology of
qcqs derived schemes

Fil⋆motTC(−) : dSchqcqs,op −→ FilSp

is the functor defined by the cartesian square

Fil⋆motTC(−) Fil⋆HKRHC−(−)

∏
p∈P Fil⋆BMSTC(−;Zp)

∏
p∈P Fil⋆HKRHC−(−;Zp),

where the bottom horizontal map is the map of Construction 2.29, and the right vertical map is
profinite completion. For every integer i ∈ Z, also define the functor

Z(i)TC(−) : dSchqcqs,op −→ D(Z)4

as the shifted graded piece of this motivic filtration:

Z(i)TC(−) := grimotTC(−)[−2i].

Remark 2.31 (Comparison to [EM23]). For every qcqs derived scheme X over Q, the filtered spec-
trum Fil⋆HKRHC−(X) is Q-linear by construction, so its profinite completion vanishes. The filtration∏
p∈P Fil⋆BMSTC(X;Zp) also vanishes (Remark 2.16), and the natural map

Fil⋆motTC(X) −→ Fil⋆HKRHC−(X/Q)

is then an equivalence of filtered spectra.
Similarly, for every prime number p and every qcqs derived scheme X over Fp, the filtered spectrum

Fil⋆HKRHC−(X) is Z-linear and p-complete, so it is naturally identified with its profinite completion.
Again using Remark 2.16, the natural map

Fil⋆motTC(X) −→ Fil⋆BMSTC(X;Zp)

is then an equivalence of filtered spectra.

Remark 2.32 (Comparison to [BL22]). In [BL22, Section 6.4], Bhatt–Lurie define filtered spectra
Fil⋆motTP(X) and Fil⋆motTC−(X) for qcqs derived schemes X, with shifted graded pieces called the
global prismatic complexes ∆̂

gl
X{i} and N≥i∆̂

gl
X{i} respectively. These filtrations can be used to obtain

an alternative definition of the Fil⋆motTC(X) of Definition 2.30. More precisely, for every prime num-
ber p the p-completion of Bhatt–Lurie’s filtration Fil⋆motTP(X) is the filtration Fil⋆BMSTP(X;Zp) of
Definition 2.17, and there is a natural fibre sequence

Fil⋆motTC(X) −→ Fil⋆motTC−(X) −→
∏
p∈P

Fil⋆BMSTP(X;Zp)

of filtered spectra. In particular, for every integer i ∈ Z, this induces a natural fibre sequence

Z(i)TC(X) −→ N≥i∆̂
gl

X{i} −→
∏
p∈P

∆̂X,p{i}

in the derived category D(Z), where ∆̂X,p denotes the p-adic absolute prismatic cohomology of X.

Proposition 2.33. Let X be a qcqs derived scheme, and p be a prime number. Then the natural map

Fil⋆motTC(X;Zp) −→ Fil⋆BMSTC(X;Zp)

is an equivalence of filtered spectra.
4Every value of the functor Z(i)TC(−) has a natural module structure over the E∞-ring Z(0)TC(Z), which, by

unwinding the definition, is naturally identified with the E∞-ring HZ. This implies that the spectra-valued functor
Z(i)TC(−) takes values in HZ-linear spectra, i.e., in the derived category D(Z).
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Proof. By definition, the natural map

Fil⋆HKRHC−(X) −→
∏
ℓ∈P

Fil⋆HKRHC−(X;Zℓ)

in Definition 2.30 is profinite completion, so its fibre becomes zero after p-completion.

Corollary 2.34. Let X be a qcqs derived scheme, and p be a prime number. Then the natural map

Zp(i)TC(X) −→ Zp(i)BMS(X)

is an equivalence in the derived category D(Zp).

Proof. This is a direct consequence of Proposition 2.33.

Proposition 2.35. Let X be a qcqs derived scheme. Then the filtrations

Fil⋆motTC(X) and Fil⋆motTC(X;Q)

are complete.

Proof. The filtrations Fil⋆HKRHC−(X),
∏
p∈P Fil⋆HKRHC−(X;Zp), and

∏
p∈P Fil⋆BMSTC(X;Zp) are com-

plete by Lemmas 2.9, 2.13, and 2.21 respectively. By Definition 2.30, the filtration Fil⋆motTC(X) is
then complete, as a pullback of three complete filtrations. To prove that the filtration Fil⋆motTC(X;Q)
is complete, consider the cartesian square of filtered spectra

Fil⋆motTC(X;Q) Fil⋆HKRHC−(X;Q)

(∏
p∈P Fil⋆BMSTC(X;Zp)

)
Q

(∏
p∈P Fil⋆HKRHC−(X;Zp)

)
Q

induced by taking the rationalisation of Definition 2.30. The filtration(∏
p∈P

Fil⋆BMSTC(X;Zp)
)
Q

is complete by Lemma 2.21. The fibre of the natural map

Fil⋆HKRHC−(X) −→
∏
p∈P

Fil⋆HKRHC−(X;Zp)

is complete as an object of the filtered derived category DF(Z) (Lemmas 2.9 and 4.24), and is zero
modulo p for every prime number p by construction. In particular, it is naturally identified with the
fibre of the natural map

Fil⋆HKRHC−(X;Q) −→
(∏
p∈P

Fil⋆HKRHC−(X;Zp)
)
Q
,

which is thus complete as an object of the filtered derived category DF(Q). This implies, by the
previous cartesian square, that the filtration Fil⋆motTC(X;Q) is also complete.

Remark 2.36 (Exhaustivity of the motivic filtration on TC). The motivic filtration Fil⋆motTC is not
exhaustive on general qcqs derived scheme. Although this will not be necessary to prove that the
motivic filtration on algebraic K-theory is exhaustive (Proposition 4.46), one can prove, using [Ant19,
Lemma 4.10] and its proof, that if X is a quasi-lci Z-scheme,5 then the motivic filtration Fil⋆motTC(X)
is exhaustive.

5By this, we mean that Zariski-locally on the qcqs scheme X, the cotangent complex L−/ Z has Tor-amplitude
in [−1; 0].
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Proposition 2.37. For every integer i ∈ Z, the presheaf

FilimotTC(−) : dSchqcqs,op −→ Sp

is an étale sheaf.

Proof. By Definition 2.30, it suffices to prove that the presheaves∏
p∈P

FiliBMSTC(−;Zp), FiliHKRHC−(−), and
∏
p∈P

FiliHKRHC−(−;Zp)

are étale sheaves. A product of sheaves is a sheaf, and these BMS and HKR filtrations are complete
(Lemmas 2.21, 2.9, and 2.13). It then suffices to prove that for every prime number p, the presheaves

Zp(i)BMS(−), RΓZar
(
−, L̂Ω

≥i
−/Z

)
, and RΓZar

(
−, (L̂Ω

≥i
−/Z)

∧
p

)
are étale sheaves. The statement for Zp(i)BMS(−) is a consequence of p-fpqc descent ([BL22, Proposi-
tion 7.4.7]). The statement for the other two presheaves reduces to the fpqc descent for the powers of
the cotangent complex ([BMS19, Theorem 3.1]).

Corollary 2.38. For every integer i ∈ Z, the presheaf

Z(i)TC(−) : dSchqcqs,op −→ D(Z)

is an étale sheaf.

Proof. This is a direct consequence of Proposition 2.37.

2.4 The motivic filtration on LcdhTC
In this subsection, we introduce the motivic filtration on the cdh sheafification of topological cyclic

homology of general qcqs schemes (Definition 2.39).

Definition 2.39 (Motivic filtration on LcdhTC). The motivic filtration on cdh sheafified topological
cyclic homology of qcqs schemes

Fil⋆motLcdhTC(−) : Schqcqs,op −→ FilSp

is the functor defined as the cdh sheafification of the motivic filtration on topological cyclic homology
(Definition 2.30)

Fil⋆motLcdhTC(−) :=
(
LcdhFil⋆motTC

)
(−).

Remark 2.40 (Graded pieces of Fil⋆motLcdhTC). Let X be a qcqs scheme. For every integer i ∈ Z,
the canonical map (

Lcdh Z(i)TC)(X) −→ grimotLcdhTC(R)[−2i]

is an equivalence in the derived category D(Z). We will usually refer to these shifted graded pieces by
the complexes

(
Lcdh Z(i)TC

)
(X).

Remark 2.41 (Completeness of Fil⋆motLcdhTC). It is not clear a priori that the filtered spectrum
Fil⋆motLcdhTC(X) is complete, even for qcqs schemes of finite valuative dimension. Modulo any prime
number p, this is a consequence of the connectivity bound [AMMN22, Theorem 5.1 (1)] and [EHIK21,
Theorem 2.4.15]. The integral statement will be a consequence of certain cdh descent results in
Section 4.

Remark 2.42 (Exhaustivity of Fil⋆motLcdhTC). The filtration Fil⋆motLcdhTC is not exhaustive on
general qcqs derived schemes. We will prove however, in Section 4, that the fibre of the natural map
Fil⋆motTC→ Fil⋆motLcdhTC is N-indexed, and in particular exhaustive.

19



TESS BOUIS

3 Definition of motivic cohomology
In this section, we introduce motivic cohomology of general quasi-compact quasi-separated derived

schemes (Definition 3.20) and establish some of the fundamental properties of the associated motivic
filtration.

3.1 Classical motivic cohomology
In this subsection, we review the classical definition of motivic cohomology of smooth schemes in

mixed characteristic. Following [Blo86, Lev01, Gei04], the motivic cohomology of smooth Z-schemes
X is classically defined in terms of Bloch’s cycle complexes zi(X, •). Recall that Bloch’s cycle complex
is a simplicial abelian group defined in terms of algebraic cycles. The homotopy groups of Bloch’s
cycle complexes, called Bloch’s higher Chow groups, are a generalisation of Chow groups that are
designed to generalise the relation between the K0 and the Chow groups of a quasi-projective variety
to higher K-groups. Via the Dold–Kan correspondence, we view Bloch’s cycle complexes as objects of
the derived category D(Z).

Definition 3.1 (Classical motivic cohomology of smooth schemes). Let B be a field or a mixed
characteristic Dedekind domain (e.g., B = Z), and X be a smooth B-scheme. For any integer i ∈ Z,
the classical motivic complex

Z(i)cla(X) ∈ D(Z)
is the Nisnevich sheafification of the shift of Bloch’s cycle complex zi(X, •):

Z(i)cla(X) :=
(
LNis z

i(−, •)
)
(X)[−2i],

where • is the cohomological index.

Note that, by construction, the classical motivic complexes Z(i)cla vanish in degrees more than 2i,
and in all degrees for weights i < 0.

In the following definition, we use the slice filtration in stable homotopy theory, as introduced by
Voevodsky [Voe02a, Voe02b, BH21].

Definition 3.2 (Motivic filtration on K-theory of smooth schemes). Let B be a field or a mixed
characteristic Dedekind domain. The classical motivic filtration on algebraic K-theory of smooth
B-schemes is the functor

Fil⋆claK(−) : Smop
B −→ FilSp

defined as the image, via the mapping spectrum construction ω∞ : SH(B) → PSh(SmB , Sp), of the
slice filtration f⋆KGL on the K-theory motivic spectrum KGL ∈ SH(B).

Remark 3.3. The pullback of algebraic cycles being well-defined only along flat maps, it is not
straightforward to prove that the classical motivic complexes Z(i)cla of Definition 3.1 are functorial.
Over a field, Voevodsky overcomes this technicality by proving that Bloch’s cycle complexes are repre-
sented in SH by the zeroth slice of the K-theory motivic spectrum KGL. Over a mixed characteristic
Dedekind domain, this identification is proved by Bachmann [Bac22]. In particular, this means that
Bloch’s cycle complexes zi(−, •), when seen as a construction taking values in the derived category
D(Z), is indeed functorial, and multiplicative. In terms of Definitions 3.1 and 3.2, this implies that for
every integer i ∈ Z, there is an equivalence of D(Z)-valued6 functors

Z(i)cla(−) := griclaK(−)[−2i].

Example 3.4 (Weight zero classical motivic cohomology). For every smooth scheme X over a field
or a mixed characteristic Dedekind domain, there is a natural equivalence

Z(0)cla(X) ≃ RΓZar(X,Z)

in the derived category D(Z) ([Spi18, Proposition 6.1]).
6Every value of the functor griclaK(−)[−2i] has a natural module structure over the E∞-ring gr0claK(Z), which, by

[Spi18, Proposition 6.1] and [Bac22], is naturally identified with the E∞-ring HZ. This implies that the spectra-valued
functor griclaK(−)[−2i] takes values in HZ-linear spectra, i.e., in the derived category D(Z).
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Example 3.5 (Weight one classical motivic cohomology). For every smooth scheme X over a field or
a mixed characteristic Dedekind domain, there is a natural equivalence

Z(1)cla(X) ≃ RΓZar(X,Gm)[−1]

in the derived category D(Z) ([Spi18, Theorem 7.10]). In particular, the complex Z(1)cla(X) is con-
centrated in degrees one and two, where it is given by

H1(Z(1)cla(X)) ∼= O(X)× and H2(Z(1)cla(X)) ∼= Pic(X).

3.2 Bachmann–Elmanto–Morrow’s cdh-local motivic filtration
The constructions and results of this subsection are due to Bachmann–Elmanto–Morrow. More

precisely, following [BEM], we review the cdh-local motivic filtration on homotopy K-theory KH(−)
of qcqs schemes (Definition 3.10), whose shifted graded pieces Z(i)cdh will serve as a building block
for the definition of the motivic complexes Z(i)mot (Remark 3.21). We first define the lisse motivic
complexes Z(i)lisse as an intermediate construction, and as a practical tool for later sections.

The following definition is motivated by the observation of Bhatt–Lurie that connective algebraic
K-theory Kconn(−) is left Kan extended on animated commutative rings from smooth Z-algebras
[EHK+20, Proposition A.0.4].

Definition 3.6 (Motivic filtration on connective K-theory of animated rings). The motivic filtration
on connective algebraic K-theory of animated commutative rings is the functor

Fil⋆lisseK
conn(−) : AniRings −→ FilSp

defined as the left Kan extension of the classical motivic filtration on algebraic K-theory of smooth
Z-algebras

Fil⋆lisseK
conn(−) :=

(
LAniRings/SmZFil⋆claK

)
(−).

Note that connective algebraic K-theory is not a Zariski sheaf on commutative rings. Most of our
results on the following lisse motivic complexes Z(i)lisse will be formulated in the generality of local
rings.

Definition 3.7 (Lisse motivic cohomology of animated rings). For any integer i ∈ Z, the lisse motivic
complex

Z(i)lisse(−) : AniRings −→ D(Z)

is the shifted graded piece of the motivic filtration of Definition 3.6:

Z(i)lisse(−) := grilisseK
conn(−)[−2i].

Note that the lisse motivic complexes Z(i)lisse are the left Kan extension of the classical motivic
complexes Z(i)cla, and in particular vanish in weights i < 0.

Example 3.8 (Weight zero lisse motivic cohomology). For every local ring R, there is a natural
equivalence

Z(0)lisse(R) ≃ Z[0]

in the derived category D(Z). This is a consequence of Example 3.4, by using that the functor
Z(0)lisse(−) is left Kan extended on local rings from its restriction to local essentially smooth Z-algebras.

Example 3.9 (Weight one lisse motivic cohomology). For every commutative ring R, there is a natural
equivalence

Z(1)lisse(R) ≃
(
τ≤1RΓZar(R,Gm)

)
[−1]

in the derived category D(Z). In particular, the complex Z(1)lisse(R) ∈ D(Z) is concentrated in degrees
one and two, where it is given by

H1(Z(1)lisse(R)) ∼= O(R)× and H2(Z(1)lisse(R)) ∼= Pic(R).
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This is a consequence of Example 3.5, by using that the left Kan extension of a functor taking values
in degrees at most two takes values in degrees at most two, and that the functor τ≤1RΓZar(−,Gm)
on commutative rings is left Kan extended from its restriction to smooth Z-algebras. Here the latter
left Kan extension property is a consequence of the same left Kan extension property for the functors
Gm(−) (which is a special case of Mathew’s criterion [EHK+20, Proposition A.0.4]) and Pic(−) (which
is a consequence of rigidity, see [EM23, Lemma 7.6]).

Definition 3.10 (Cdh-local motivic filtration on KH-theory of schemes). The cdh-local motivic fil-
tration on homotopy K-theory of qcqs schemes is the functor

Fil⋆cdhKH(−) : Schqcqs,op −→ FilSp

defined as

Fil⋆cdhKH(−) :=
(
LcdhFil⋆lisseK

conn)(−) = (
LcdhLSchqcqs,op/Smop

Z
Fil⋆claK

)
(−).

Remark 3.11. By construction of the cdh-local motivic filtration (Definition 3.10), there is a natural
comparison map of presheaves

Fil⋆claK(−) −→ Fil⋆cdhKH(−)

on smooth Z-schemes.

Definition 3.12 (Cdh-local motivic cohomology of schemes). For any integer i ∈ Z, the cdh-local
motivic complex

Z(i)cdh(−) : Schqcqs,op −→ D(Z)

is the shifted graded piece of the motivic filtration of Definition 3.10:

Z(i)cdh(−) := gricdhKH(−)[−2i].

We will refer throughout the text to the following properties of these cdh-local motivic complexes.

Theorem 3.13 ([BEM]). Let X be a qcqs scheme, and i ≥ 0 be an integer.

(1) The filtration Fil⋆cdhKH(X) is multiplicative and N-indexed. Moreover, if X is of valuative di-
mension at most d, then the spectrum FilicdhKH(X) is in cohomological degrees at most −i+ d;
in particular, the filtration Fil⋆cdhKH(X), and its rationalisation Fil⋆cdhKH(X;Q), are complete.

(2) For every integer m ≥ 2, there exists a natural automorphism ψm of the filtered spectrum
Fil⋆cdhKH(X)[ 1m ] such that the induced automorphism on Z[ 1m ](i)cdh(X)[2i] is multiplication
by mi.

(3) For every prime number p and every integer k ≥ 1, there is a natural equivalence

Z /pk(i)cdh(X) ≃
(
Lcdh Z /pk(i)syn)(X)

in the derived category D(Z /pk).

Proof. This is a part of [BEM, Theorems 4.33, 7.12, and 7.14], which is ultimately a consequence of
analogous properties for classical motivic cohomology.

Remark 3.14. With the exception of Section 6 on the comparison with Bachmann–Elmanto–Morrow’s
A1-motivic complexes Z(i)A1

, where we use that Z(i)A1

is the A1-localisation of the cdh-local motivic
complex Z(i)cdh, we do not use any of the main results established in [BEM]. In particular, we do not
use the A1-invariance or the projective bundle formula for the cdh-local motivic complexes Z(i)cdh,
nor Voevodsky’s slice conjectures.
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3.3 Definition of motivic cohomology
In this subsection, we introduce the motivic filtration on algebraicK-theory of qcqs derived schemes

(Definitions 3.18 and 3.19), by constructing a filtered extension of the cartesian square of Theorem 1.1.
To do so, we first define a filtered cdh-local cyclotomic trace map Fil⋆cdhKH(−) → Fil⋆motLcdhTC(−)
(Construction 3.17).

Theorem 3.15 (Filtered cyclotomic trace in the smooth case). The cyclotomic trace map

K(−) −→ TC(−),

viewed as a map of spectra-valued presheaves on the category of smooth Z-schemes, admits a unique,
multiplicative extension to a map

Fil⋆claK(−) −→ Fil⋆motTC(−)

of filtered presheaves of spectra.

Proof. By Definition 2.30, the natural cartesian square

TC(−) HC−(−)

∏
p∈P TC(−;Zp)

∏
p∈P HC−(−;Zp)

admits a multiplicative filtered extension

Fil⋆motTC(−) Fil⋆HKRHC−(−)

∏
p∈P Fil⋆BMSTC(−;Zp)

∏
p∈P Fil⋆HKRHC−(−;Zp)

on qcqs derived schemes. Let p be a prime number. It then suffices to prove that the natural maps

K(−) −→ HC−(−), K(−) −→ HC−(−;Zp), and K(−) −→ TC(−;Zp),

viewed as maps of spectra-valued presheaves on the category of smooth Z-schemes, admit unique
multiplicative filtered extensions to maps of filtered presheaves of spectra

Fil⋆claK(−) −→ Fil⋆HKRHC−(−), Fil⋆claK(−) −→ Fil⋆HKRHC−(−;Zp), and

Fil⋆claK(−) −→ Fil⋆BMSTC(−;Zp)
respectively.

The proof of [EM23, Proposition 4.6], which is stated over a quasismooth map of commutative
rings k0 → k such that k is a field, applies readily to the case where k0 = k = Z. More precisely,
we use in this proof the Gersten conjecture for classical motivic cohomology on smooth Z-schemes,
which is [Gei04, Theorem 1.1]. In particular, the natural map K(−) → HC−(−), viewed as a map of
spectra-valued presheaves on the category of smooth Z-schemes, admits a unique multiplicative filtered
extension to a map of filtered presheaves of spectra Fil⋆claK(−)→ Fil⋆HKRHC−(−).

Similarly, the p-completed cotangent complex (LR/Z)∧p of a smooth Z-algebra R is concentrated
in degree zero, given by the p-flat R-module (Ω1

R/Z)
∧
p . So for every integer i ∈ Z, this implies that

the object griHKRHC−(R;Zp) ∈ D(Z) is in cohomological degrees less than −i. The proof of [EM23,
Proposition 4.6] then adapts readily to prove that the natural map K(−)→ HC−(−;Zp), viewed as a
map of spectra-valued presheaves on the category of smooth Z-schemes, admits a unique multiplicative
extension to a map of filtered presheaves of spectra Fil⋆claK(−)→ Fil⋆HKRHC−(−;Zp).

Finally, the natural map K(−)→ TC(−;Zp), viewed as a map of spectra-valued presheaves on the
category of smooth Z-schemes, admits a unique multiplicative extension to a map of filtered presheaves
of spectra Fil⋆claK(−)→ Fil⋆BMSTC(−;Zp), by [AHI24, Proposition 6.12].
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Remark 3.16. For every prime number p, the BMS filtration Fil⋆BMSTC(−;Zp) is determined by its
p-quasisyntomic-local values (Theorem 2.25). By the proof of [AHI24, Lemma 6.10], the p-completed
left Kan extension of the functor Fil⋆claK(−), from smooth Z-algebras to p-quasisyntomic rings, is
p-quasisyntomic-locally identified, via the map induced by [AHI24, Proposition 6.12], with the functor
Fil⋆BMSTC(−;Zp). In particular, one can reconstruct the BMS filtration Fil⋆BMSTC(−;Zp) on qcqs
derived schemes (Definition 2.20) from the classical motivic filtration Fil⋆claK(−) on smooth Z-schemes
(Definition 3.2). This will be used in Section 4 to construct Adams operations on the BMS filtration
Fil⋆BMSTC(−;Zp).

Construction 3.17 (Filtered cdh-local cyclotomic trace). The filtered cdh-local cyclotomic trace map
is the map

Fil⋆cdhKH(−) −→ Fil⋆motLcdhTC(−)

of functors from (the opposite category of) qcqs schemes to the category of multiplicative filtered
spectra defined as the cdh sheafification of the composite(

LSchqcqs,op/Smop
Z

Fil⋆claK
)
(−) −→

(
LSchqcqs,op/Smop

Z
Fil⋆motTC

)
(−) −→ Fil⋆motTC(−),

where the first map is the map induced by Theorem 3.15 and the second map is the canonical map.
Note here that sheafification is a multiplicative operation, and that the compatibility between left Kan
extension and multiplicative structures is ensured by [Lur17, Corollary 3.2.3.2] (see also [EM23, 2.3.2]).

Definition 3.18 (Motivic filtration on K-theory of schemes). The motivic filtration on non-connective
algebraic K-theory of qcqs schemes is the functor

Fil⋆motK(−) : Schqcqs,op −→ FilSp

defined by the cartesian square of functors of multiplicative filtered spectra

Fil⋆motK(−) Fil⋆motTC(−)

Fil⋆cdhKH(−) Fil⋆motLcdhTC(−),

where the bottom horizontal map is the map of Construction 3.17, and the right vertical map is cdh
sheafification.

Definition 3.19 (Motivic filtration on K-theory of derived schemes). The motivic filtration on non-
connective algebraic K-theory of qcqs derived schemes is the functor

Fil⋆motK(−) : dSchqcqs,op −→ FilSp

defined by the cartesian square of functors of multiplicative filtered spectra

Fil⋆motK(−) Fil⋆motTC(−)

Fil⋆motK(π0(−)) Fil⋆motTC(π0(−))

where π0(−) : dSch → Sch is restriction to the classical locus, the filtration on K(π0(−)) is given by
Definition 3.18, and the filtrations on TC(−) and TC(π0(−)) are given by Definition 2.30.

Definition 3.20 (Motivic cohomology of derived schemes). For any integer i ∈ Z, the motivic complex

Z(i)mot : dSchqcqs,op −→ D(Z)

is the shifted graded piece of the motivic filtration of Definition 3.19:

Z(i)mot(−) := grimotK(−)[−2i].
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For every qcqs derived scheme X, also denote by

Hn
mot(X,Z(i)) := Hn(Z(i)mot(X)) n ∈ Z

the motivic cohomology groups of X.

Remark 3.21 (Motivic cohomology of schemes). Let X be a qcqs scheme, and i ∈ Z be an integer.
By Definition 3.19, there is a natural cartesian square

Z(i)mot(X) Z(i)TC(X)

Z(i)cdh(X)
(
Lcdh Z(i)TC

)
(X)

in the derived category D(Z), where the bottom horizontal map is induced by Construction 3.17 and
the right vertical map is cdh sheafification. This cartesian square can serve as a definition for the
motivic cohomology of the scheme X.

We now construct, for later use, a comparison map from classical motivic cohomology to the motivic
cohomology of Definition 3.20.

Definition 3.22 (Filtered classical-motivic comparison map). The filtered classical-motivic compari-
son map is the map of presheaves

Fil⋆claK(−) −→ Fil⋆motK(−)

on smooth Z-schemes induced by the maps Remark 3.11 and Theorem 3.15. Note here that the
compatibility between these two maps and Definition 3.18 is automatic by Construction 3.17.

Definition 3.23 (Classical-motivic comparison map). For any integer i ∈ Z, the classical-motivic
comparison map is the map of D(Z)-valued presheaves

Z(i)cla(−) −→ Z(i)mot(−)

on smooth Z-schemes induced by taking the ith shifted graded piece of the filtered map of Defini-
tion 3.22.

In the rest of this section, we discuss some of the first properties of the motivic filtration.

Remark 3.24 (Comparison to cdh-local motivic cohomology). By construction (Definition 3.10), the
cdh-local motivic complex

Z(i)cdh : Schqcqs,op −→ D(Z)

is a cdh sheaf, so the common fibre of the horizontal maps in the cartesian square of Remark 3.21 is
also a cdh sheaf. In particular, for every qcqs scheme X, the left vertical map of this cartesian square
exhibits cdh-local motivic cohomology as the cdh sheafification of motivic cohomology:

Z(i)cdh(X) ≃
(
Lcdh Z(i)mot)(X).

Proposition 3.25. Let X be a qcqs scheme, and p be a prime number. Then for every integer k ≥ 1,
there is a natural cartesian square

Fil⋆motK(X;Z /pk) Fil⋆BMSTC(X;Z /pk)

Fil⋆cdhKH(X;Z /pk) Fil⋆BMSLcdhTC(X;Z /pk)

of filtered spectra.
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Proof. This is a consequence of Proposition 2.33 and Definition 3.19.

Corollary 3.26. Let X be a qcqs scheme, and p be a prime number. Then for any integers i ∈ Z and
k ≥ 1, there is natural cartesian square

Z /pk(i)mot(X) Z /pk(i)BMS(X)

Z /pk(i)cdh(X)
(
Lcdh Z /pk(i)BMS

)
(X)

in the derived category D(Z /pk).

Proof. This is a direct consequence of Proposition 3.25.

Remark 3.27 (ℓ-adic motivic cohomology). For any prime number p and integer k ≥ 1, the filtered
presheaf Fil⋆BMSTC(−;Z /pk) and its cdh sheafification vanish on qcqs Z[ 1p ]-schemes. In particular,
Proposition 3.25 implies that for every qcqs Z[ 1p ]-scheme X, the natural map

Fil⋆motK(X;Z /pk) −→ Fil⋆cdhKH(X;Z /pk)

is an equivalence of filtered spectra.

Remark 3.28 (Completeness and exhaustivity of Fil⋆motK). The filtration Fil⋆motK(X) of Defini-
tion 3.19 will be proved to be N-indexed, hence exhaustive, on general qcqs derived schemes X
(Proposition 4.46), and complete on qcqs schemes of finite valuative dimension (Proposition 4.49).
Note that these results can already be proved modulo any prime number p, as a formal consequence
of Proposition 3.25 and Section 2.

The following result is a filtered version of the classical Dundas–Goodwillie–McCarthy theorem
([DGM13, Theorem 7.0.0.2]).

Proposition 3.29. Let A → B be a map of animated commutative rings such that the induced map
π0(A) → π0(B) of commutative rings is surjective with finitely generated nilpotent kernel. Then the
natural commutative diagram

Fil⋆motK(A) Fil⋆motTC(A)

Fil⋆motK(B) Fil⋆motTC(B)

is a cartesian square of filtered spectra.

Proof. By Definition 3.19, it suffices to prove that the natural commutative diagram

Fil⋆motK(π0(A)) Fil⋆motTC(π0(A))

Fil⋆motK(π0(B)) Fil⋆motTC(π0(B))

is a cartesian square of filtered spectra. For every cdh sheaf F defined on qcqs schemes, the natural
map F (π0(A))→ F (π0(B)) is an equivalence. The result is then a consequence of Definition 3.18.
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4 Rational structure of motivic cohomology
In this section, we prove some fundamental properties of the motivic filtration that we introduced

in the previous section: namely, that it is always exhaustive and finitary, and complete on schemes of
finite valuative dimension. These properties modulo a prime number p are a formal consequence of
the analogous properties for the BMS filtration on p-completed topological cyclic homology. Proving
these results integrally will however require more understanding of the rational part of this motivic
filtration. Our two main results on rational motivic cohomology are as follows.

The first main result is the following generalisation of the rational splitting of the classical motivic
filtration.

Theorem 4.1 (The motivic filtration is rationally split). Let X be a qcqs derived scheme. Then there
exists a natural multiplicative equivalence of filtered spectra

Fil⋆motK(X;Q) ≃
⊕
j≥⋆

Q(j)mot(X)[2j].

As for the classical motivic filtration, this splitting is induced by suitable Adams operations, which
we construct in the generality of qcqs derived schemes in the first section.

This result is however not enough to prove the exhaustivity, completeness, or finitariness of the
motivic filtration. Instead, these will be proved along the way to the following second main result on
rational motivic cohomology.

Theorem 4.2. Let X be a qcqs scheme. Then there is a natural fibre sequence of filtered spectra

Fil⋆motK(X;Q)→ Fil⋆cdhKH(X;Q)→ cofib
(
Fil⋆−1HKRHC(XQ/Q)→ Fil⋆−1HKRLcdhHC(XQ/Q)

)
[1].

To prove this result, we use a classical argument of Weibel at the level of K-theory (Lemma 4.61)
and the rational splitting Theorem 4.1 to reduce the statement to the case of characteristic zero, where
the result is essentially [EM23, Theorem 4.10 (3)].

The key step in this argument, in order to pass from a statement at the level ofK-theory to a filtered
statement, is to prove beforehand that the motivic filtration Fil⋆motK is N-indexed (Proposition 4.46).
The strategy to prove this is as follows. We first introduce a new rigid-analytic variant of the HKR
filtrations in the generality of qcqs derived schemes, whose graded pieces are rigid-analytic variants of
derived de Rham cohomology. We then adapt a theorem of Goodwillie –stating in modern language that
periodic cyclic homology is truncating in characteristic zero– to this rigid-analytic variant of periodic
cyclic homology. This rigid-analytic Goodwillie theorem implies, by the work of Land–Tamme on
truncating invariants, that the rigid-analytic variant of periodic cyclic homology is a cdh sheaf on qcqs
schemes. A filtered consequence of this cdh descent result then formally implies the desired result, i.e.,
that the motivic filtration Fil⋆motK is N-indexed.

4.1 Adams operations
In this subsection we construct Adams operations on filtered algebraic K-theory of qcqs derived

schemes (Construction 4.9).
In [EM23, Appendix B], Elmanto–Morrow construct Adams operations ψm on the m-periodic fil-

tered K-theory Fil⋆claK(X)[ 1m ] of smooth Z-schemes X, acting on the ith graded piece as multiplication
by mi. Using these Adams operations, we construct Adams operations ψm on the filtered p-completed
topological cyclic homology Fil⋆BMSTC(X;Zp) of qcqs Z[ 1m ]-schemes X.

Proposition 4.3 (Adams operations on filtered TC(−;Zp)). Let m ≥ 2 be an integer, X be a qcqs de-
rived Z[ 1m ]-scheme, and p be a prime number. Then there exists a natural multiplicative automorphism
ψm of the filtered spectrum Fil⋆BMSTC(X;Zp) such that for every integer i ∈ Z, the induced automor-
phism on the ith graded piece Zp(i)BMS(X)[2i] is multiplication by mi. Moreover, this automorphism
ψm is uniquely determined by its naturality and the fact that on smooth Z[ 1m ]-schemes X, the diagram
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of filtered spectra
Fil⋆claK(X)[ 1m ] Fil⋆BMSTC(X;Zp)

Fil⋆claK(X)[ 1m ] Fil⋆BMSTC(X;Zp)

ψm ψm

where the horizontal maps are induced by Remark 3.16, and the left vertical map is defined in [EM23,
Construction B.4], is commutative.

Proof. The functor Fil⋆BMSTC(−;Zp) on p-quasisyntomic rings is p-quasisyntomic-locally identified
with the p-completed left Kan extension of the functor Fil⋆claK(−) from smooth Z-algebras to p-quasisyn-
tomic rings (Remark 3.16). The functor Fil⋆BMSTC(−;Zp) on p-quasisyntomic rings moreover satisfies
p-quasisyntomic descent (Theorem 2.25 (1)), so the Adams operation ψm on the functor Fil⋆claK(−)[ 1m ]
([EM23, Appendix B]) induces a natural automorphism ψm of the presheaf Fil⋆BMSTC(−;Zp), acting
as multiplication by mi on the ith graded piece Zp(i)BMS(−)[2i]. The same result then applies to
animated commutative Z[ 1m ]-algebras by left Kan extending the result on polynomial Z[ 1m ]-algebras
(Theorem 2.25 (2)), and to general qcqs derived Z[ 1m ]-schemes by Zariski sheafifying the result on
animated commutative Z[ 1m ]-algebras.

The following result is [Rak20, Construction 6.4.8 and Proposition 6.4.12]. Note that if X is a qcqs
derived Z[ 1m ]-scheme, then the filtered spectrum Fil⋆HKRHC−(X) is naturally Z[ 1m ]-linear.

Proposition 4.4 (Adams operations on filtered HC−, [Rak20]). Let m ≥ 2 be an integer, and X be
qcqs derived Z[ 1m ]-scheme. Then there exists a natural multiplicative automorphism ψm of the filtered
spectrum Fil⋆HKRHC−(X) such that for every integer i ∈ Z, the induced automorphism on the ith graded

piece L̂Ω
≥i
X/Z[ 1m ]

[2i] is multiplication by mi.

Lemma 4.5. Let m ≥ 2 be an integer, X be a qcqs derived Z[ 1m ]-scheme, and p be a prime number.
Then the natural diagram of filtered spectra

Fil⋆BMSTC(X;Zp) Fil⋆HKRHC−(X;Zp)

Fil⋆BMSTC(X;Zp) Fil⋆HKRHC−(X;Zp)

ψm ψm

where the horizontal maps are defined in Construction 2.29, the left map is the map defined in Propo-
sition 4.3, and the right map is the map induced by Proposition 4.4, is commutative.

Proof. By [EM23, Lemma B.8], the natural diagram of filtered spectra

Fil⋆claK(X)[ 1m ] Fil⋆HKRHC−(X)

Fil⋆claK(X)[ 1m ] Fil⋆HKRHC−(X)

ψm ψm

is commutative for every smooth Z[ 1m ]-scheme X. The result is then a consequence of Proposition 4.3,
where the compatibility between the filtered maps is a consequence of the proof of Theorem 3.15.

Construction 4.6 (Adams operations on filtered TC). Let m ≥ 2 be an integer, and X be a qcqs de-
rived Z[ 1m ]-scheme. The automorphism ψm of the filtered spectrum Fil⋆motTC(X) is the automorphism
defined by pullback along the natural cartesian square of filtered spectra

Fil⋆motTC(X) Fil⋆HKRHC−(X)

∏
p∈P Fil⋆BMSTC(X;Zp)

∏
p∈P Fil⋆HKRHC−(X;Zp),
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where the automorphism ψm of Fil⋆HKRHC−(X) is the automorphism of Proposition 4.4, the automor-
phism ψm of

∏
p∈P Fil⋆HKRHC−(X;Zp) is induced by the automorphism ψm of Fil⋆HKRHC−(X), and

the automorphism ψm of
∏
p∈P Fil⋆BMSTC(X;Zp) is the automorphism of Proposition 4.3. Note here

that the compatibility between the automorphisms ψm and the bottom map is given by Lemma 4.5.

Note in the following result that if X is a qcqs derived Z[ 1m ]-scheme, then the filtered spectrum
Fil⋆motTC(X) is naturally Z[ 1m ]-linear.

Corollary 4.7. Let m ≥ 2 be an integer, and X be a qcqs derived Z[ 1m ]-scheme. Then for every integer
i ∈ Z, the automorphism ψm induced on the ith graded piece Z(i)TC(X)[2i] of the filtered spectrum
Fil⋆motTC(X) is multiplication by mi. Moreover, if X is smooth over Z[ 1m ], then the natural diagram
of filtered spectra

Fil⋆claK(X)[ 1m ] Fil⋆motTC(X)

Fil⋆claK(X)[ 1m ] Fil⋆motTC(X)

ψm ψm

where the horizontal maps are defined in Theorem 3.15, and the left vertical map is defined in [EM23,
Construction B.4], is commutative.

Proof. The identification of the automorphism ψm on the graded pieces is a consequence of Propo-
sitions 4.3 and 4.4. The second statement is a consequence of the analogous compatibilities for∏
p∈P Fil⋆BMSTC(X;Zp) (Proposition 4.3) and for Fil⋆HKRHC−(X) ([EM23, Lemma B.8]), and of Lem-

ma 4.5.

Lemma 4.8. Let m ≥ 2 be an integer, and X be a qcqs Z[ 1m ]-scheme. Then the natural diagram of
filtered spectra

Fil⋆cdhKH(X)[ 1m ] Fil⋆motLcdhTC(X)

Fil⋆cdhKH(X)[ 1m ] Fil⋆motLcdhTC(X)

ψm ψm

where the horizontal maps are defined in Construction 3.17, the left map is the map of Theorem 3.13 (2),
and the right map is the map induced by Construction 4.6, is commutative.

Proof. The left map ψm of this diagram is defined by cdh sheafifying the left Kan extension from smooth
Z[ 1m ]-schemes to qcqs Z[ 1m ]-schemes of the automorphism ψm on Fil⋆claK(−)[ 1m ] ([EM23, Appendix B]).
The result then follows from Construction 3.17 and Corollary 4.7.

Construction 4.9 (Adams operations on filtered K-theory). Let m ≥ 2 be an integer. Following Def-
inition 3.18, if X is a qcqs Z[ 1m ]-scheme, the automorphism ψm of the filtered spectrum Fil⋆motK(X)[ 1m ]
is the automorphism defined by pullback along the natural cartesian square of filtered spectra

Fil⋆motK(X)[ 1m ] Fil⋆motTC(X)

Fil⋆cdhKH(X)[ 1m ] Fil⋆motLcdhTC(X),

where the automorphism ψm of Fil⋆motTC(X) is the automorphism of Construction 4.6, the automor-
phism ψm of Fil⋆motLcdhTC(X) is defined by cdh sheafifying the automorphism ψm of Fil⋆motTC(−),
and the automorphism ψm of Fil⋆cdhKH(X)[ 1m ] is the automorphism of Theorem 3.13 (2). Note here
that the compatibility between the automorphisms ψm and the bottom map is given by Lemma 4.8.

Following Definition 3.19, if X is a qcqs derived Z[ 1m ]-scheme, the automorphism ψm of the filtered
spectrum Fil⋆motK(X)[ 1m ] is the automorphism defined by pullback along the natural cartesian square
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of filtered spectra
Fil⋆motK(X)[ 1m ] Fil⋆motTC(X)

Fil⋆motK(π0(X))[ 1m ] Fil⋆motTC(π0(X)),

where the automorphisms ψm of Fil⋆motTC(X) and Fil⋆motTC(π0(X)) are defined in Construction 4.6,
and the automorphism ψm of Fil⋆motK(π0(X))[ 1m ] is the automorphism of the previous paragraph. Note
here that the compatibility between the automorphisms ψm is automatic by construction.

Corollary 4.10. Let m ≥ 2 be an integer, and X be a qcqs derived Z[ 1m ]-scheme. Then for every
integer i ∈ Z, the automorphism ψm induced on the ith graded piece Z[ 1m ](i)mot(X)[2i] of the filtered
spectrum Fil⋆motK(X)[ 1m ] is multiplication by mi.

Proof. This is a consequence of Theorem 3.13 (2) and Corollary 4.7.

The following lemma explains how to use Adams operations to deduce splitting results on the
rationalisation of certain filtrations.

Lemma 4.11. Let
Fil⋆F (−) : dSchqcqs,op −→ FilSp

be a Zariski sheaf of filtered spectra. For each integer m ≥ 2, let ψm be a natural multiplicative auto-
morphism of the filtered spectrum Fil⋆F (X) on qcqs derived Z[ 1m ]-schemes X, satisfying the following
properties:

(i) for every qcqs derived scheme X, the rationalised filtration Fil⋆F (X;Q) is complete;

(ii) for any integers i ∈ Z and m ≥ 2, and every qcqs derived Z[ 1m ]-scheme X, the induced automor-
phism on the ith graded piece griF (X) is multiplication by mi;

(iii) for any integers m,m′ ≥ 2, and every qcqs derived Z[ 1
mm′ ]-scheme X, the space of natural

transformations from ψm ◦ ψm′
to ψmm

′
, as endomorphisms of the filtered spectrum Fil⋆F (X),

is contractible.

Then for every qcqs derived scheme X, and any integers i, k ∈ Z such that k ≥ i, there exists a natural
equivalence of spectra

FiliF (X;Q) ≃
( ⊕
i≤j<k

grjF (X;Q)
)
⊕ FilkF (X;Q).

Proof. For every spectrum C equipped with a map F : C → C, denote by CF the homotopy fibre of
the map F . Let m ≥ 2 be an integer, i, k ∈ Z be integers such that k ≥ i, and X be a qcqs derived
Z[ 1m ]-scheme, for which we first construct the desired equivalence of spectra

FiliF (X;Q) ≃
( ⊕
i≤j<k

grjF (X;Q)
)
⊕ FilkF (X;Q).

We first prove that the spectrum
(
Fili+1F (X;Q)

)ψm−mi

is zero. The filtration Fili+1+⋆F (X;Q) in-
duced on the spectrum Fili+1F (X;Q) is complete (hypothesis (i)), so it suffices to prove that the
natural map

ψm −mi : grjF (X;Q) −→ grjF (X;Q)

is an equivalence of spectra for every integer j ≥ i + 1. For every integer j ≥ i + 1, this map can be
identified with multiplication by the nonzero integermi(mj−i−1) on the Q-linear spectrum grjF (X;Q)
(hypothesis (ii)), and is thus an equivalence. Taking the fibre of the natural map ψm−mi on the fibre
sequence of spectra

Fili+1F (X;Q) −→ FiliF (X;Q) −→ griF (X;Q),
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this implies that the natural map(
FiliF (X;Q)

)ψm−mi

−→
(
griF (X;Q)

)ψm−mi

is an equivalence of spectra. The spectrum
(
griF (X;Q)

)ψm−mi

can be naturally identified with the
spectrum griF (X;Q)⊕ griF (X;Q)[−1] (hypothesis (ii)), and the induced composite map

griF (X;Q) −→
(
griF (X;Q)

)ψm−mi ∼−−→
(
FiliF (X;Q)

)ψm−mi can−−→ FiliF (X;Q)

induces a natural splitting of spectra

FiliF (X;Q) ≃ griF (X;Q)⊕ Fili+1F (X;Q).

By induction, this implies that for every integer k ≥ i, there is a natural equivalence of spectra

FiliF (X;Q) ≃
( ⊕
i≤j<k

grjF (X;Q)
)
⊕ FilkF (X;Q).

We now prove the desired equivalence of spectra for a general qcqs derived scheme X. The presheaf
Fil⋆F (−) being a Zariski sheaf of filtered spectra, the presheaves

FiliF (−;Q) and
( ⊕
i≤j<k

grjF (−;Q)
)
⊕ FilkF (−;Q)

are Zariski sheaves of spectra. It thus suffices to construct compatible equivalences of spectra

FiliF (X
Z[ 1m ]

;Q) ≃
( ⊕
i≤j<k

grjF (X
Z[ 1m ]

;Q)
)
⊕ FilkF (X

Z[ 1m ]
;Q)

for all integers m ≥ 2. The construction of this equivalence for each integer m ≥ 2, which depends on
the map ψm : Fil⋆F (X

Z[ 1m ]
)→ Fil⋆F (X

Z[ 1m ]
), is the first part of this proof. Let m,m′ ≥ 2 be integers.

The compatibility between the constructions of the equivalences for m, m′, and mm′ only depend on
the choices, for every integer i ∈ Z, of the identification of the maps ψm, ψm

′
, and ψmm

′
on the ith

graded piece with multiplication by mi, (m′)i, and (mm′)i respectively. These choices are compatible
up to homotopy (hypothesis (iii)), which concludes the proof.

Remark 4.12. Lemma 4.11 can also be proved, with the same proof, for Zariski sheaves of filtered
spectra Fil⋆F (−) that are defined on qcqs schemes, on qcqs schemes of finite valuative dimension, on
noetherian schemes of finite dimension, or on smooth schemes over a given commutative ring.

Remark 4.13. Hypothesis (iii) in Lemma 4.11 follows from the construction of the Adams operations
on the filtrations Fil⋆claK(−) and Fil⋆HKRHC−(−), when these are defined. This hypothesis (iii) then
follows formally for all the other filtrations considered in this subsection.

Proposition 4.14. Let
Fil⋆F (−) : Schqcqs,op −→ FilSp

be a finitary Zariski sheaf of filtered spectra. For each integer m ≥ 2, let ψm be a natural multiplicative
automorphism of the filtered spectrum Fil⋆F (X) on qcqs Z[ 1m ]-schemes X, satisfying the following
properties:

(i) for every noetherian scheme X of finite dimension, there exists an integer d ∈ Z such that for
every integer i ∈ Z, the spectrum FiliF (X;Q) is in cohomological degrees at most −i+ d;

(ii) for any integers i ∈ Z and m ≥ 2, and every qcqs Z[ 1m ]-scheme X, the induced automorphism on
the ith graded piece griF (X) is multiplication by mi;

(iii) for any integers m,m′ ≥ 2, and every qcqs Z[ 1
mm′ ]-scheme X, the space of natural transforma-

tions from ψm◦ψm′
to ψmm

′
, as endomorphisms of the filtered spectrum Fil⋆F (X), is contractible.
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Then for every qcqs scheme X, there exists a natural multiplicative equivalence of filtered spectra

Fil⋆F (X;Q) ≃
⊕
j≥⋆

grjF (X;Q).

Proof. By finitariness, it suffices to prove the result on noetherian schemes of finite dimension. Hy-
pothesis (i) implies that the filtration Fil⋆F (X;Q) is complete on such schemes X. Lemma 4.11 and
Remark 4.12 then imply that there exist natural equivalences of spectra

FiliF (X;Q) ≃
(
⊕i≤j<k grjF (X;Q)

)
⊕ FilkF (X;Q)

for all integers i, k ∈ Z such that k ≥ i. Again using completeness, taking the limit over k → +∞
induces a natural equivalence of spectra

FiliF (X;Q) ≃
∏
j≥i

grjF (X;Q).

Hypothesis (i) then implies that, at each cohomological degree, only a finite number of terms in the
previous product are nonzero. In particular, the previous equivalence can be rewritten as a natural
equivalence of spectra

FiliF (X;Q) ≃
⊕
j≥i

grjF (X;Q),

which induces the desired multiplicative equivalence of filtered spectra.

Remark 4.15. Let X be a qcqs derived scheme. The argument of Proposition 4.14, where the
necessary hypotheses are satisfied by Corollary 4.7 and Proposition 2.35, implies that there is a natural
multiplicative equivalence of filtered spectra

Fil⋆motTC(X;Q) ≃
∏
j≥⋆

Q(j)TC(X)[2i].

4.2 Rigid-analytic HKR filtrations
In this subsection, we define variants, which we call rigid-analytic, of the HKR filtrations. We start

by explaining the relevant objects at the level of Hochschild homology.
For every qcqs derived scheme X, there is a natural S1-equivariant arithmetic fracture square

HH(X) HH(XQ/Q)

∏
p∈P HH(X;Zp)

∏′
p∈P HH(X;Qp)

(4.15.1)

in the derived category D(Z), where we use base change for Hochschild homology for the top right
corner, and the convention adopted in the Notation part for the bottom left and bottom right corners.
Applying homotopy fixed points (−)hS1

for the S1-action induces a natural cartesian square

HC−(X) HC−(XQ/Q)

∏
p∈P HC−(X;Zp)

(∏′
p∈P HH(X;Qp)

)hS1

in the derived category D(Z), where we use that taking homotopy fixed points (−)hS1

commutes with
limits for the bottom left corner. We call rigid-analytic variant of Hochschild homology and of negative
cyclic homology the bottom right corners of the previous two cartesian squares, respectively. This
terminology should find some justification in Section 4.3. Following Section 2.1, we use the previous
cartesian square to introduce a new HKR filtration on this rigid-analytic variant of negative cyclic
homology

(∏′
p∈P HH(X;Qp)

)hS1

.
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Definition 4.16 (HKR filtration on rigid-analytic HC−). The HKR filtration on rigid-analytic negative
cyclic homology of qcqs derived schemes is the functor

Fil⋆HKR
(∏
p∈P

′
HH(−;Qp)

)hS1

: dSchqcqs,op −→ FilSp

defined by the cocartesian square

Fil⋆HKRHC−(−) Fil⋆HKRHC−(−Q/Q)

∏
p∈P Fil⋆HKRHC−(−;Zp) Fil⋆HKR

(∏′
p∈P HH(−;Qp)

)hS1

.

Remark 4.17. Let p be a prime number, and X be a qcqs derived scheme over Z(p). The natural
map ∏

ℓ∈P
Fil⋆HKRHC−(X;Zℓ) −→ Fil⋆HKRHC−(X;Zp)

is then an equivalence of filtered spectra, and we then denote by Fil⋆HKRHH(X;Qp)hS1

the filtered
spectrum Fil⋆HKR

∏′
ℓ∈P HH(X;Qℓ)hS1

. In particular, the natural commutative diagram

Fil⋆HKRHC−(X) Fil⋆HKRHC−(XQ/Q)

Fil⋆HKRHC−(X;Zp) Fil⋆HKRHH(X;Qp)hS1

is a cartesian square of filtered spectra.

Similarly, one can apply homotopy orbits (−)hS1 for the S1-action to the arithmetic fracture square
for Hochschild homology (4.15.1). The functor (−)hS1 does not commute with limits, but the S1-action
on the product

∏
p∈P HH(X;Zp) is diagonal. Using the natural fibre sequence

HH(X;Zp) −→ HH(X;Zp)hS1 −→ HH(X;Zp)hS1 [2]

in the derived category D(Z) and the fact that the functors HH(−;Zp) and HH(−;Zp)hS1 are in
non-positive cohomological degrees on animated commutative rings, one can prove that the complex
HH(X;Zp)hS1 ∈ D(Z) is derived p-complete, hence the natural map

HC(X;Zp) −→ HH(X;Zp)hS1

is an equivalence in the derived category D(Z). In particular, applying homotopy orbits (−)hS1 to the
arithmetic fracture square for Hochschild homology (4.15.1) induces a natural cartesian square

HC(X) HC(XQ/Q)

∏
p∈P HC(X;Zp)

(∏′
p∈P HH(X;Qp)

)
hS1

in the derived category D(Z). We use this cartesian square to introduce the following HKR filtration
on the bottom right corner.

Definition 4.18 (HKR filtration on rigid-analytic HC). The HKR filtration on rigid-analytic cyclic
homology of qcqs derived schemes is the functor

Fil⋆HKR
(∏
p∈P

′
HH(−;Qp)

)
hS1 : dSchqcqs,op −→ FilSp
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defined by the cocartesian square

Fil⋆HKRHC(−) Fil⋆HKRHC(−Q/Q)

∏
p∈P Fil⋆HKRHC(−;Zp) Fil⋆HKR

(∏′
p∈P HH(−;Qp)

)
hS1 .

Remark 4.19. Taking homotopy orbits (−)hS1 commutes with colimits, so the natural map

Fil⋆HKRHC(X;Q) −→ Fil⋆HKRHC(XQ/Q)

is an equivalence in the filtered derived category DF(Q). Upon applying rationalisation to the natural
cartesian square

Fil⋆HKRHC(X) Fil⋆HKRHC(XQ/Q)

∏
p∈P Fil⋆HKRHC(X;Zp) Fil⋆HKR

(∏′
p∈P HH(X;Qp)

)
hS1 ,

this implies that the natural map∏
p∈P

′
Fil⋆HKRHC(X;Qp) :=

(∏
p∈P

Fil⋆HKRHC(X;Zp)
)
Q −→ Fil⋆HKR

(∏
p∈P

′
HH(X;Qp)

)
hS1

is an equivalence in the filtered derived category DF(Q).

Remark 4.20. Let p be a prime number, andX be a qcqs derived scheme over Z(p). As in Remark 4.17,
we denote the filtered complex Fil⋆HKR

(∏′
ℓ∈P HH(X;Qℓ)

)
hS1 by

Fil⋆HKRHH(X;Qp)hS1 ∈ DF(Q).

In particular, the natural map

Fil⋆HKRHC(X;Qp) −→ Fil⋆HKRHH(X;Qp)hS1

is an equivalence in the filtered derived category DF(Q) by Remark 4.19.

The Tate construction (−)tS1

is by definition the cofibre of the norm map

(−)hS1 [1]→ (−)hS1

.

Applying the Tate construction (−)tS1

to the arithmetic fracture square for Hochschild homology
(4.15.1) then induces a natural cartesian square

HP(X) HP(XQ/Q)

∏
p∈P HP(X;Zp)

(∏′
p∈P HH(X;Qp)

)tS1

in the derived category D(Z), where we use the analogous cartesian squares for HC− and HC to identify
the bottom left corner.

Definition 4.21 (HKR filtration on rigid-analytic HP). The HKR filtration on rigid-analytic periodic
cyclic homology of qcqs derived schemes is the functor

Fil⋆HKR
(∏
p∈P

′
HH(−;Qp)

)tS1

: dSchqcqs,op −→ FilSp
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defined by the cocartesian square

Fil⋆HKRHP(−) Fil⋆HKRHP(−Q/Q)

∏
p∈P Fil⋆HKRHP(−;Zp) Fil⋆HKR

(∏′
p∈P HH(−;Qp)

)tS1

.

Remark 4.22. Let p be a prime number, and X be a qcqs derived scheme over Z(p). As in Re-

marks 4.17 and 4.20, we denote the filtered complex Fil⋆HKR
(∏

ℓ∈P HH(X;Qℓ)
)tS1

by

Fil⋆HKRHH(X;Qp)tS
1

∈ DF(Q).

In particular, the natural commutative diagram

Fil⋆HKRHP(X) Fil⋆HKRHP(XQ/Q)

Fil⋆HKRHP(X;Zp) Fil⋆HKRHH(X;Qp)tS
1

is a cartesian square of filtered spectra.

Lemma 4.23. Let X be a qcqs derived scheme. Then the natural commutative diagram

∏′
p∈P Fil⋆HKRHC−(X;Qp) Fil⋆HKR

(∏′
p∈P HH(X;Qp)

)hS1

∏′
p∈P Fil⋆HKRHP(X;Qp) Fil⋆HKR

(∏′
p∈P HH(X;Qp)

)tS1

is a cartesian square of filtered spectra.

Proof. There is a natural commutative diagram of filtered spectra∏′
p∈P Fil⋆HKRHC−(X;Qp)

∏′
p∈P Fil⋆HKRHP(X;Qp)

∏′
p∈P Fil⋆−1HKRHC(X;Qp)[2]

Fil⋆HKR
(∏′

p∈P HH(X;Qp)
)hS1

Fil⋆HKR
(∏′

p∈P HH(X;Qp)
)tS1

Fil⋆−1HKR
(∏′

p∈P HH(X;Qp)
)
hS1 [2]

where, by definition of the bottom terms (Definitions 4.16, 4.21, and 4.18), the horizontal lines are
fibre sequences. In this diagram, the right vertical map is an equivalence (Remark 4.19), so the left
square is a cartesian square.

Lemma 4.24. Let X be a qcqs derived scheme. Then the filtrations∏
p∈P

′(
Fil⋆HKRHH(X;Qp)

)hS1

,
∏
p∈P

′(
Fil⋆HKRHH(X;Qp)

)
hS1 , and

∏
p∈P

′(
Fil⋆HKRHH(X;Qp)

)tS1

are complete.

Proof. The HKR filtrations on HC−(X), HC(X), and HP(X) are complete by Lemma 2.9. The product
on prime numbers p of the p-completions of these filtrations are also complete, since p-completions
and products commute with limits. Similarly, the HKR filtrations on HC−(XQ/Q), HC(XQ/Q), and
HP(XQ/Q) are complete by [Ant19, Theorem 1.1]. The rigid-analytic HKR filtrations on HC−, HC,
and HP are thus also complete, as pushouts of three complete filtrations.

We now describe the graded pieces of these rigid-analytic HKR filtrations, by analogy with the
classical HKR filtrations.
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Definition 4.25 (Rigid-analytic Hodge-complete derived de Rham cohomology). For every integer
i ∈ Z, the functor

RΓZar

(
−,

∏
p∈P

′
L̂Ω
≥i
−Qp/Qp

)
: dSchqcqs,op −→ D(Q)

is defined as the shifted graded piece of the HKR filtration on
∏′
p∈P HH(−;Qp)hS1

:

RΓZar

(
−,

∏
p∈P

′
L̂Ω
≥i
−Qp/Qp

)
:= griHKR

(∏
p∈P

′
HH(−;Qp)

)hS1

[−2i].

Remark 4.26. Let X be a qcqs derived scheme, and i ∈ Z be an integer. By Definition 4.16, there is
a natural cartesian square

RΓZar

(
X, L̂Ω

≥i
−/Z

)
RΓZar

(
X, L̂Ω

≥i
−Q/Q

)

RΓZar

(
X,

∏
p∈P

(
L̂Ω
≥i
−/Z

)∧
p

)
RΓZar

(
X,

∏′
p∈P L̂Ω

≥i
−Qp/Qp

)
in the derived category D(Z), which can serve as an alternative definition for the bottom right term.

Remark 4.27. Let X be a qcqs derived scheme, and i ∈ Z be an integer. The complexes

RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
and RΓZar

(
X,

∏
p∈P

′
LΩ≤i−Qp/Qp

)
are defined as in Definition 4.25, where (−)hS1

is replaced by (−)tS1

and (−)hS1 respectively. In
particular, the natural fibre sequence

Fil⋆HKR
(∏
p∈P

′
HH(X;Qp)

)hS1

→ Fil⋆HKR
(∏
p∈P

′
HH(X;Qp)

)tS1

→ Fil⋆−1HKR
(∏
p∈P

′
HH(X;Qp)

)
hS1 [2]

induces a natural fibre sequence

RΓZar

(
X,

∏
p∈P

′
L̂Ω
≥i
−Qp/Qp

)
−→ RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
−→ RΓZar

(
X,

∏
p∈P

′
LΩ<i−Qp/Qp

)
,

where the right term is naturally identified with the complex(∏
p∈P

RΓZar
(
X,

(
LΩ<i−/Z

)∧
p

))
Q
∈ D(Q)

by Remark 4.19.

Remark 4.28. Let p be a prime number, X be a qcqs derived scheme over Z(p), and i ∈ Z be an
integer. Following Remarks 4.17, 4.20, and 4.22, we denote the complexes

RΓZar

(
X,

∏
ℓ∈P

′
L̂Ω
≥i
−Qℓ

/Qℓ

)
, RΓZar

(
X,

∏
ℓ∈P

′
L̂Ω−Qℓ

/Qℓ

)
, and RΓZar

(
X,

∏
ℓ∈P

′
LΩ<i−Qℓ

/Qℓ

)
by

RΓZar
(
X, L̂Ω

≥i
−Qp/Qp

)
, RΓZar

(
X, L̂Ω−Qp/Qp

)
, and RΓZar

(
X,LΩ<i−Qp/Qp

)
respectively. In particular, by Remark 4.27, there is a natural fibre sequence

RΓZar
(
X, L̂Ω

≥i
−Qp/Qp

)
−→ RΓZar

(
X, L̂Ω−Qp/Qp

)
−→ RΓZar

(
X,LΩ<i−Qp/Qp

)
in the derived category D(Qp), where the right term is naturally identified with the complex

RΓZar
(
X,

(
LΩ<i−/Z

)∧
p
[ 1p ]

)
∈ D(Qp).
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In the following result, we reformulate the motivic filtration on topological cyclic homology of
Definition 2.30 in terms of the rigid-analytic HKR filtration on negative cyclic homology. This can be
interpreted as a filtered arithmetic fracture square for topological cyclic homology.

Proposition 4.29. Let X be qcqs derived scheme. Then the natural commutative diagram

Fil⋆motTC(X) Fil⋆HKRHC−(XQ/Q)

∏
p∈P Fil⋆BMSTC(X;Zp) Fil⋆HKR

(∏′
p∈P HH(X;Qp)

)hS1

is a cartesian square of filtered spectra.

Proof. This is a consequence of Definitions 2.30 and 4.16.

Corollary 4.30. Let X be a qcqs scheme. Then the natural commutative diagram(
Lcdh Fil⋆motTC(−)

)
(X)

(
Lcdh Fil⋆HKRHC−(−Q/Q)

)
(X)

(
Lcdh

∏
p∈P Fil⋆BMSTC(−;Zp)

)
(X)

(
Lcdh Fil⋆HKR

(∏′
p∈P HH(−;Qp)

)hS1)
(X),

is a cartesian square of filtered spectra.

Proof. This is a consequence of Proposition 4.29, which we restrict to qcqs schemes and then sheafify
for the cdh topology.

Corollary 4.31. Let X be a qcqs derived scheme. Then for every integer i ∈ Z, the natural commu-
tative diagram

Z(i)TC(X) RΓZar

(
X, L̂Ω

≥i
−Q/Q

)

∏
p∈P Zp(i)BMS(X) RΓZar

(
X,

∏′
p∈P L̂Ω

≥i
−Qp/Qp

)
,

is a cartesian square in the derived category D(Z).

Proof. This is a direct consequence of Proposition 4.29.

4.3 A rigid-analytic Goodwillie theorem
In this subsection, we prove that the rigid-analytic version of periodic cyclic homology is a trun-

cating invariant (Theorem 4.40). We first recall the definition of Hochschild, cyclic, negative cyclic,
and periodic cyclic homologies of a general cyclic object.

Definition 4.32 (Cyclic object). Let C be a category, or an ∞-category. The cyclic category Λ is
the category with objects [n] indexed by non-negative integers n, and morphisms [m] → [n] given by
homotopy classes of degree one increasing maps from S1 to itself that map the subgroup Z /(m + 1)
to Z /(n+ 1). A cyclic object in C is then a contravariant functor from the cyclic category Λ to C.

Notation 4.33 (Hochschild homology of a cyclic object). Let A be an abelian category with exact
infinite products, and X• be a cyclic object in A. Following [Goo85, Section II] (see also [Mor18,
Section 2.2]), one can define the Hochschild homology HH(X•) of X•, as an object of the derived
category D(A) equipped with a natural S1-action. The cyclic, negative cyclic, and periodic cyclic
homologies of the cyclic object X• are then defined by

HC(X•) := HH(X•)hS1 , HC−(X•) := HH(X•)
hS1

, and HP(X•) := HH(X•)
tS1

.
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In this context, there is moreover a natural map

s : HC(X•)[−2] −→ HC(X•)

in the derived category D(A), from which periodic cyclic homology HP(X•) ∈ D(A) can be recovered
by the formula

HP(X•) ≃ lim
←−

(
· · · s−−→ HC(X•)[−4]

s−−→ HC(X•)[−2]
s−−→ HC(X•)

)
.

We now apply the previous general construction to define Hochschild homology and its variants on
solid associative derived algebras over a solid commutative ring.

Definition 4.34 (Solid Hochschild homology). Let k be a solid commutative ring, and R be a con-
nective solid k-E1-algebra. The simplicial object

· · · −→−→−→
−→

R⊗k R⊗k R −→−→−→ R⊗k R −→−→ R

has a natural structure of cyclic object in the derived ∞-category of solid k-modules (Definition 4.32),
induced by permutation of the tensor factors. We write HH(R/k), HC(R/k), HC−(R/k) and HP(R/k)
for the Hochschild, cyclic, negative cyclic and periodic cyclic homologies of this cyclic object (Nota-
tion 4.33). If k = Z, we simply denote these by HH(R), HC(R), HC−(R) and HP(R).

For f : R → R′ a map of Z-E1-algebras and F : E1 -AlgZ → D(Z) a functor, we denote by
F (f) ∈ D(Z) the cofibre of the map F (R) → F (R′). More generally, for f : R → R′ a map of solid
Z-E1-algebras and F a D(Solid)-valued functor on solid Z-E1-algebras, denote by F (f) ∈ D(Solid) the
cofibre of the map F (R)→ F (R′).

The following result is [Goo85, Theorem IV.2.6]. More precisely, this result of Goodwillie is for maps
of simplicial Z-algebras, and the underlying ∞-category of simplicial Z-algebras is naturally identified
with the ∞-category of connective Z-E1-algebras, by the monoidal Dold–Kan correspondence and
[Lur17, Proposition 7.1.4.6].

Theorem 4.35 ([Goo85]). Let f : R → R′ be a 1-connected map of connective Z-E1-algebras. For
every integer n ≥ 0, the natural map

n!sn : HC∗+2n(f) −→ HC∗(f)

is the zero map for ∗ ≤ n− 1.

Goodwillie’s proof of Theorem 4.35, although stated with respect to the abelian category of
Z-modules (or k-modules, for k an arbitrary discrete commutative ring), is valid for any abelian
symmetric monoidal category with exact infinite products (see Notation 4.33 and Definition 4.34).
One can thus prove the following generalisation of the previous result.

Theorem 4.36. Let f : R → R′ be a 1-connected map of connective solid Z-E1-algebras. Then for
every integer n ≥ 0, the natural map

n!sn : HC(f)[−2n] −→ HC(f),

in the derived category D(Solid), is the zero map on cohomology groups7 in degrees at least −n+ 1.

Proof. To prove the result for simplicial solid Z-algebras, it suffices to prove that the abelian category
of solid abelian groups is symmetric monoidal, and has exact infinite products. The first claim is [CS19,
Theorem 6.2 (i)]. The second claim is a consequence of the fact that the abelian category of condensed
abelian groups has exact arbitrary products ([CS19, Theorem 1.10]), and that the category of solid
abelian groups, as a subcategory of the abelian category of condensed abelian groups, is stable under
all limits ([CS19, Theorem 5.8 (i)]). We omit the proof of the analogue of [Lur17, Proposition 7.1.4.6]
to pass from simplicial solid Z-algebras to connective solid Z-E1-algebras.

7By this, we mean that it is the zero map as a map of solid abelian groups, i.e., that it factors through the zero
object of the abelian category of solid abelian groups. Note that the underlying abelian group of a nonzero solid abelian
group can be zero (e.g., the quotient of Zp with the p-adic topology by Zp with the discrete topology). In particular,
being zero for a map of solid abelian groups cannot be detected on the underlying map of abelian groups.
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For the rest of this section, and following the convention of condensed mathematics, a condensed
object is called discrete if its condensed structure is trivial. Given a classical object X, we denote by
X the associated discrete condensed object.

Lemma 4.37. Let R be a connective Z-E1-algebra, and p be a prime number. Then the natural map

HH(R) −→ HH(R∧p ),

in the derived category D(Solid), exhibits the target as the p-completion of the source. In particular,
there is a natural equivalence

HH(R)
∧
p
[ 1p ]

∼−−→ HH(R∧p [
1
p ]/Qp)

in the derived category D(Solid).

Proof. The solid tensor product of p-complete solid connective Z-E1-algebras is p-complete, and so is
the totalisation of a complex of p-complete solid connective Z-modules ([CS21]). In particular, the
complex HH(R∧p ), as a totalisation of tensor powers of the p-complete solid connective Z-E1-algebra R∧p ,
is p-complete. By the derived Nakayama lemma ([Sta19, 091N], see also [CS21]), it thus suffices to
prove the first statement modulo p. By base change for Hochschild homology (resp. solid Hochschild
homology), this is equivalent to proving that the natural map

HH((R/p)/Fp) −→ HH((R/p)/Fp)

is an equivalence in the derived category D(Solid). The desired equivalence is then a consequence of the
fact that reduction modulo p and tensor products commute with the functor (−) from Z-E1-algebras
to solid Z-E1-algebras. The second statement follows from the fact that rationalisation commutes with
the functor

(−) : D(Z) −→ D(Solid),

and base change for solid Hochschild homology.

Proposition 4.38. Let R be a connective Z-E1-algebra, and p be a prime number. Then the natural
map

HC(R) −→ HC(R∧p ),

in the derived category D(Solid), exhibits the target as the p-completion of the source. In particular,
there is a natural equivalence

HC(R)
∧
p
[ 1p ]

∼−−→ HC(R∧p [
1
p ]/Qp)

in the derived category D(Solid).

Proof. The first statement is a consequence of Lemma 4.37, and the description [Mor18, Definition 2.19]
of (solid) cyclic homology in terms of the cyclic object HH(R) (resp. HH(R∧p )) in the stable∞-category
D(Z) (resp. D(Solid)). The second statement follows from the fact that rationalisation commutes direct
sums (or equivalently, with the functor (−)hS1) and with the functor (−) from the derived category
D(Z) to the derived category D(Solid).

Corollary 4.39. Let f : R → R′ a 1-connected map of connective Z-E1-algebras. Then for every
integer n ≥ 0, the map

n!sn :
∏
p∈P

′
HC(f ;Qp)[−2n] −→

∏
p∈P

′
HC(f ;Qp),

in the derived category D(Q), is the zero map on cohomology groups in degrees at least −n+ 1.

Proof. For every prime number p, the natural map

n!sn : HC(f∧
p
)[−2n] −→ HC(f∧

p
),
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in the derived category D(Solid), is zero in cohomological degrees at least −n + 1 (Theorem 4.36).
Forgetting the condensed structure and taking the product over all primes p, this implies that the
natural map

n!sn :
∏
p∈P

HC(f ;Zp)[−2n] −→
∏
p∈P

HC(f ;Zp),

in the derived category D(Z), is zero in cohomological degrees at least −n + 1 (Proposition 4.38).
Taking rationalisation then implies the desired result.

Theorem 4.40 (Rigid-analytic HP is truncating). The construction

R 7−→
(∏
p∈P

′
HH(R;Qp)

)tS1

:=
((∏

p∈P
HH(R;Zp)

)
Q

)tS1

,

from connective Z-E1-algebras R to the derived category D(Q), is truncating. More precisely, there
exists a truncating invariant E : Catperf

∞ → D(Q) such that the previous construction is the composite
R 7→ Perf(R) 7→ E(Perf(R)).

Proof. Let f : R→ R′ be a 1-connected map of connective Z-E1-algebras. We want to prove that the
natural map (∏

p∈P

′
HH(R;Qp)

)tS1

−→
(∏
p∈P

′
HH(R′;Qp)

)tS1

is an equivalence, or equivalently that its homotopy cofibre
(∏′

p∈P HH(f ;Qp)
)tS1

vanishes in the
derived category D(Q). For every integer n ≥ 0, the natural map

n!sn :
∏
p∈P

′
HC(f ;Qp)[−2n] −→

∏
p∈P

′
HC(f ;Qp)

is the zero map in cohomological degrees at least −n + 1 (Corollary 4.39). This map is Q-linear, so
the map

sn :
∏
p∈P

′
HC(f ;Qp)[−2n] −→

∏
p∈P

′
HC(f ;Qp)

is also the zero map in cohomological degrees at least −n + 1. Taking the inverse limit over inte-
gers n ≥ 0 and using the equivalence at the end of Notation 4.33 then implies that the complex(∏′

p∈P HH(f ;Qp)
)tS1

is zero in the derived category D(Q).

4.4 Rigid-analytic derived de Rham cohomology is a cdh sheaf
The aim of this section is to prove the cdh descent result Corollary 4.45, which is a rigid-analytic

analogue of the following result, used in [EM23] to prove Theorem 4.2 in characteristic zero.

Proposition 4.41 ([CHSW08, Bal23]). For every integer i ∈ Z, the presheaf

FiliHKRHP(−Q/Q) : Schqcqs,op −→ D(Q)

is a cdh sheaf.

Proof. This is a consequence of [LT19, Corollary A.6] and [Bal23, Theorem 1.3].

We first extract the following cdh descent result from Theorem 4.40. Note that this argument uses
the theory of truncating invariants, as developed by Land–Tamme [LT19], in a crucial way.

Corollary 4.42. The presheaf(∏
p∈P

′
HH(−; Qp)

)tS1

: Schqcqs,op −→ D(Q)

is a cdh sheaf.
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Proof. This is a consequence of Theorem 4.40 and [LT19, Theorem E].

We then adapt the main splitting result of [Bal23] on periodic cyclic homology over Q to our
rigid-analytic setting.

Proposition 4.43. Let X be a qcqs derived scheme. Then there exists a natural equivalence(∏
p∈P

′
HH(X;Qp)

)tS1

≃
∏
i∈Z

RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
[2i]

in the derived category D(Q).

Proof. We adapt the proof of [Bal23, Theorem 3.4], which proves a similar decomposition for periodic
cyclic homology over Q. The crucial point to adapt this proof is to note that there is a natural
equivalence ∏

p∈P

′
HH(X;Qp) ≃

⊕
i∈N

RΓZar

(
X,

(∏
p∈P

(Li−/Z)
∧
p

)
Q

)
[i]

in the derived category D(Q) (see [Bal23, Remark 2.8]). This is the rigid-analytic analogue of [Bal23,
Proposition 2.7], and it is for instance a consequence of Lemma 4.11 applied to the N-indexed filtration
Fil⋆HKR

∏′
p∈P HH(−;Qp). By [Bal23, Theorem 3.2], this implies that there is a natural equivalence

(
Fil⋆HRΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
⊗ Fil⋆T

(∏
p∈P

′
Qp

)tS1)∧ ∼−−→ Fil⋆T
(∏
p∈P

′
HH(X;Qp)

)tS1

in the filtered derived category DF(Q), where the tensor product ⊗ is the Day convolution tensor
product, Fil⋆H is the Hodge filtration on derived de Rham cohomology, and (−)∧ is the completion with
respect to the associated filtration. By a degree argument explained in [Bal23, proof of Theorem 3.4],

the filtered object Fil⋆T
(∏′

p∈P Qp
)tS1

carries a canonical splitting, which induces an equivalence

∏
i∈Z

(
Fil⋆+iH RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

))
[2i]

∼−−→ Fil⋆T
(∏
p∈P

′
HH(X;Qp)

)tS1

in the filtered derived category DF(Q).
It then suffices to prove that the desired result is indeed obtained by taking the colimit over ⋆→ −∞

of the previous equivalence. Following [Bal23, proof of Theorem 3.4], the result for the source is a
formal consequence of the connectivity estimate for the functor

RΓZar

(
−,

∏
p∈P

′
LΩ≤i−Qp/Qp

)
on animated commutative ring, which is itself a consequence of Remark 4.19, and of the classical con-
nectivity estimate for the HKR filtration on cyclic homology (Proposition 2.8). The result for the target
is a consequence of the fact that the Tate filtration is always exhaustive ([Bal23, Proposition B.6]).

Corollary 4.44. The presheaf

RΓZar

(
−,

∏
p∈P

′
L̂Ω−Qp/Qp

)
: Schqcqs,op −→ D(Q)

is a cdh sheaf.

Proof. This is a consequence of the natural splitting Proposition 4.43, and of the cdh descent result
Corollary 4.42.
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Corollary 4.45. For every integer i ∈ Z, the presheaf

FiliHKR

(∏
p∈P

′
HH(−; Qp)

)tS1

: Schqcqs,op −→ D(Q)

is a cdh sheaf.

Proof. The HKR filtration on
(∏′

p∈P HH(−;Qp)
)tS1

is complete by Lemma 4.24, so it suffices to prove
the result on graded pieces. The result is then Corollary 4.44.

4.5 The Atiyah–Hirzebruch spectral sequence
In this subsection, we use the results of the previous sections to prove Theorem C.

Proposition 4.46 (The motivic filtration is N-indexed). Let X be a qcqs derived scheme. Then for
every integer i ≤ 0, the natural map

FilimotK(X) −→ K(X)

is an equivalence of spectra. In particular, the motivic filtration Fil⋆motK(X) on K(X) is exhaustive.

Proof. First assume that X is a qcqs classical scheme. The filtration Fil⋆cdhKH(X) is N-indexed by
Theorem 3.13 (1), so it suffices to prove that the filtration

cofib
(
Fil⋆motTC(X) −→

(
LcdhFil⋆motTC

)
(X)

)
is N-indexed (Definition 3.18). To prove this, we use Proposition 4.29 and Corollary 4.30. For ev-
ery prime number p, the filtration Fil⋆BMSTC(−;Zp) is N-indexed on qcqs schemes ([BMS19, Theo-
rem 7.2 (1)] and Theorem 2.25 (2)). In particular, the filtration

cofib
(∏
p∈P

Fil⋆BMSTC(X;Zp) −→
(
Lcdh

∏
p∈P

Fil⋆BMSTC(−;Zp)
)
(X)

)
is N-indexed. The presheaf Fil⋆HKRHP(−Q/Q) is a cdh sheaf on qcqs schemes (Proposition 4.41), and
the filtration Fil⋆HKRHC(XQ/Q) is N-indexed by construction. In particular, the filtration

cofib
(
Fil⋆HKRHC−(XQ/Q) −→

(
LcdhFil⋆HKRHC−(−Q/Q)

)
(X)

)
is naturally identified with the filtration

cofib
(
Fil⋆−1HKRHC(XQ/Q) −→

(
LcdhFil⋆−1HKRHC(−Q/Q)

)
(X)

)
[1],

which is N-indexed. Similarly, the presheaf Fil⋆HKR
(∏′

p∈P HH(−;Qp)
)tS1

is a cdh sheaf on qcqs schemes
(Corollary 4.45), and the filtration Fil⋆HKR

(∏′
p∈P HH(−;Qp)

)
hS1 is N-indexed (Remark 4.19). In par-

ticular, the filtration

cofib
(
Fil⋆HKR

(∏
p∈P

′
HH(X;Qp)

)hS1

−→
(
LcdhFil⋆HKR

(∏
p∈P

′
HH(−;Qp)

)tS1)
(X)

)
is naturally identified with the filtration

cofib
(
Fil⋆−1HKR

(∏
p∈P

′
HH(X;Qp)

)
hS1 −→

(
LcdhFil⋆−1HKR

(∏
p∈P

′
HH(−;Qp)

)
hS1

)
(X)

)
[1],

which is N-indexed.
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Assume now that X is a general qcqs derived scheme. By Definition 3.19 and the previous para-
graph, it suffices to prove that the filtration

cofib
(
Fil⋆motTC(X) −→ Fil⋆motTC(π0(X))

)
is N-indexed. To prove this, we use Proposition 4.29. For every prime number p, the filtration
Fil⋆BMSTC(X;Zp) is N-indexed on polynomial Z-algebras by the previous paragraph, and hence on
general qcqs derived schemes by Zariski descent and Theorem 2.25 (2). In particular, the filtration

cofib
(∏
p∈P

Fil⋆BMSTC(X;Zp) −→
∏
p∈P

Fil⋆BMSTC(π0(X);Zp)
)

is N-indexed. The filtration

cofib
(
Fil⋆HKRHC−(XQ/Q) −→ Fil⋆HKRHC−(π0(X)Q/Q)

)
is N-indexed by [EM23, Theorem 4.39]. Similarly, using Theorem 4.40 and Proposition 4.43 as in the
proof of Corollary 4.45, the natural map

Fil⋆HKR

(∏
p∈P

′
HH(X;Qp)

)tS1

−→ Fil⋆HKR

(∏
p∈P

′
HH(π0(X);Qp)

)tS1

is an equivalence of filtered spectra. In particular, the filtration

cofib
(
Fil⋆HKR

(∏
p∈P

′
HH(X;Qp)

)hS1

−→ Fil⋆HKR

(∏
p∈P

′
HH(π0(X);Qp)

)hS1)
is naturally identified with the filtration

cofib
(
Fil⋆HKR

(∏
p∈P

′
HH(X;Qp)

)
hS1
−→ Fil⋆HKR

(∏
p∈P

′
HH(π0(X);Qp)

)
hS1

)
[1],

which is N-indexed by Remark 4.19.

Corollary 4.47. Let X be a qcqs scheme. Then for every integer i < 0, the motivic complex
Z(i)mot(X) ∈ D(X) is zero.

Proof. This is a direct consequence of Proposition 4.46.

Proposition 4.48. Let d ≥ 0 be an integer, and X be a qcqs scheme of valuative dimension at most d.
Then for every integer i ∈ Z, the fibre of the natural map of spectra

FilimotTC(X) −→ FilimotLcdhTC(X)

is in cohomological degrees at most −i+ d+ 2. In particular, the filtration formed by these spectra for
all integers i ∈ Z, and the rationalisation of this filtration, are complete.

Proof. The last statement is a consequence of the first, as the connectivity bound for a given filtration
induces the same connectivity bound for its rationalisation. For the connectivity bound, we use
Proposition 4.29 and Corollary 4.30 to compare the spectra FilimotTC(X) and FilimotLcdhTC(X).

The presheaf
∏
p∈P FiliBMSTC(X;Zp) takes values in cohomological degrees at most −i+1 on affine

schemes (Lemma 2.21). In particular, the fibre of the natural map of spectra∏
p∈P

FiliBMSTC(X;Zp) −→
(
Lcdh

∏
p∈P

FiliBMSTC(−;Zp)
)
(X)

is in cohomological degrees at most −i + d + 2, as each term is in cohomological degrees at most
−i+ d+ 1 ([CM21, Theorem 3.12] and [EHIK21, Theorem 2.4.15]).
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By Proposition 4.41, the fibre of the natural map of spectra

FiliHKRHC−(XQ/Q) −→
(
LcdhFiliHKRHC−(−Q/Q)

)
(X)

is naturally identified with the fibre of the natural map of spectra

Fili−1HKRHC(XQ/Q)[1] −→
(
LcdhFili−1HKRHC(−Q/Q)[1]

)
(X).

The presheaf Fili−1HKRHC(−Q/Q) takes values in cohomological degrees at most−i−1 (e.g., by Lemma 2.9
and the description of the graded pieces Remark 2.7), so the previous fibre is in cohomological degrees
at most −i+ d− 1 ([CM21, Theorem 3.12] and [EHIK21, Theorem 2.4.15]).

Similarly, by Corollary 4.45, the fibre of the natural map of spectra

FiliHKR
(∏
p∈P

′
HH(X;Qp)

)hS1

−→
(
LcdhFiliHKR

(∏
p∈P

′
HH(−;Qp)

)hS1)
(X)

is naturally identified with the fibre of the natural map of spectra

Fili−1HKR
(∏
p∈P

′
HH(X;Qp)

)
hS1 [1] −→

(
LcdhFili−1HKR

(∏
p∈P

′
HH(−;Qp)

)
hS1 [1]

)
(X)

The presheaf Fili−1HKR
(∏′

p∈P HH(−;Qp)
)
hS1 takes values in cohomological degrees at most −i− 1 (Re-

mark 4.19), so the previous fibre is in cohomological degrees at most −i+d−1 ([CM21, Theorem 3.12]
and [EHIK21, Theorem 2.4.15]).

The previous three connectivity results imply the desired result.

Proposition 4.49 (Completeness of the motivic filtration). Let d ≥ 0 be an integer, and X be a qcqs
scheme of valuative dimension at most d. Then for every integer i ∈ Z, the spectrum FilimotK(X) is
in cohomological degrees at most −i+ d+ 2. In particular, the motivic filtration Fil⋆motK(X), and its
rationalisation Fil⋆motK(X;Q), are complete.

Proof. As in the proof of Proposition 4.48, the last statement is a consequence of the first. By
Definition 3.18, there is a natural fibre sequence of spectra

fib
(
FilimotTC(X) −→ FilimotLcdhTC(X)

)
−→ FilimotK(X) −→ Fil⋆cdhKH(X).

The left term of this fibre sequence is in cohomological degrees at most −i+d+2 by Proposition 4.48,
and the right term is in cohomological degrees at most −i+ d by Theorem 3.13 (1), hence the desired
result.

Remark 4.50 (Non-noetherian Weibel vanishing). Let X be a qcqs scheme of valuative dimension at
most d. The same argument as in Proposition 4.49 implies that the negative K-groups K−n(X) vanish
for integers n > d+ 2. This is a weak form of Weibel vanishing in the non-noetherian case.

Remark 4.51 (Motivic Weibel vanishing). Let X be a qcqs scheme of dimension at most d. Proposi-
tion 4.49 implies that for every integer i ∈ Z, the motivic complex Z(i)mot(X) ∈ D(Z) is in degrees at
most i+ d+ 2. When X is noetherian (in which case the valuative and Krull dimensions coincide), it
can even be proved to be in degrees at most i+ d ([Bou25, Theorem D]).

Remark 4.52. A map of finitary presheaves of filtered spectra on qcqs schemes, which are filtration-
complete on finite-dimensional noetherian schemes, is an equivalence if and only if it is an equivalence
on graded pieces. In light of Propositions 4.58 and 4.49, we will formulate most of our results at the
level of motivic cohomology, although they can often be promoted to results on the associated filtered
spectra.

Corollary 4.53 (Completeness of Fil⋆motLcdhTC). Let X be a qcqs scheme of finite valuative dimen-
sion. Then the filtrations Fil⋆motLcdhTC(X) and Fil⋆motLcdhTC(X;Q) are complete.
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Proof. This is a consequence of Propositions 2.35 and 4.48.

Remark 4.54. The filtrations Fil⋆motTC(X) and Fil⋆motLcdhTC(X) do not satisfy separately a con-
nectivity bound similar to that of Proposition 4.48.

Corollary 4.55 (Atiyah–Hirzebruch spectral sequence). Let X be a qcqs derived scheme. The motivic
filtration Fil⋆motK(X) on non-connective algebraic K-theory K(X) induces a natural Atiyah–Hirzebruch
spectral sequence

Ei,j2 = Hi−j
mot(X,Z(−j)) =⇒ K−i−j(X).

If X is a qcqs classical scheme of finite valuative dimension, then this Atiyah–Hirzebruch spectral
sequence is convergent.

Proof. The first statement is a consequence of the fact the motivic filtration Fil⋆motK(X) is N-indexed
(Proposition 4.46). The second statement is a consequence of the connectivity bound for this motivic
filtration (Proposition 4.49).

The main consequence of Propositions 4.46 and 4.49 that we will use is the following result.

Corollary 4.56. Let X be a qcqs derived scheme. Then for every integer i ≥ 0, there exists a natural
equivalence of spectra

K(X;Q) ≃
( ⊕
0≤j<i

Q(i)mot(X)[2i]
)
⊕ FilimotK(X;Q).

Proof. The motivic filtration Fil⋆motK(X;Q) is N-indexed by Proposition 4.46. The result on qcqs clas-
sical schemes is then a consequence of Lemma 4.11 and Remark 4.12, where the necessary hypotheses
are satisfied by Proposition 4.49 and Corollary 4.10.

Assume now that X is a general qcqs derived scheme. Again by Lemma 4.11, where the necessary
hypotheses are satisfied for the filtration Fil⋆motTC(−) by Proposition 2.35 and Corollary 4.7, there is
a natural equivalence of spectra

Fil0motTC(X;Q) ≃
( ⊕
0≤j<i

Q(j)TC(X)[2j]
)
⊕ FilimotTC(X;Q).

The result is then a consequence of Definition 3.19 and the previous case, where the equivalences

Fil0motK(π0(X);Q) ≃
⊕

0≤j<i

Q(j)mot(π0(X))[2j]
)
⊕ FilimotK(π0(X);Q)

and
Fil0motTC(π0(X);Q) ≃

( ⊕
0≤j<i

Q(j)TC(π0(X))[2j]
)
⊕ FilimotTC(X;Q)

are compatible, by construction, with the natural map

Fil⋆motK(π0(X);Q) −→ Fil⋆motTC(π0(X);Q)

of Definition 3.18.

Lemma 4.57. Let τ be the Zariski, Nisnevich, or cdh topology, and (Fi)i∈I be a direct system of
presheaves. Then the natural map of presheaves

lim
−→i

Lτ Fi −→ Lτ lim
−→i

Fi

is an equivalence. In particular, the sheafification functor Lτ sends finitary presheaves to finitary τ
sheaves.
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Proof. As a left adjoint, the sheafification functor Lτ , from presheaves to τ sheaves, commutes with all
colimits. Being a sheaf for the topology τ is detected using only finite limits, so the inclusion functor
from τ sheaves to presheaves commutes with filtered colimits. Composing the previous two functors
then implies that the functor Lτ , from presheaves to presheaves, commutes with filtered colimits.

To prove the second statement, let F be a finitary presheaf, and (Ri)i∈I be a direct system of
commutative rings. The fact that the natural map

lim
−→i

Lτ F (Ri) −→ LτF (lim
−→i

Ri)

is an equivalence is a consequence of the finitariness of F , and of the first statement applied to the
direct system of presheaves

(
F (−Ri

)
)
i∈I .

Proposition 4.58 (The motivic filtration is finitary). Let i ∈ Z be an integer. Then the presheaf

FilimotK(−) : dSchqcqs,op −→ Sp

is a finitary Nisnevich sheaf, i.e., it satisfies descent for the Nisnevich topology and commutes with
filtered colimits of rings.

Proof. It suffices to prove the result modulo p for every prime number p, and rationally. Algebraic
K-theory is a finitary Nisnevich sheaf on qcqs derived schemes ([CMNN20, Proposition A.15]). The
presheaf FilimotK(−;Q) is a natural direct summand of rationalised algebraicK-theory (Corollary 4.56),
so it also is a finitary Nisnevich sheaf. To prove the result modulo a prime number p, note that the
presheaf FilicdhKH(−) is a finitary cdh sheaf (Definition 3.10 and Lemma 4.57), and in particular a
finitary Nisnevich sheaf. By Theorem 2.25, the presheaf FiliBMSTC(−;Fp) is a finitary Nisnevich sheaf.
By Lemma 4.57, this implies that the presheaf LcdhFiliBMSTC(−;Fp) is a finitary Nisnevich sheaf, and
the result modulo p is then a consequence of Proposition 3.25.

Corollary 4.59. Let i ∈ Z be an integer. Then the presheaf

Z(i)mot(−) : dSchqcqs,op −→ D(Z)

is a finitary Nisnevich sheaf.

Proof. This is a direct consequence of Proposition 4.58.

Proof of Theorem 4.1. The motivic filtration Fil⋆motK(−) is finitary on qcqs schemes (Proposition 4.58),
and, for every noetherian scheme X of finite dimension d and every integer i ∈ Z, the spectrum
FilimotK(X;Q) is in cohomological degrees at most −i + d + 2 (Proposition 4.49). Proposition 4.14
then implies that there exists a natural multiplicative equivalence of filtered spectra

Fil⋆motK(X;Q) ≃
⊕
j≥⋆

Q(j)mot(X)[2j].

The same argument as in Corollary 4.56 then implies the result for general qcqs derived schemes.

Corollary 4.60. Let X be a qcqs derived scheme. Then there exists a natural equivalence of spectra

K(X;Q) ≃
⊕
i≥0

Q(i)mot(X)[2i].

Proof. The motivic filtration Fil⋆motK(X;Q) is N-indexed by Proposition 4.46. The result is then a
consequence of the rational splitting Theorem 4.1.
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4.6 Rational structure of motivic cohomology
In this subsection, we finish the proof of Theorem 4.2. We first use an argument of Weibel to prove

the following result at the level of K-theory. We then use the rational splitting Corollary 4.60 to prove
a filtered version of this result, which reduces the proof of Theorem 4.2 to the case of characteristic
zero.

Lemma 4.61. Let X be a qcqs scheme. Then the natural commutative diagram

K(X;Q) K(XQ;Q)

KH(X;Q) KH(XQ;Q)

is a cartesian square of spectra.

Proof. By Zariski descent, it suffices to prove the result for affine schemes X = Spec(R). For every
integer n ∈ Z, let

NKn(R) := coker
(
Kn(R) −→ Kn(R[T ])

)
be the nth NK-group of R. By [Wei81, Corollary 6.4] (see also [TT90, Exercise 9.12], where some
unnecessary hypotheses in Weibel’s result are removed), there is a natural isomorphism of abelian
groups

NKn(R)⊗Z Q
∼=−−→ NKn(R⊗Z Q)

for every integer n ∈ Z and every commutative ring R. For every commutative ring R, the homotopy
groups of the fibre KW(R) of the map of spectra K(R)→ KH(R) have a natural exhaustive complete
filtration with graded pieces given by the iterated NK-groups of R. In particular, for every integer
n ∈ Z and every commutative ring R, the natural map

KW(R;Q) −→ KW(R⊗Z Q;Q)

is an equivalence of spectra, which implies the desired result.

Corollary 4.62. Let X be a qcqs scheme. Then the natural commutative diagram

K(X;Q) HC−(XQ/Q)

KH(X;Q) LcdhHC−(−Q/Q)(X)

is a cartesian square of spectra.

Proof. The result for qcqs Q-schemes X is due to Cortiñas–Haesemeyer–Schlichting–Weibel [CHSW08,
CHW08] (see also Theorem 1.1). The general result is then a consequence of Lemma 4.61.

We record for completeness the following result, which is well-known in characteristic zero ([CHSW08,
CHW08]).

Corollary 4.63. Let X be a qcqs scheme. Then there is a natural fibre sequence of spectra

K(X;Q) −→ KH(X;Q) −→ cofib
(
HC(XQ/Q) −→ LcdhHC(−Q/Q)(X)

)
[1].

Proof. By Theorem 1.1 and Lemma 4.61, the natural commutative diagram

K(X;Q) HC−(XQ/Q)

KH(X;Q) LcdhHC−(−Q/Q)(X)
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is a cartesian square of spectra. By construction, there is moreover a natural commutative diagram of
spectra

HC−(XQ/Q) HP(XQ/Q) HC(XQ/Q)[2]

LcdhHC−(−Q/Q)(X) LcdhHP(−Q/Q)(X) LcdhHC(−Q/Q)(X)[2],

where the horizontal lines are fibre sequences. The middle vertical line of this diagram is an equivalence
([CHSW08, Corollary 3.13], see also [LT19, Corollary A.6]), so the cofibre of the left vertical map is
naturally identified with the spectrum

cofib
(
HC(XQ/Q) −→ LcdhHC(−Q/Q)(X)

)
[1].

The following result is a filtered refinement of Lemma 4.61.

Corollary 4.64. Let X be a qcqs scheme. Then the natural commutative diagram

Fil⋆motK(X;Q) Fil⋆motK(XQ;Q)

Fil⋆cdhKH(X;Q) Fil⋆cdhKH(XQ;Q)

is a cartesian square of filtered spectra.

Proof. By Corollary 4.56, for every integer i ≥ 0, the spectrum FilimotK(X;Q) is naturally a direct
summand of the spectrum K(X;Q). The same applies to the other three filtrations of the cartesian
square, by noting that the motivic filtration Fil⋆cdhKH(−) also is N-indexed (Theorem 3.13 (1)). The
compatibility between the several filtrations is automatic from the construction of the splittings. So
the result is a consequence of Lemma 4.61.

The following result is a filtered refinement of Corollary 4.62.

Theorem 4.65. Let X be a qcqs scheme. Then the natural commutative diagram

Fil⋆motK(X;Q) Fil⋆HKRHC−(XQ/Q)

Fil⋆cdhKH(X;Q) LcdhFil⋆HKRHC−(−Q/Q)(X)

is a cartesian square of filtered spectra.

Proof. This is a consequence of Corollary 4.64, where the filtration Fil⋆motTC(−) of qcqs Q-schemes is
naturally identified with the filtration Fil⋆HKRHC−(−/Q) (Remark 2.31).

The following result is the rational part of Theorem B.

Corollary 4.66. Let X be a qcqs scheme. Then for every integer i ∈ Z, the natural commutative
diagram

Q(i)mot(X) RΓZar
(
X, L̂Ω

≥i
−Q/Q

)

Q(i)cdh(X) RΓcdh
(
X, L̂Ω

≥i
−Q/Q

)
is a cartesian square in the derived category D(Q).
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Proof. This is a direct consequence of Theorem 4.65.

Proof of Theorem 4.2. By Theorem 4.65, the natural commutative diagram

Fil⋆motK(X;Q) Fil⋆HKRHC−(XQ/Q)

Fil⋆cdhKH(X;Q) LcdhFil⋆HKRHC−(−Q/Q)(X)

is a cartesian square of filtered spectra. By Definition 2.6 and Remark 2.10, there is a natural com-
mutative diagram of filtered spectra

Fil⋆HKRHC−(XQ/Q) Fil⋆HKRHP(XQ/Q) Fil⋆−1HKRHC(XQ/Q)[2]

LcdhFil⋆HKRHC−(−Q/Q)(X) LcdhFil⋆HKRHP(−Q/Q)(X) LcdhFil⋆−1HKRHC(−Q/Q)(X)[2]

where the horizontal lines are fibre sequences. The middle vertical map of this diagram is an equivalence
(Proposition 4.41), so the cofibre of the left vertical map is naturally identified with the filtered
spectrum

cofib
(
Fil⋆−1HKRHC(XQ/Q) −→ LcdhFil⋆−1HKRHC(−Q/Q)(X)

)
[1].

The following result was proved by Elmanto–Morrow [EM23] for qcqs schemes X over Q.

Corollary 4.67 (Rational motivic cohomology). Let X be qcqs scheme. Then for every integer i ∈ Z,
there is a natural fibre sequence

Q(i)mot(X) −→ Q(i)cdh(X) −→ cofib
(
RΓZar

(
X,LΩ<i−Q/Q

)
−→ RΓcdh

(
X,Ω<i−Q/Q

))
[−1]

in the derived category D(Q).

Proof. For every valuation ring extension V of Q, the natural map

LΩ<iV/Q −→ Ω<iV/Q

is an equivalence in the derived category D(Q) by results of Gabber–Ramero ([GR03, Theorem 6.5.8 (ii)
and Corollary 6.5.21]). The presheaves RΓcdh(−,LΩ<i−Q/Q) and RΓcdh(−,Ω<i−Q/Q) are finitary cdh
sheaves on qcqs schemes, so the natural map

RΓcdh
(
−,LΩ<i−Q/Q

)
−→ RΓcdh

(
−,Ω<i−Q/Q

)
is an equivalence ([EHIK21, Corollary 2.4.19]). The result then follows from Theorem 4.2.

Example 4.68 (Weight zero motivic cohomology). For every qcqs scheme X, the natural map

Z(0)mot(X) −→ Z(0)cdh(X) ≃ RΓcdh(X,Z),

where the last idenfication is a consequence of Example 3.8, is an equivalence in the derived category
D(Z). Indeed, it suffices to prove the result rationally, and modulo p for every prime number p. The
result rationally is a consequence of Corollary 4.67. For every prime number p, the presheaf Fp(0)BMS

is naturally identified with the presheaf RΓét(−,Fp) ([BMS19, Proposition 7.16]) which is a cdh sheaf
on qcqs schemes ([BM21, Theorem 5.4]), so the result modulo p is a consequence of Corollary 3.26.
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4.7 A global Beilinson fibre square
In this subsection we prove Theorem 4.71, which is a rewriting of the Beilinson fibre square of

Antieau–Mathew–Morrow–Nikolaus [AMMN22, Theorem 6.17] in terms of the rigid-analytic derived
de Rham cohomology of Section 4.2. Note that our statements are formulated in the generality of
derived schemes, and that the functor −Fp

is then the derived base change from Z to Fp. The results
in [AMMN22] are stated in the generality of p-torsionfree commutative rings, on which derived and
classical reduction modulo p coincide.

Construction 4.69 (The map χ). Let i ∈ Z be an integer. Following [AMMN22], we construct for
every qcqs derived scheme X a natural map

χ :
(∏
p∈P

Zp(i)BMS(XFp
)
)
Q
−→

(∏
p∈P

RΓZar
(
X, (LΩ−/Z)∧p

))
Q

in the derived category D(Q).

(1) (p ≤ i + 1) Let p be a prime number. By [AMMN22, Theorem 6.17], there exists an integer
N ≥ 0 depending only on i and a natural map

χ : Zp(i)BMS(R/p) −→ 1

pN
(
LΩR/Z

)∧
p

on p-torsionfree p-quasisyntomic rings R, and in particular on polynomial Z-algebras R. The
functors Zp(i)BMS(−/p) and 1

pN
(LΩ−/Z)∧p , as functors from animated commutative rings to

p-complete objects in the derived category D(Z), are left Kan extended from polynomial Z-alge-
bras (Corollary 2.26 (2) and by construction, respectively). Left Kan extending the previous map
then induces a natural map

χ : Zp(i)BMS(R/p) −→ 1

pN
(
LΩR/Z

)∧
p

on animated commutative rings R, where the reduction modulo p is the derived one. Inverting p
and Zariski sheafifying induces a natural map

χ : Qp(i)BMS(XFp
) −→ RΓZar

(
X, (LΩ−/Z)∧p [ 1p ]

)
in the derived category D(Q), on general qcqs derived schemes X.

(2) (p ≥ i+ 2) For prime numbers p such that p ≥ i+ 2, there actually exists a natural map

χ : Zp(i)BMS(R/p) −→
(
LΩR/Z

)∧
p

on p-torsionfree p-quasisyntomic rings R ([AMMN22, Theorem 6.17]), and in particular on poly-
nomial Z-algebras R. Left Kan extending this map again induces a natural map

χ : Zp(i)BMS(R/p) −→
(
LΩR/Z

)∧
p

on animated commutative rings R. Taking the product over all primes p ≥ i + 2, and then
rationalisation and Zariski sheafification, induces a natural map

χ :
( ∏
p∈P≥i+2

Zp(i)BMS(XFp
)
)
Q
−→

( ∏
p∈P≥i+2

RΓZar
(
X, (LΩ−/Z)∧p

))
Q

in the derived category D(Q), on general qcqs derived schemes X.

(3) (general construction) For every qcqs derived scheme X, define the desired natural map χ as the
product of the map χ of (2) with the finite product over prime numbers p ≤ i+ 1 of the map χ
of (1).
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Theorem 4.70 (Beilinson fibre square, after [AMMN22]). Let X be a qcqs derived scheme. Then for
every integer i ∈ Z, the natural diagram(∏

p∈P Zp(i)BMS(X)
)
Q

(∏
p∈PRΓZar

(
X, (LΩ≥i−/Z)

∧
p

))
Q

(∏
p∈P Zp(i)BMS(XFp

)
)
Q

(∏
p∈PRΓZar

(
X, (LΩ−/Z)∧p

))
Q

χ

in the derived category D(Q) is commutative, with total cofibre naturally identified with the complex(∏
p∈P

RΓZar
(
X,LΩ<i−Fp/Z

))
Q
∈ D(Q).

Proof. This is a consequence of Construction 4.69 and [AMMN22, Theorem 6.17].

In the following result, the map χ̂ is defined as the composite of the map χ of Construction 4.69
with the natural maps(∏

p∈P
RΓZar

(
X, (LΩ−/Z)∧p

))
Q →

(∏
p∈P

RΓZar
(
X, (L̂Ω−/Z)∧p

))
Q → RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
induced by Hodge-completion and Remark 4.26.

Theorem 4.71. Let X be a qcqs derived scheme. Then for every integer i ∈ Z, there exists a natural
commutative square

Q(i)TC(X) RΓZar
(
X, L̂Ω

≥i
−Q/Q

)
(∏

p∈P Zp(i)BMS(XFp
)
)
Q RΓZar

(
X,

∏′
p∈P L̂Ω−Qp/Qp

)χ̂

in the derived category D(Q), whose total cofibre is naturally identified with the complex(∏
p∈P

RΓZar
(
X,LΩ<i−Fp/Z

))
Q
∈ D(Q).

Proof. By construction, there exists a natural commutative diagram

Q(i)TC(X) RΓZar
(
X, (L̂Ω

≥i
−/Z)Q

)
RΓZar

(
X, L̂Ω

≥i
−Q/Q

)
(∏

p∈P Zp(i)BMS(X)
)
Q

(∏
p∈PRΓZar

(
X, (L̂Ω

≥i
−/Z)

∧
p

))
Q

RΓZar
(
X,

∏′
p∈P L̂Ω

≥i
−Qp/Qp

)
(∏

p∈P Zp(i)BMS(XFp
)
)
Q

(∏
p∈PRΓZar

(
X, (L̂Ω−/Z)∧p

))
Q

RΓZar
(
X,

∏′
p∈P L̂Ω−Qp/Qp

)
in the derived category D(Q), where all the inner squares are cartesian expect the left bottom one,
and where the commutativity for the left bottom square is part of Theorem 4.70. The desired total
cofibre is then naturally identified with the total cofibre of the left bottom square, and the result is
then a consequence of Theorem 4.70.

Theorem 4.71 means in particular that the complex Q(i)TC(X) can be expressed purely in terms
of characteristic zero, characteristic p, and rigid-analytic information.
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Corollary 4.72. Let p be a prime number, and X be a qcqs derived Z(p)-scheme. Then for every
integer i ∈ Z, there exists a natural cartesian square

Q(i)TC(X) RΓZar
(
X, L̂Ω

≥i
−Q/Q

)

Qp(i)BMS(XFp
) RΓZar

(
X, L̂Ω−Qp/Qp

)χ̂

in the derived category D(Q).

Proof. The base change XFℓ
is zero for every prime number ℓ different from p. The complex LΩ<iXFp/Z

is Fp-linear, so its rationalisation vanishes. The result is then a consequence of Theorem 4.71 and
Remark 4.22.

The following result is an analogue of Theorem 4.71 at the level of filtered objects.

Theorem 4.73. Let X be qcqs derived scheme. Then there exists a natural commutative square of
filtered spectra

Fil⋆motTC(X;Q) Fil⋆HKRHC−(XQ/Q)

(∏
p∈P Fil⋆BMSTC(XFp

)
)
Q

Fil⋆HKR

(∏′
p∈P HH(X;Qp)

)tS1

,
χ̂

whose total cofibre is naturally identified with the filtered spectrum
(∏

p∈P Fil⋆−1HKRHC(XFp)
)
Q[2].

Proof. The construction of the map χ in the proof of [AMMN22, Theorem 6.17] adapts readily to define
a map at the filtered level instead of graded pieces. The proof is then the same as in Construction 4.69
and Theorem 4.71.

Question 4.74. Given the results of the previous sections, and in particular Corollary 4.45 and
Theorem 4.73, it is a natural question –to which we do not know the answer– to ask whether the
presheaf (∏

p∈P
Fil⋆BMSTC(−Fp

)
)
Q
: Schqcqs,op −→ FilSp

is a cdh sheaf, where −Fp
again means derived base change from Z to Fp.

5 p-adic structure of motivic cohomology
In this section, we give a description of motivic cohomology with finite coefficients in terms of

Bhatt–Lurie’s syntomic cohomology (Theorem 5.10).

5.1 Comparison to étale cohomology
In this subsection, we construct a natural comparison map, called the Beilinson–Lichtenbaum

comparison map, from the motivic cohomology of a scheme to the étale cohomology of its generic
fibre (Definition 5.3). We then use this comparison map to establish a complete description of ℓ-adic
motivic cohomology in terms of étale cohomology (Theorem 5.5).

We use the following important result of Deligne to construct the Beilinson–Lichtenbaum compar-
ison map.
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Theorem 5.1 ([BM21]). Let p be a prime number, and k ≥ 1 be an integer. Then for every inte-
ger i ≥ 0, the presheaf

RΓét(−[ 1p ], µ
⊗i
pk
) : Schqcqs,op −→ D(Z /pk)

is a cdh sheaf.

Proof. By [BM21, Theorem 5.4], the presheaf RΓét(−[ 1p ], µ
⊗i
pk
) is an arc sheaf on qcqs schemes, and

the arc topology is finer than the cdh topology.8

Definition 5.2 (Cdh-local Beilinson–Lichtenbaum comparison map). Let p be a prime number, and
k ≥ 1 be an integer. For any integer i ≥ 0, the cdh-local Beilinson–Lichtenbaum comparison map is
the map

Z /pk(i)cdh(−) −→ RΓét(−[ 1p ], µ
⊗i
pk
)

of functors from (the opposite category of) qcqs derived schemes to the derived category D(Z /pk)
defined as the composite

Z /pk(i)cdh(−) −→ Z /pk(i)cdh(−[ 1p ]) ≃
(
Lcdhτ

≤iRΓét(−, µ⊗ipk )
)
(−[ 1p ]) −→ RΓét(−[ 1p ], µ

⊗i
pk
)

where the first map is induced by base change from Z to Z[ 1p ], the equivalence is Theorem 3.13 (3),
and the last map is induced by the natural transformation τ≤i → id and Theorem 5.1.

Definition 5.3 (Beilinson–Lichtenbaum comparison map). Let p be a prime number, and k ≥ 1
be an integer. For any integer i ≥ 0, the Beilinson–Lichtenbaum comparison map (or motivic-étale
comparison map) is the map

Z /pk(i)mot(−) −→ RΓét(−[ 1p ], µ
⊗i
pk
)

of functors from (the opposite category of) qcqs schemes to the category D(Z /pk) defined as the
composite

Z /pk(i)mot(−) −→ Z /pk(i)cdh(−) −→ RΓét(−[ 1p ], µ
⊗i
pk
)

where the first map is cdh sheafification and the second map is the cdh-local Beilinson–Lichtenbaum
comparison map of Definition 5.2.

Remark 5.4. Let p be a prime number, k ≥ 1 be an integer, R be a commutative ring, and Rhp be
the p-henselisation of R. Then for every integer i ≥ 0, the natural diagram

Z /pk(i)mot(Spec(R)) Z /pk(i)cdh(Spec(R)) RΓét
(
Spec(R[ 1p ]), µ

⊗i
pk

)

Z /pk(i)mot(Spec(Rhp)) Z /pk(i)cdh(Spec(Rhp)) RΓét
(
Spec(Rhp [

1
p ]), µ

⊗i
pk

)

Z /pk(i)BMS(Spec(Rhp))
(
Lcdh Z /pk(i)BMS

)
(Spec(Rhp)) RΓét

(
Spec(Rhp [

1
p ]), µ

⊗i
pk

)
,

id

is a commutative diagram in the derived category D(Z /pk), where the top horizontal right map
and the middle horizontal right map are given by Definition 5.2, and the bottom horizontal right
map is induced by [BL22, Theorem 8.3.1]. This statement is a consequence of the naturality of the
constructions, except for the commutativity of the bottom right square, which is explained in [BEM,
Remark 5.25].

8More precisely, the arc topology is finer than the v topology, which is finer than the h topology, which is finer than
the cdh topology (see [BM21, EHIK21]).
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Theorem 5.5 (ℓ-adic motivic cohomology). Let p be a prime number, X be a qcqs scheme over Z[ 1p ],
and k ≥ 1 be an integer. Then for every integer i ≥ 0, the Beilinson–Lichtenbaum comparison for
classical motivic cohomology induces a natural equivalence

Z /pk(i)mot(X) ≃
(
Lcdhτ

≤iRΓét(−, µ⊗ipk )
)
(X)

in the derived category D(Z /pk).

Proof. The syntomic complex Z /pk(i)BMS and its cdh sheafification Lcdh Z /pk(i)BMS vanish on qcqs
derived Z[ 1p ]-schemes. In particular, the natural map

Z /pk(i)mot(X) −→ Z /pk(i)cdh(X)

is an equivalence in the derived category D(Z /pk) (Proposition 3.25). The Beilinson–Lichtenbaum
comparison for classical motivic cohomology induces a natural equivalence

Z /pk(i)cdh(X)
∼←−−

(
Lcdhτ

≤iRΓét(−, µ⊗ipk )
)
(X)

in the derived category D(Z /pk) (Theorem 3.13 (3)). The desired equivalence is the composite of the
previous two equivalences.

Corollary 5.6. Let p be a prime number, X be a qcqs Z[ 1p ]-scheme, and k ≥ 1 be an integer. Then
for every integer i ≥ 0, there is a natural equivalence

τ≤i Z /pk(i)mot(X) ≃ τ≤iRΓét(X,µ
⊗i
pk
)

in the derived category D(Z /pk).

Proof. The natural map

τ≤i
(
Lcdhτ

≤iRΓét(−, µ⊗ipk )
)
(X) −→ τ≤i

(
LcdhRΓét(−, µ⊗ipk )

)
(X)

is an equivalence in the derived category D(Z /pk). The result is then a consequence of Theorems 5.1
and 5.5.

5.2 Comparison to syntomic cohomology
In this subsection, we study motivic cohomology with finite coefficients. Our main result is a

computation of p-adic motivic cohomology in terms of syntomic cohomology (Theorem 5.10).

Notation 5.7 (Syntomic cohomology of derived scheme, after Bhatt–Lurie [BL22]). Let X be a qcqs
derived scheme, p be a prime number, and i ∈ Z be an integer. We denote by

Zp(i)syn(X) ∈ D(Zp)

the syntomic cohomology of X, as defined in [BL22, Section 8.4]. For every integer k ≥ 1, we also
denote by Z /pk(i)syn(X) the derived reduction modulo pk of the previous complex. In particular,
the presheaf Z /pk(i)syn is a Zariski sheaf, whose restriction to animated commutative rings is left
Kan extended from smooth Z-algebras, and such that on classical commutative rings R, there is, by
definition, a natural cartesian square

Z /pk(i)syn(Spec(R)) RΓét(Spec(R[ 1p ]), µ
⊗i
pk
)

Z /pk(i)BMS(Spec(Rhp)) RΓét(Spec(Rhp [
1
p ]), µ

⊗i
pk
)

in the derived category D(Z /pk), where Rhp is the p-henselisation of the commutative ring R, and the
bottom map is the map of [BL22, Theorem 8.3.1].

54



MOTIVIC COHOMOLOGY OF MIXED CHARACTERISTIC SCHEMES

Construction 5.8 (Motivic-syntomic comparison map). Let p be a prime number, and k ≥ 1 be an
integer. For any integer i ≥ 0, the motivic-syntomic comparison map is the map

Z /pk(i)mot(−) −→ Z /pk(i)syn(−)

of functors from (the opposite category of) qcqs schemes to the derived category D(Z /pk) defined as
the Zariski sheafification of the map on commutative rings R induced by the natural commutative
diagram

Z /pk(i)mot(Spec(R)) RΓét
(
Spec(R[ 1p ]), µ

⊗i
pk

)

Z /pk(i)BMS(Spec(Rhp)) RΓét
(
Spec(Rhp [

1
p ]), µ

⊗i
pk

)
of Remark 5.4.

The following cartesian square, where the bottom horizontal map was described independently in
[BEM], can be seen as an alternative definition of p-adic motivic cohomology of qcqs schemes (see
Corollary 3.26).

Proposition 5.9. Let X be a qcqs scheme, p be a prime number, and k ≥ 1 be an integer. Then for
every integer i ≥ 0, the commutative diagram

Z /pk(i)mot(X) Z /pk(i)syn(X)

Z /pk(i)cdh(X)
(
Lcdh Z /pk(i)syn

)
(X)

where the top horizontal map is the motivic-syntomic comparison map of Construction 5.8 and the
vertical maps are cdh sheafification, is a cartesian square in the derived category D(Z /pk).

Proof. By [BL22, Remark 8.4.4], there is a natural fibre sequence

RΓét(X, j!µ
⊗i
pk
) −→ Z /pk(i)syn(X) −→ Z /pk(i)BMS(X)

in the derived category D(Z /pk), where j! : (X[ 1p ])ét → Xét is the extension by zero functor as-
sociated to the open immersion j : X[ 1p ] → X. The first term of this fibre sequence satisfies arc
descent by [BM21, Theorem 5.4], hence in particular cdh descent. The result is then a consequence of
Corollary 3.26.

The following result is a mixed characteristic generalisation of Elmanto–Morrow’s fundamental
fibre sequence for motivic cohomology of characteristic p schemes ([EM23, Corollary 4.32]).

Theorem 5.10 (p-adic motivic cohomology). Let X be a qcqs scheme, p be a prime number, and
k ≥ 1 be an integer. Then for every integer i ≥ 0, there is a natural fibre sequence

Z /pk(i)mot(X) −→ Z /pk(i)syn(X) −→
(
Lcdhτ

>i Z /pk(i)syn)(X)

in the derived category D(Z /pk). In particular, the fibre of the motivic-syntomic comparison map is
in degrees at least i+ 2.

Proof. By Theorem 3.13 (3), there is a natural equivalence

Z /pk(i)cdh(X) ≃
(
Lcdhτ

≤i Z /pk(i)syn)(X)

in the derived category D(Z /pk). The result is then a consequence of Proposition 5.9.
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Corollary 5.11. Let X be a qcqs scheme, p be a prime number, and k ≥ 1 be an integer. Then for
every integer i ≥ 0, the motivic-syntomic comparison map induces a natural equivalence

τ≤i Z /pk(i)mot(X)
∼−−→ τ≤i Z /pk(i)syn(X)

in the derived category D(Z /pk).

Proof. This is a consequence of Theorem 5.10.

Algebraic K-theory being A1-invariant on regular schemes, one could expect the classical A1-inva-
riant motivic cohomology to be a good theory for general regular schemes, not only schemes that are
smooth over a Dedekind domain. However, most of the results on classical motivic cohomology in
mixed characteristic are proved only in the smooth case, as consequences of the Gersten conjecture
proved by Geisser [Gei04]. This is the case for the Beilinson–Lichtenbaum conjecture, which compares
motivic cohomology with finite coefficients to étale cohomology. Combined with Theorem D (6), the
following result extends the analogous result for classical motivic cohomology to the regular case.

Corollary 5.12 (Beilinson–Lichtenbaum conjecture for F -smooth schemes). Let p be a prime number,
X be a p-torsionfree F -smooth scheme (e.g., a regular scheme flat over Z), and k ≥ 1 be an integer.
Then for every integer i ≥ 0, the fibre of the Beilinson–Lichtenbaum comparison map

Z /pk(i)mot(X) −→ RΓét
(
X[ 1p ], µ

⊗i
pk

)
is in degrees at least i+ 1.

Proof. By [BM23, Theorem 1.8], the fibre of the natural map

Z /pk(i)syn(X) −→ RΓét
(
X[ 1p ], µ

⊗i
pk

)
is in degrees at least i+ 1. The result is then a consequence of Theorem 5.10.

Corollary 5.13. Let p be a prime number, X be a p-torsionfree F -smooth scheme, and k ≥ 1 be an
integer. Then the fibre of the natural map

Z /pk(i)mot(X) −→ Z /pk(i)mot(X[ 1p ]
)

is in degrees at least i+ 1.

Proof. By construction, the Beilinson–Lichtenbaum comparison map

Z /pk(i)mot(X) −→ RΓét
(
X[ 1p ], µ

⊗i
pk

)
naturally factors as the composite

Z /pk(i)mot(X) −→ Z /pk(i)mot(X[ 1p ]
)
−→ RΓét

(
X[ 1p ], µ

⊗i
pk

)
.

The fibre of the second map is in degrees at least i+1 by Corollary 5.6, and the fibre of the composite
is in degrees at least i+1 by Corollary 5.12, so the fibre of the first map is in degrees at least i+1.

6 Comparison to A1-invariant motivic cohomology
The theory of classical motivic cohomology of smooth schemes over a mixed characteristic Dedekind

domain [Blo86, Lev01, Gei04], as a theory of A1-invariant motivic cohomology, admits a natural
generalisation to general qcqs schemes. More precisely, Spitzweck constructed in [Spi18], for every
qcqs scheme X, an A1-motivic spectrum HZSpi ∈ SH(Z), which represents Bloch’s cycle complexes on
smooth Z-schemes, and whose pullback to SH(B), for B a field or a mixed characteristic Dedekind
domain, still represents Bloch’s cycle complexes on smooth B-schemes. Bachmann then proved in
[Bac22] that Spitzweck’s construction coincides with the zeroth slice of the homotopy K-theory motivic
spectrum KGL ∈ SH(Z). Finally, Bachmann–Elmanto–Morrow recently proved in [BEM] that the slice
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filtration is compatible with arbitrary pullbacks, thus defining a well-behaved A1-motivic spectrum
HZX ∈ SH(X) for arbitrary qcqs schemes X. The associated A1-invariant motivic complexes

Z(i)A
1

(X) ∈ D(Z)

are related to the homotopyK-theory KH(X) by an A1-invariant Atiyah–Hirzebruch spectral sequence.
For our purposes, we will only use that there is a natural map

Z(i)cdh(X) −→ Z(i)A
1

(X)

which exhibits the target as the A1-localisation of the source ([BEM, Theorem 9.1]).
In this section, we prove that the A1-localisation of the motivic complexes Z(i)mot recover Bach-

mann–Elmanto–Morrow’s A1-invariant motivic complexes Z(i)A1

(Theorem 6.5). This is a motivic
refinement of [Elm21, Theorem 1.0.1], and implies that the motivic complexes Z(i)mot recover the
classical motivic complexes Z(i)cla on smooth schemes over a mixed characteristic Dedekind domain
after A1-localisation (Corollary 6.8).

Lemma 6.1. Let C be a presentable stable ∞-category, and F : Schqcqs,op → C be a presheaf. Then
the natural map

LA1LcdhF −→ LA1LcdhLA1F

induced by A1-localisation is an equivalence of C-valued presheaves.

Proof. A filtered colimit of cdh sheaves is a cdh sheaf (Lemma 4.57). In particular, the A1-localisation
of a cdh sheaf is a cdh sheaf, so the natural composites

LA1LcdhF −→ LA1LcdhLA1F −→ LA1LcdhLA1LcdhF

and
LA1LcdhLA1F −→ LA1LcdhLA1LcdhF −→ LA1LcdhLA1LcdhLA1F

are equivalences in the ∞-category C. This implies the desired result.

Lemma 6.2. For every integer i ≥ 0, the A1-localisation of the presheaf

RΓZar
(
−,LΩ<i−Q/Q

)
: dSchqcqs,op −→ D(Q)

is zero.

Proof. By Zariski descent, it suffices to prove the result on animated commutative rings. The functor
LΩ<i−Q/Q, from animated commutative rings to the derived category D(Q), is left Kan extended from
polynomial Z-algebras. Equivalently, it commutes with sifted colimits. This property being preserved
by A1-localisation, the functor LA1LΩ<i−Q/Q is also left Kan extended from polynomial Z-algebras. As
it is also constant on polynomial Z-algebras, and zero on the zero ring, it is the zero functor.

Corollary 6.3. Let X be a qcqs derived scheme. Then for every integer i ≥ 0, the natural map(
LA1 L̂Ω

≥i
−Q/Q

)
(X) −→

(
LA1L̂Ω−Q/Q

)
(X)

is an equivalence in the derived category D(Q).

Proof. There is a natural fibre sequence(
LA1 L̂Ω

≥i
−Q/Q

)
(X) −→

(
LA1L̂Ω−Q/Q

)
(X) −→

(
LA1LΩ<i−Q/Q

)
in the derived category D(Q). The result is then a consequence of Lemma 6.2.
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Lemma 6.4. Let p be a prime number. Then for every integer i ≥ 0, the A1-localisation of the presheaf

Fp(i)BMS(−) : dSchqcqs,op −→ D(Fp)

is zero.

Proof. The presheaf Fp(i)BMS is a Zariski sheaf, and its restriction to animated commutative rings is
left Kan extended from polynomial Z-algebras (Corollary 2.26). The result then follows by the same
argument as in Lemma 6.2.

Theorem 6.5. Let X be a qcqs scheme. Then for every integer i ≥ 0, the natural map(
LA1 Z(i)mot)(X) −→

(
LA1 Z(i)cdh)(X) ≃ Z(i)A

1

(X)

is an equivalence in the derived category D(Z).

Proof. It suffices to prove the result rationally, and modulo p for every prime number p. By Lemma 6.2,
the object (

LA1RΓZar
(
X,LΩ<i−Q/Q

))
(X)

is zero in the derived category D(Q). Lemma 6.1 then implies that the object(
LA1RΓcdh(−,LΩ<i−Q/Q

))
(X)

is zero in the derived category D(Q). In particular, the natural map(
LA1RΓZar

(
−,LΩ<i−Q/Q

))
(X) −→

(
LA1RΓcdh(−,LΩ<i−Q/Q

))
(X)

is an equivalence in the derived category D(Q), which implies the desired result rationally by Corol-
lary 4.67. Similarly, for every prime number p, the syntomic complex Fp(i)BMS vanishes after A1-locali-
sation by Lemma 6.4, which implies the desired result modulo p by Lemma 6.1 and Corollary 3.26.

Remark 6.6. Let X be a qcqs derived scheme. One can prove, using similar arguments and Corol-
lary 4.31, that there is a natural fibre sequence(

LA1 Z(i)TC)(X) −→ RΓZar
(
X, L̂Ω−Q/Q

)
−→ RΓZar

(
X,

∏
p∈P

′
L̂Ω−Qp/Qp

)
in the derived category D(Z). Note that this implies Theorem 6.5 on qcqs classical schemes, via the
cdh descent results [EM23, Lemma 4.5] and Corollary 4.44.

Theorem 6.7. Let X be a smooth scheme over a mixed characteristic Dedekind domain. Then the
natural map

Fil⋆claK(X) −→
(
LA1Fil⋆motK

)
(X)

is an equivalence of filtered spectra.

Proof. By the rational splitting of algebraic K-theory induced by Adams operations, this natural map
is an equivalence rationally, so it suffices to prove that it is an equivalence modulo every prime number
p. Let p be a prime number. By [BEM, Theorem 9.1], the natural map

Fil⋆claK(X) −→
(
LA1Fil⋆cdhKH

)
(X)

is an equivalence of filtered spectra, so it suffices to prove that the natural map(
LA1Fil⋆motK

)
(X)/p −→

(
LA1Fil⋆cdhKH

)
(X)/p

is an equivalence of filtered spectra. By Proposition 3.25, this is equivalent to the fact that the natural
map (

LA1Fil⋆BMSTC(−;Fp)
)
(X) −→

(
LA1LcdhFil⋆BMSTC(−;Fp)

)
(X)

is an equivalence of filtered spectra. The filtered spectrum
(
LA1Fil⋆BMSTC(−;Fp)

)
(X) is complete by

the connectivity bound of Lemma 2.21, and its graded pieces are zero by Lemma 6.4, so it is zero. By
Lemma 6.1, the target

(
LA1LcdhFil⋆BMSTC(−;Fp)

)
(X) of the previous map is then also zero, and this

map is in particular an equivalence.
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Corollary 6.8. Let X be a smooth scheme over a mixed characteristic Dedekind domain. Then for
every integer i ≥ 0, there is a natural equivalence

zi(X, •)[−2i] ≃
(
LA1 Z(i)mot)(X)

in the derived category D(Z).

Proof. This is a consequence of Theorem 6.7.

Remark 6.9. While writing these results, we expected that the A1-localisation in Theorem 6.7 and
Corollary 6.8 was not necessary. This is now [BK25, Theorem A].
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