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Résumé : Dans cette thèse, nous constru-
isons une théorie de cohomologie motivique pour
les schémas quasi-compacts quasi-séparés, qui
généralise la construction d’Elmanto–Morrow
dans le cas des schémas au-dessus d’un corps.
Notre construction n’est pas A

1-invariante en
général, mais elle utilise la cohomologie mo-
tivique classique A

1-invariante des schémas
lisses sur Z. La nouveauté principale de
notre construction est la définition et l’étude
d’une filtration globale sur l’homologie cy-

clique topologique, dont les parties graduées
unifient la cohomologie syntomique de Bhatt–
Morrow–Scholze et la cohomologie de de Rham
dérivée. Nous établissons un grand nom-
bre des propriétés attendues de la cohomolo-
gie motivique, notamment une suite spec-
trale d’Atiyah–Hirzebruch vers la K-théorie al-
gébrique non-connective, la formule des fibrés
projectifs et la descente pro cdh. Les résultats
du Chapitre 11 sont ceux de [Bou23].

Title: On the motivic cohomology of mixed characteristic schemes

Keywords: Motivic cohomology, algebraic K-theory, p-adic geometry

Abstract: In this thesis, we construct a the-
ory of motivic cohomology for quasi-compact
quasi-separated schemes, which generalises the
construction of Elmanto–Morrow in the case
of schemes over a field. Our construction is
non-A1-invariant in general, but it uses the
classical A

1-invariant motivic cohomology of
smooth Z-schemes as an input. The main
new input of our construction is a global fil-
tration on topological cyclic homology, whose

graded pieces provide a common generalisation
of derived de Rham cohomology and Bhatt–
Morrow–Scholze’s syntomic cohomology. Our
theory satisfies various expected properties of
motivic cohomology, including a relation to non-
connective algebraic K-theory via an Atiyah–
Hirzebruch spectral sequence, the projective
bundle formula, and pro cdh descent. The re-
sults of Chapter 11 have appeared as [Bou23].
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✶✸ ❊①❛♠♣❧❡s ✶✽✶

✶✸✳✶ P❡r❢❡❝t ❛♥❞ s❡♠✐♣❡r❢❡❝t r✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
✶✸✳✷ ❋✐♥✐t❡ ❝❤❛✐♥ r✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✸
✶✸✳✸ C⋆✲❛❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹
✶✸✳✹ ❚r✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

◆♦t❛t✐♦♥ ✶✽✾

❇✐❜❧✐♦❣r❛♣❤② ✶✾✸

✽



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ ✭❡♥ ❢r❛♥ç❛✐s✮

▲❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❡st ✉♥ ❛♥❛❧♦❣✉❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ s✐♥❣✉❧✐èr❡ ❡♥ ❣é♦♠étr✐❡ ❛❧✲
❣é❜r✐q✉❡✳ ❇❡✐❧✐♥s♦♥ ❡t ▲✐❝❤t❡♥❜❛✉♠ ♦♥t ❞✬❛❜♦r❞ ♣ré❞✐t s♦♥ ❡①✐st❡♥❝❡ ♣♦✉r ❧❡s s❝❤é♠❛s X ❞❡
t②♣❡ ✜♥✐ s✉r Z ❬▲✐❝✼✸✱ ▲✐❝✽✹✱ ❇❡✟✙✽✻✱ ❇❡✟✙✽✼✱ ❇▼❙✽✼❪✱ ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ✈❛❧❡✉rs s♣é✲
❝✐❛❧❡s ❞❡ ❧❡✉rs ❢♦♥❝t✐♦♥s L✳ ▲❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡✱ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ❝♦♠♣❧❡①❡s ❞❡ ❣r♦✉♣❡s
❛❜é❧✐❡♥s Z(i)♠♦t(X) ✐♥❞❡①és ♣❛r ❧❡s ❡♥t✐❡rs i ≥ 0✱ ❞❡✈r❛✐t êtr❡ ✉♥❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❡♥t✐èr❡ ❡♥tr❡
❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ét❛❧❡ ❡t ❧❡s ❡s♣❛❝❡s ♣r♦♣r❡s ❞✬❆❞❛♠s s✉r ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ r❛t✐♦♥❛❧✐sé❡✳
❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ✐❧ ❞❡✈r❛✐t ❡①✐st❡r ✉♥❡ ✜❧tr❛t✐♦♥ ♥❛t✉r❡❧❧❡ ❋✐❧⋆♠♦t❑(X) s✉r ❧❛ K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡ ♥♦♥ ❝♦♥♥❡❝t✐✈❡ ❑(X)✱ q✉✐ s❡ s❝✐♥❞❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t✱ ❡t ❞♦♥t ❧❡s ♣❛rt✐❡s ❣r❛❞✉é❡s
❞é❝❛❧é❡s

Z(i)♠♦t(X) ≃ ❣ri♠♦t❑(X)[−2i]

s♦♥t ❞♦♥♥é❡s ♠♦❞✉❧♦ p✱ ❧♦rsq✉❡ p ❡st ✐♥✈❡rs✐❜❧❡ ❞❛♥s X✱ ❡t ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i✱ ♣❛r ❧❛ ❝♦❤♦✲
♠♦❧♦❣✐❡ ét❛❧❡ RΓét(X,µ⊗ip ) ✿

τ≤i Fp(i)
♠♦t(X) ≃ τ≤iRΓét(X,µ

⊗i
p ).

❯♥❡ t❡❧❧❡ t❤é♦r✐❡ ❛ ❞✬❛❜♦r❞ été ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡ ❝❛s ❧✐ss❡ s✉r ❧✬✐♥✐t✐❛t✐✈❡ ❞❡ ❇❧♦❝❤ ❡t
❱♦❡✈♦❞s❦② ❬❇❧♦✽✻✱ ❱❙❋✵✵❪✱ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❝②❝❧❡s ❛❧❣é❜r✐q✉❡s ❡t ❧❛ t❤é♦r✐❡ ❞❡ ❧✬A1✲❤♦♠♦t♦♣✐❡✳
❉❛♥s ❝❡tt❡ ❣é♥ér❛❧✐té✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s t❡❝❤♥✐q✉❡s A1✲✐♥✈❛r✐❛♥t❡s ❡st r❡♥❞✉❡ ♣♦ss✐❜❧❡ ♣❛r ❧❡
t❤é♦rè♠❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ◗✉✐❧❧❡♥ ❡♥K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❬◗✉✐✼✸❪✱ q✉✐ ❛✣r♠❡ q✉❡ ❧❛K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡ ❡st A1✲✐♥✈❛r✐❛♥t❡ s✉r ❧❡s s❝❤é♠❛s ré❣✉❧✐❡rs✳ ❙✉r ❞❡s s❝❤é♠❛s ♣❧✉s ❣é♥ér❛✉①✱ ❧❛
K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ♥✬❡st ♣❛s A1✲✐♥✈❛r✐❛♥t❡✱ ❡t ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ s❡ ❞♦✐t ❞♦♥❝✱ ❡❧❧❡
❛✉ss✐✱ ❞✬êtr❡ ♥♦♥ A1✲✐♥✈❛r✐❛♥t❡ ❡♥ ❣é♥ér❛❧✳ ▲❛ ♣r❡♠✐èr❡ t❤é♦r✐❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡
♥♦♥ A1✲✐♥✈❛r✐❛♥t❡ ❡st ❞✉❡ ❛✉ tr❛✈❛✐❧ ré❝❡♥t ❞✬❊❧♠❛♥t♦ ❡t ▼♦rr♦✇ ❬❊▼✷✸❪✱ q✉✐ ✉t✐❧✐s❡♥t ❞❡s
❛✈❛♥❝é❡s ré❝❡♥t❡s ❡♥ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❡t ❡♥ ❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡✳ ▲❡✉r t❤é♦r✐❡
❡st ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❛ ❣é♥ér❛❧✐té ❞❡s s❝❤é♠❛s q✉❛s✐✲❝♦♠♣❛❝ts ❡t q✉❛s✐✲sé♣❛rés ✭q❝qs✮ s✉r ✉♥
❝♦r♣s q✉❡❧❝♦♥q✉❡✱ ❡t ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❝❧❛ss✐q✉❡ A1✲✐♥✈❛r✐❛♥t❡ s✉r ❧❡s ✈❛r✐étés ❧✐ss❡s✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ét❡♥❞♦♥s ❧❡ tr❛✈❛✐❧ ❞✬❊❧♠❛♥t♦✕▼♦rr♦✇ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱
♣r♦❞✉✐s❛♥t ❛✐♥s✐ ✉♥❡ t❤é♦r✐❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❛♥s ❧❛ ❣é♥ér❛❧✐té ✐♥✐t✐❛❧❡♠❡♥t ♣ré✈✉❡
♣❛r ❇❡✐❧✐♥s♦♥ ❡t ▲✐❝❤t❡♥❜❛✉♠✳ ◆♦tr❡ t❤é♦r✐❡ s✬❛♣♣✉✐❡ ♥♦t❛♠♠❡♥t s✉r ❧❡s ♣r♦❣rès ré❝❡♥ts ❡♥
t❤é♦r✐❡ ❞❡ ❍♦❞❣❡ p✲❛❞✐q✉❡ ❡♥t✐èr❡ ❬❇▼❙✶✾✱ ❇❙✷✷✱ ❇▲✷✷❪✱ ❡t ❢♦✉r♥✐t ❡♥ r❡t♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥
❝♦♠♣❧èt❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ♠♦❞✉❧♦ p✱ ② ❝♦♠♣r✐s ❧♦rsq✉❡ p ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡ ❞❛♥s
❧❡ s❝❤é♠❛ X✳

✾



✶✳✶ ❯♥❡ t❤é♦r✐❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ♥♦♥ A1✲✐♥✈❛r✐❛♥t❡

▲❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ ♥♦tr❡ ❝♦♥str✉❝t✐♦♥ ❡st ❧❡ rés✉❧t❛t s✉✐✈❛♥t✱ ❞û à ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡
❬❑❙❚✶✽❪ ✭q✉✐ ♣r♦✉✈❡♥t q✉❡ ❧❛K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡ ❡st ❧❛ ❢❛✐s❝❡❛✉t✐s❛t✐♦♥ ❝❞❤ ❞❡ ❧❛K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡✮ ❡t à ▲❛♥❞✕❚❛♠♠❡ ❬▲❚✶✾❪ ✭q✉✐ ♣r♦✉✈❡♥t q✉❡ ❧❛ ✜❜r❡ ❑✐♥❢ ❞❡ ❧❛ tr❛❝❡ ❝②❝❧♦t♦♠✐q✉❡
s❛t✐s❢❛✐t ❧❛ ❞❡s❝❡♥t❡ ❝❞❤✮✳

❚❤é♦rè♠❡ ✶✳✶✳✶ ✭❬❑❙❚✶✽✱ ▲❚✶✾❪✮✳ ❙♦✐t X ✉♥ s❝❤é♠❛ q❝qs✳ ❆❧♦rs ❧❡ ❞✐❛❣r❛♠♠❡ ❝♦♠♠✉t❛t✐❢
♥❛t✉r❡❧

❑(X) ❚❈(X)

❑❍(X)
(
L❝❞❤❚❈

)
(X)

❡st ✉♥ ❝❛rré ❝❛rtés✐❡♥ ❞❡ s♣❡❝tr❡s✱ ♦ù ❑❍(X) ❡st ❧❛ K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡ ❞❡ X✱ ❚❈(X) ❡st
❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡ ❞❡ X✱ L❝❞❤ ❡st ❧❡ ❢♦♥❝t❡✉r ❞❡ ❝❞❤ ❢❛✐s❝❡❛✉t✐s❛t✐♦♥✱ ❧❛ ✢è❝❤❡
❤♦r✐③♦♥t❛❧❡ ❞✉ ❤❛✉t ❡st ❧❛ tr❛❝❡ ❝②❝❧♦t♦♠✐q✉❡✱ ❡t ❧❛ ✢è❝❤❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ❜❛s ❡st ❧❛ ❢❛✐s❝❡❛✉t✐✲
s❛t✐♦♥ ❝❞❤ ❞❡ ❧❛ tr❛❝❡ ❝②❝❧♦t♦♠✐q✉❡✳

▲❡ ❚❤é♦rè♠❡ ✶✳✶✳✶ ❛✣r♠❡ q✉❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s s❝❤é♠❛s ♣❡✉t êtr❡ r❡❝♦♥s✲
tr✉✐t❡ ✉♥✐q✉❡♠❡♥t ❡♥ t❡r♠❡s ❞❡ ❧❛ K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡ ✭❞♦♥❝ ❞✬✐♥❢♦r♠❛t✐♦♥s ♣r♦✈❡♥❛♥t
❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬A1✲❤♦♠♦t♦♣✐❡✮ ❡t ❞❡ ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡ ✭❞♦♥❝ ❞✬✐♥❢♦r♠❛t✐♦♥s
♣r♦✈❡♥❛♥t ❞❡s ♠ét❤♦❞❡s ❞❡ tr❛❝❡✮✳ ▲❛ t♦♣♦❧♦❣✐❡ ❝❞❤ ❡st ✉♥❡ t♦♣♦❧♦❣✐❡ ❞❡ ●r♦t❤❡♥❞✐❡❝❦✱ ✐♥✲
tr♦❞✉✐t❡ ♣❛r ❱♦❡✈♦❞s❦② ❬❙❱✵✵✱ ❱♦❡✶✵❪ ❛✜♥ ❞✬❛♣♣❧✐q✉❡r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ t❤é♦r✐❡ ❞❡s t♦♣♦s à
❧✬ét✉❞❡ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ ❧❛ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés ét❛✐t
✈r❛✐❡✱ t♦✉t s❝❤é♠❛ q❝qs s❡r❛✐t ❧♦❝❛❧❡♠❡♥t ré❣✉❧✐❡r ❞❛♥s ❧❛ t♦♣♦❧♦❣✐❡ ❝❞❤✳ ❆❧♦rs q✉❡ ❧❛K✲t❤é♦r✐❡
❤♦♠♦t♦♣✐q✉❡ ❡t ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡ ♦♥t✱ à ❧✬♦r✐❣✐♥❡✱ été ✐♥tr♦❞✉✐t❡s ❝♦♠♠❡ ❞❡s
❛♣♣r♦①✐♠❛t✐♦♥s ✉t✐❧❡s ❞❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞é❥à ❡①✐st❛♥t❡✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ❧❛ ❝♦❤♦✲
♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❡s s❝❤é♠❛s ❡♥ ✉t✐❧✐s❛♥t ❞❡s r❛✣♥❡♠❡♥ts ❞❡ ❧❛ K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡
❡t ❞❡ ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦tr❡ ✜❧tr❛t✐♦♥ ♠♦t✐✈✐q✉❡ s✉r ❧❛
K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❡st ❞é✜♥✐❡ ♣❛r ❧❡ r❡❝♦❧❧❡♠❡♥t ❞❡ ❝❡rt❛✐♥❡s ✜❧tr❛t✐♦♥s s✉r ❧❛ K✲t❤é♦r✐❡ ❤♦✲
♠♦t♦♣✐q✉❡✱ s✉r ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡✱ ❡t s✉r ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ t♦♣♦❧♦❣✐q✉❡ ❝❞❤
❢❛✐s❝❡❛✉t✐sé❡✳

P♦✉r ❧❛ K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s tr❛✈❛✉① ré❝❡♥ts ❞❡ ❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕
▼♦rr♦✇ ❬❇❊▼✷✹❪✱ q✉✐ ❝♦♥str✉✐s❡♥t ✉♥❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(X)✱ q✉✐ ❡st ❢♦♥❝t♦r✐❡❧❧❡✱ ♠✉❧t✐♣❧✐❝❛✲
t✐✈❡ ❡t ✐♥❞❡①é❡ ♣❛r N✱ s✉r ❧❛ K✲t❤é♦r✐❡ ❤♦♠♦t♦♣✐q✉❡ ❞❡s s❝❤é♠❛s q❝qs X✳ ▲❡s ♣❛rt✐❡s ❣r❛❞✉é❡s
❞é❝❛❧é❡s ❞❡ ❝❡tt❡ ✜❧tr❛t✐♦♥✱ q✉❡ ♥♦✉s ♥♦t❡r♦♥s Z(i)❝❞❤(X)✱ ❢♦✉r♥✐ss❡♥t ✉♥❡ ❜♦♥♥❡ t❤é♦r✐❡ ❞❡ ❝♦✲
❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝❞❤✲❧♦❝❛❧❡ ♣♦✉r ❧❡s s❝❤é♠❛s q❝qs✳ ▲❡✉r ❝♦♥str✉❝t✐♦♥✱ q✉❡ ♥♦✉s r❛♣♣❡❧♦♥s
❡♥ ❙❡❝t✐♦♥ ✹✳✷✱ r❡♣♦s❡ s✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ A1✲✐♥✈❛r✐❛♥t❡ ❞❡s s❝❤é♠❛s ❧✐ss❡s
s✉r Z✱ ❡t ét❡♥❞ ❧❛ ♣❧✉♣❛rt ❞❡ s❡s ♣r♦♣r✐étés ❛✉① s❝❤é♠❛s q❝qs ❣é♥ér❛✉①✳

◆♦tr❡ ♣r❡♠✐èr❡ ❝♦♥str✉❝t✐♦♥ ❡st ❝❡❧❧❡ ❞✬✉♥❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(X) ❢♦♥❝t♦r✐❡❧❧❡✱ ♠✉❧t✐♣❧✐❝❛✲
t✐✈❡ ❡t ✐♥❞❡①é❡ ♣❛r Z✱ ♣♦✉r ❧❡s s❝❤é♠❛s q❝qs X✳ ❈❡tt❡ ✜❧tr❛t✐♦♥ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ ✜❧tr❛t✐♦♥
❍❑❘ s✉r ❍❈−(X/Q) ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦ ❬❆♥t✶✾✱ ▼❘❚✷✷✱ ❘❛❦✷✵❪✱ ❡t ❛✈❡❝ ❧❛ ✜❧tr❛t✐♦♥
♠♦t✐✈✐q✉❡ s✉r ❚❈(X;Zp) ❛♣rès p✲❝♦♠♣❧ét✐♦♥ ❬❇▼❙✶✾✱ ▼♦r✷✶✱ ❇▲✷✷✱ ❍❘❲✷✷❪✳ ▲❛ ❞é✜♥✐t✐♦♥
q✉✐ s✉✐t ❞é❝r✐t ❧❡s ♣❛rt✐❡s ❣r❛❞✉é❡s ❞é❝❛❧é❡s ❞❡ ❝❡tt❡ ✜❧tr❛t✐♦♥ ✿

Z(i)❚❈(X) ≃ ❣ri♠♦t❚❈(X)[−2i].
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❉é✜♥✐t✐♦♥ ✶✳✶✳✷ ✭❱♦✐r ❉é✜♥✐t✐♦♥ ✸✳✸✳✸✮✳ P♦✉r t♦✉t s❝❤é♠❛ q❝qs X ❡t t♦✉t ❡♥t✐❡r i ∈ Z✱ ❧❡
❝♦♠♣❧❡①❡ Z(i)❚❈(X) ∈ D(Z) ❡st ❞é✜♥✐ ♣❛r ✉♥ ❝❛rré ❝❛rtés✐❡♥ ♥❛t✉r❡❧

Z(i)❚❈(X) RΓ❩❛r
(
X, L̂Ω

≥i

−/Z

)

∏
p∈P Zp(i)

❇▼❙(X)
∏
p∈PRΓ❩❛r

(
X, (L̂Ω

≥i

−/Z)
∧
p

)
.

❯♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❝❡tt❡ ❞é✜♥✐t✐♦♥ ❡st q✉❡ ❧❡ ♣ré❢❛✐s❝❡❛✉ Z(i)❚❈ s✬✐❞❡♥t✐✜❡ ♥❛t✉r❡❧❧❡✲
♠❡♥t ❛✈❡❝ ❧❡ ❝♦♠♣❧❡①❡ s②♥t♦♠✐q✉❡ ❞❡ ❇❤❛tt✕▼♦rr♦✇✕❙❝❤♦❧③❡ Zp(i)

❇▼❙ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p✱

❡t ❛✈❡❝ ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ❞❡ ❘❤❛♠ ❞ér✐✈é ❍♦❞❣❡✲❝♦♠♣❧été RΓ❩❛r(−, L̂Ω
≥i

−/Q) ❡♥ ❝❛r❛❝tér✐st✐q✉❡
③ér♦✳ ❉✬❛♣rès ❬❊▼✷✸❪✱ ❧❡ ❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ Z(i)♠♦t ❡st ❞é✜♥✐ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p ❡t ③ér♦
r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❞❡s ❝❛rrés ❝❛rtés✐❡♥s

Z(i)♠♦t(X) Zp(i)
❇▼❙(X) Z(i)♠♦t(X) RΓ❩❛r

(
X, L̂Ω

≥i

−/Q

)

Z(i)❝❞❤(X)
(
L❝❞❤ Zp(i)

❇▼❙
)
(X) Z(i)❝❞❤(X) RΓ❝❞❤

(
X, L̂Ω

≥i

−/Q

)
.

▲❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡ ❡st ❞♦♥❝ ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ♥❛t✉r❡❧❧❡ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡ ❞❡ ❧❛
❞é✜♥✐t✐♦♥ ❞✬❊❧♠❛♥t♦✕▼♦rr♦✇ ❛✉✲❞❡ss✉s ❞✬✉♥ ❝♦r♣s✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✸ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❀ ✈♦✐r ❙❡❝t✐♦♥ ✹✳✸✮✳ P♦✉r t♦✉t s❝❤é♠❛ q❝qs X ❡t
t♦✉t ❡♥t✐❡r i ∈ Z✱ ❧❡ ❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ ❞❡ ♣♦✐❞s i

Z(i)♠♦t(X) ∈ D(Z)

❞❡ X ❡st ❞é✜♥✐ ♣❛r ✉♥ ❝❛rré ❝❛rtés✐❡♥ ♥❛t✉r❡❧

Z(i)♠♦t(X) Z(i)❚❈(X)

Z(i)❝❞❤(X)
(
L❝❞❤ Z(i)

❚❈
)
(X),

♦ù ❧❛ ✢è❝❤❡ ❤♦r✐③♦♥t❛❧❡ ❞✉ ❜❛s ❡st ✐♥❞✉✐t❡ ♣❛r ✉♥ r❛✣♥❡♠❡♥t ✜❧tré ❞❡ ❧❛ tr❛❝❡ ❝②❝❧♦t♦♠✐q✉❡
❝❞❤ ❢❛✐s❝❡❛✉t✐sé❡✳

➱t❛❜❧✐r ❧❛ r❡❧❛t✐♦♥ ❛tt❡♥❞✉❡ ❡♥tr❡ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s Z(i)♠♦t ❡t ❧❛ K✲t❤é♦r✐❡ ❛❧✲
❣é❜r✐q✉❡ ✭❚❤é♦rè♠❡ ❈ ❝✐✲❞❡ss♦✉s✮ ❞❡♠❛♥❞❡ ❝❡♣❡♥❞❛♥t ♣❧✉s ❞✬❡✛♦rts ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡
q✉✬❛✉✲❞❡ss✉s ❞✬✉♥ ❝♦r♣s✳ ▲❡ ♣r✐♥❝✐♣❛❧ ♦❜st❛❝❧❡ ❡st ✐❝✐ ❞❡ ♣r♦✉✈❡r q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t

s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r r❛♣♣❡❧❡r ❝♦♠♠❡♥t ❝❡t é♥♦♥❝é ❡st ♣r♦✉✈é
❛✉✲❞❡ss✉s ❞✬✉♥ ❝♦r♣s✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ❞❛♥s ❝❡ q✉✐ s✉✐t ❧❡ ❢❛✐t q✉❡✱ ♣❛r ❝♦♥str✉❝t✐♦♥✱ ❧❡s ♣ré✲
❢❛✐s❝❡❛✉① Z(i)❝❞❤ s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0 ✭❙❡❝t✐♦♥ ✹✳✷✮✳

❊♥ ❝❛r❛❝tér✐st✐q✉❡ p✱ ❧❡s ♣ré❢❛✐s❝❡❛✉① Zp(i)
❇▼❙ s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0✱ ❞♦♥❝ ✐❧ ❡♥ ❡st ❞❡

♠ê♠❡ ♣♦✉r ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t✱ ❡t ❧✬ét❛♣❡ ③ér♦ ❞❡ ❧❛ ✜❧tr❛t✐♦♥ ♠♦t✐✈✐q✉❡ ❛ss♦❝✐é❡ ❋✐❧⋆♠♦t❑
❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✳ ❙✐ ❧✬♦♥ ✐❣♥♦r❡ ♣♦✉r ❧❡ ♠♦♠❡♥t ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❝♦♠✲
♣❧ét✉❞❡ ❞❡ ❝❡tt❡ ✜❧tr❛t✐♦♥ ♠♦t✐✈✐q✉❡✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t ❢♦✉r♥✐ss❡♥t ✉♥
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r❛✣♥❡♠❡♥t ❝♦❤♦♠♦❧♦❣✐q✉❡ ♥❛t✉r❡❧ ❞❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ s✉r ❧❡s s❝❤é♠❛s ❞❡ ❝❛r❛❝tér✐s✲
t✐q✉❡ p✳

❊♥ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦✱ ❧❡s ♣ré❢❛✐s❝❡❛✉① RΓ❩❛r(−, L̂Ω
≥i

−/Q) ♥❡ s✬❛♥♥✉❧❡♥t ♣❛s ❡♥ ♣♦✐❞s i < 0✳

❆✉ ❧✐❡✉ ❞❡ ❝❡❧❛✱ ✐❧s s✬✐❞❡♥t✐✜❡♥t ❛✉ ♣ré❢❛✐s❝❡❛✉ RΓ❩❛r(−, L̂Ω−/Q)✱ q✉✐ s✬❛✈èr❡ êtr❡ ✉♥ ❢❛✐s❝❡❛✉
❝❞❤ s✉r ❧❡s s❝❤é♠❛s q❝qs ❞❡ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦✱ ❞✬❛♣rès ❧❡s rés✉❧t❛ts ❞❡ ❈♦rt✐ñ❛s✕❍❛❡s❡♠❡②❡r✕
❙❝❤❧✐❝❤t✐♥❣✕❲❡✐❜❡❧ ❬❈❍❙❲✵✽❪✱ ❆♥t✐❡❛✉ ❬❆♥t✶✾❪ ❡t ❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❊▼✷✸❪✳ ❊♥ ❞✬❛✉tr❡s
t❡r♠❡s✱ ❧❛ ✢è❝❤❡ ✈❡rt✐❝❛❧❡ ❞❡ ❞r♦✐t❡ ❞✉ ❞✐❛❣r❛♠♠❡ ♣ré❝é❞❡♥t ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❡♥ ♣♦✐❞s
i < 0✱ ❞❡ s♦rt❡ q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0✱ ❡t q✉❡ ❧✬ét❛♣❡ ③ér♦ ❞❡
❧❛ ✜❧tr❛t✐♦♥ ♠♦t✐✈✐q✉❡ ❛ss♦❝✐é❡ ❋✐❧⋆♠♦t❑ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✳ ❈❡❧❛ s✐❣♥✐✜❡
q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t ❢♦✉r♥✐ss❡♥t ✉♥ r❛✣♥❡♠❡♥t ❝♦❤♦♠♦❧♦❣✐q✉❡ ♥❛t✉r❡❧ ❞❡ ❧❛ K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡ s✉r ❧❡s s❝❤é♠❛s ❞❡ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦✳

❊♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱ ♥♦✉s ♣r♦✉✈♦♥s é❣❛❧❡♠❡♥t q✉✬❡♥ ♣♦✐❞s i < 0✱ ❧❡s ♣ré❢❛✐s❝❡❛✉①
Z(i)❚❈ s♦♥t ❞❡s ❢❛✐s❝❡❛✉① ❝❞❤ s✉r ❧❡s s❝❤é♠❛s q❝qs✱ ✐✳❡✳✱ q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t s✬❛♥♥✉❧❡♥t✳
▲❡ rés✉❧t❛t ♠♦❞✉❧♦ ✉♥ ♥♦♠❜r❡ ♣r❡♠✐❡r p ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡✱ ❝♦♠♠❡ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p✱ ❞✉
❢❛✐t q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Zp(i)

❇▼❙ s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0✳ ▲❛ ❞✐✣❝✉❧té ❡st ❛❧♦rs ❞❡ ♣r♦✉✈❡r
q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Q(i)❚❈ s♦♥t ❞❡s ❢❛✐s❝❡❛✉① ❝❞❤ ❡♥ ♣♦✐❞s i < 0✳

▲❡ ♣r✐♥❝✐♣❛❧ rés✉❧t❛t ❞❡ ❞❡s❝❡♥t❡ ❝❞❤ ✉t✐❧✐sé ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦ ♥✬❡st ♣❧✉s ✈r❛✐ ❡♥ ❝❛r❛❝✲
tér✐st✐q✉❡ ♠✐①t❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ ♣ré❢❛✐s❝❡❛✉ RΓ❩❛r(−, L̂Ω−/Z) ✭♦✉ s❛ r❛t✐♦♥❛❧✐s❛t✐♦♥✮
♥✬❡st ♣❛s ✉♥ ❢❛✐s❝❡❛✉ ❝❞❤ s✉r ❧❡s s❝❤é♠❛s q❝qs✳ ◆♦✉s ❝♦♥t♦✉r♥❡r♦♥s ❝❡tt❡ ❞✐✣❝✉❧té ❡♥ ♣r♦✉✈❛♥t
✉♥ ❛♥❛❧♦❣✉❡ r✐❣✐❞❡✲❛♥❛❧②t✐q✉❡ ❞❡ ❝❡ rés✉❧t❛t ❞❡ ❞❡s❝❡♥t❡ ❝❞❤✳ P♦✉r ❢♦r♠✉❧❡r ❝❡ rés✉❧t❛t✱ ♥♦✉s
♥♦t❡r♦♥s

RΓ❩❛r
(
X, L̂Ω

≥i

−Qp/Qp

)

❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ❞❡ ❘❤❛♠ ❞ér✐✈é❡ r✐❣✐❞❡✲❛♥❛❧②t✐q✉❡ ❞✬✉♥ s❝❤é♠❛ q❝qs X ❛✉✲❞❡ss✉s ❞❡ Z(p)✱ q✉❡
♥♦✉s ❞é✜♥✐ss♦♥s ❝♦♠♠❡ ❧❛ ❝♦❧✐♠✐t❡ ❞✉ ❞✐❛❣r❛♠♠❡

RΓ❩❛r
(
X, (L̂Ω

≥i

−/Z)
∧
p

)
←− RΓ❩❛r

(
X, L̂Ω

≥i

−/Z) −→ RΓ❩❛r(X, L̂Ω
≥i

−Q/Q
)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳ ◆♦✉s ❧✐♠✐t♦♥s ✐❝✐ ♥♦tr❡ ❛tt❡♥t✐♦♥ ❛✉① s❝❤é♠❛s q❝qs ❛✉✲❞❡ss✉s
❞❡ Z(p) ♣❛r s♦✉❝✐ ❞❡ s✐♠♣❧✐❝✐té✱ ❡t r❡♥✈♦②♦♥s ❛✉ ❈❤❛♣✐tr❡ ✺ ♣♦✉r ❧❡s ❞é✜♥✐t✐♦♥s ❡t ❧❡s é♥♦♥❝és
❛♥❛❧♦❣✉❡s s✉r Z✳ ▲❛ ❉é✜♥✐t✐♦♥ ✶✳✶✳✷ ✐♠♣❧✐q✉❡ q✉✬✐❧ ❡①✐st❡ ✉♥ ❝❛rré ❝❛rtés✐❡♥ ♥❛t✉r❡❧

Q(i)❚❈(X) RΓ❩❛r(X, L̂Ω
≥i

−Q/Q
)

Qp(i)
❇▼❙(X) RΓ❩❛r(X, L̂Ω

≥i

−Qp/Qp
)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Q)✳ ❊♥ ♣♦✐❞s i < 0✱ ❧❡s ♣ré❢❛✐s❝❡❛✉① Qp(i)
❇▼❙ s♦♥t ♥✉❧s✳ ❈♦♠♠❡

❞é❥à ♠❡♥t✐♦♥♥é✱ ❧❡ ♣ré❢❛✐s❝❡❛✉ RΓ❩❛r(−, L̂Ω−Q/Q) ❡st ♣❛r ❛✐❧❧❡✉rs ✉♥ ❢❛✐s❝❡❛✉ ❝❞❤ s✉r ❧❡s
s❝❤é♠❛s q❝qs✳ ▲❡ ❢❛✐t q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Q(i)❚❈ s♦✐❡♥t ❞❡s ❢❛✐s❝❡❛✉① ❝❞❤ ❡♥ ♣♦✐❞s i < 0 ❡st
❞♦♥❝ éq✉✐✈❛❧❡♥t ❛✉ rés✉❧t❛t s✉✐✈❛♥t✱ q✉✐ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥ ❛♥❛❧♦❣✉❡ r✐❣✐❞❡✲❛♥❛❧②t✐q✉❡ ❞❡
❧✬é♥♦♥❝é r❛t✐♦♥♥❡❧ ♣ré❝é❞❡♥t ❞❡ ❞❡s❝❡♥t❡ ❝❞❤✳

❚❤é♦rè♠❡ ❆ ✭❉❡s❝❡♥t❡ ❝❞❤ ♣♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ❞❡ ❞❡ ❘❤❛♠ r✐❣✐❞❡✲❛♥❛❧②t✐q✉❡ ❀ ✈♦✐r ❈♦r♦❧✲
❧❛✐r❡ ✺✳✹✳✹✮✳ P♦✉r t♦✉t ♥♦♠❜r❡ ♣r❡♠✐❡r p✱ ❧❡ ♣ré❢❛✐s❝❡❛✉ RΓ❩❛r

(
−, L̂Ω−Qp/Qp

)
s❛t✐s❢❛✐t ❧❛ ❞❡s✲

❝❡♥t❡ ❝❞❤ s✉r ❧❡s s❝❤é♠❛s q❝qs ❛✉✲❞❡ss✉s ❞❡ Z(p)✳

✶✷



▲❛ ♣r❡✉✈❡ ♠♦❞❡r♥❡ ❞✉ rés✉❧t❛t r❛t✐♦♥♥❡❧ ❛♥❛❧♦❣✉❡ ❞❡ ❞❡s❝❡♥t❡ ❝❞❤ r❡♣♦s❡ s✉r ❧❛ t❤é♦r✐❡
❞❡s ✐♥✈❛r✐❛♥ts tr♦♥q✉❛♥ts ❞❡ ▲❛♥❞✕❚❛♠♠❡ ❬▲❚✶✾❪ ❡t s✉r ✉♥ t❤é♦rè♠❡ ❞❡ ●♦♦❞✇✐❧❧✐❡ ❬●♦♦✽✺❪✱
q✉✐ ♣r♦✉✈❡♥t r❡s♣❡❝t✐✈❡♠❡♥t q✉❡ t♦✉t ✐♥✈❛r✐❛♥t tr♦♥q✉❛♥t ❡st ✉♥ ❢❛✐s❝❡❛✉ ❝❞❤ s✉r ❧❡s s❝❤é♠❛s
q❝qs ❡t q✉❡ ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ ♣ér✐♦❞✐q✉❡ s✉r Q ❡st ✉♥ ✐♥✈❛r✐❛♥t tr♦♥q✉❛♥t✳ P❛r ❞é✜♥✐t✐♦♥✱
✉♥ ✐♥✈❛r✐❛♥t tr♦♥q✉❛♥t ❡st ✉♥ ✐♥✈❛r✐❛♥t ❧♦❝❛❧✐s❛♥t E t❡❧ q✉❡ ♣♦✉r t♦✉t E1✲❛♥♥❡❛✉ ❝♦♥♥❡❝t✐❢ R✱
❧❛ ✢è❝❤❡ ♥❛t✉r❡❧❧❡ E(R)→ E(π0(R)) ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡✳ P♦✉r ♣r♦✉✈❡r ❧❡ ❚❤é♦rè♠❡ ❆✱ ♥♦✉s
✉t✐❧✐s♦♥s ❧❡s ♠❛t❤é♠❛t✐q✉❡s ❝♦♥❞❡♥sé❡s ❞❡ ❈❧❛✉s❡♥✕❙❝❤♦❧③❡ ❬❈❙✶✾❪✱ ❡t ♣r♦✉✈♦♥s q✉✬✉♥❡ ❝❡r✲
t❛✐♥❡ ✈❛r✐❛♥t❡ r✐❣✐❞❡✲❛♥❛❧②t✐q✉❡ ❞❡ ❧✬❤♦♠♦❧♦❣✐❡ ❝②❝❧✐q✉❡ ♣ér✐♦❞✐q✉❡ ❡st ✉♥ ✐♥✈❛r✐❛♥t tr♦♥q✉❛♥t✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ❆ ✉t✐❧✐s❡ ✉♥ rés✉❧t❛t s✉r ❧❡s ❛♥♥❡❛✉① ❛ss♦❝✐❛t✐❢s ✭❡t
♠ê♠❡ s✉r ❧❡s E1✲❛♥♥❡❛✉① s♦❧✐❞❡s ❝♦♥♥❡❝t✐❢s ❣é♥ér❛✉①✮✳

▲❡ ❚❤é♦rè♠❡ ❆ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❝♦❤♦♠♦❧♦❣✐q✉❡ s✉✐✈❛♥t❡ ❞❡ ❧❛ ❝♦❤♦✲
♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ r❛t✐♦♥♥❡❧❧❡✳

❚❤é♦rè♠❡ ❇ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ p✲❛❞✐q✉❡ ❡t r❛t✐♦♥♥❡❧❧❡ ❀ ✈♦✐r ❈♦r♦❧❧❛✐r❡s ✹✳✸✳✶✷ ❡t ✺✳✻✳✻✮✳
❙♦✐t X ✉♥ s❝❤é♠❛ q❝qs ❡t p ✉♥ ♥♦♠❜r❡ ♣r❡♠✐❡r✳ ❆❧♦rs ♣♦✉r t♦✉s ❡♥t✐❡rs i ∈ Z ❡t k ≥ 1✱ ❧❡s
❞✐❛❣r❛♠♠❡s ❝♦♠♠✉t❛t✐❢s ♥❛t✉r❡❧s

Z /pk(i)♠♦t(X) Z /pk(i)❇▼❙(X) Q(i)♠♦t(X) RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

Z /pk(i)❝❞❤(X)
(
L❝❞❤ Z /p

k(i)❇▼❙
)
(X) Q(i)❝❞❤(X) RΓ❝❞❤

(
X, L̂Ω

≥i

−Q/Q

)

s♦♥t ❞❡s ❝❛rrés ❝❛rtés✐❡♥s ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

❊♥s❡♠❜❧❡✱ ❝❡s ❞❡✉① ❝❛rrés ❝❛rtés✐❡♥s r❡tr♦✉✈❡♥t ❧❡s ❝❛rrés ❝❛rtés✐❡♥s ❞✬❊❧♠❛♥t♦✕▼♦rr♦✇
❞é✜♥✐ss❛♥t ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s Z(i)♠♦t ❛✉✲❞❡ss✉s ❞✬✉♥ ❝♦r♣s✱ ❡t ❡♥ s♦♥t ❞♦♥❝ ❞❡s ❛♥❛✲
❧♦❣✉❡s ♥❛t✉r❡❧s ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✳ ▲❛ ♣❛rt✐❡ p✲❛❞✐q✉❡ ❞✉ ❚❤é♦rè♠❡ ❇ ❡st ✉♥❡ ❝♦♥✲
séq✉❡♥❝❡ ❢♦r♠❡❧❧❡ ❞❡s ❉é✜♥✐t✐♦♥s ✶✳✶✳✷ ❡t ✶✳✶✳✸✳ ▲❛ ♣❛rt✐❡ r❛t✐♦♥♥❡❧❧❡ ❞✉ ❚❤é♦rè♠❡ ❇ ✐♠♣❧✐q✉❡✱
q✉❛♥t à ❡❧❧❡✱ q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ Q(i)♠♦t(X) ❡t Q(i)❝❞❤(X) ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ ❧❛ r❛t✐♦♥❛✲
❧✐s❛t✐♦♥ XQ ❞✉ s❝❤é♠❛ X✳ ❙✐ X ❡st ré❣✉❧✐❡r✱ ❝❡tt❡ ❞✐✛ér❡♥❝❡ ❞❡✈r❛✐t s✬❛♥♥✉❧❡r✱ ❡t ❝❡ rés✉❧t❛t
❡st ❞♦♥❝ ♣❧✉s ✐♥tér❡ss❛♥t ❡♥ ♣rés❡♥❝❡ ❞❡ s✐♥❣✉❧❛r✐tés✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ ❚❤é♦rè♠❡ ❇ ♣❡✉t
êtr❡ ✉t✐❧✐sé ♣♦✉r ❡①tr❛✐r❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ✐♥tér❡ss❛♥t❡s s✉r ❧❡s s✐♥❣✉❧❛r✐tés ❞✬✉♥ ❛♥♥❡❛✉ ❝♦♠✲
♠✉t❛t✐❢ ❣é♥ér❛❧ R ✿ ❧❡s ❢❛✐s❝❡❛✉① ❝❞❤ s♦♥t t②♣✐q✉❡♠❡♥t ✐♥s❡♥s✐❜❧❡s ❛✉① s✐♥❣✉❧❛r✐tés✱ ❞❡ s♦rt❡
q✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✐♥❣✉❧✐èr❡ ❞❛♥s ❧❡ ❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ Z(i)♠♦t(R) ❡st ❡♥ ❢❛✐t ❝♦♥trô❧é❡ ♣❛r
❧❡s ❝♦♠♣❧❡①❡s Z /pk(i)❇▼❙(R) ❡t LΩ<i(R⊗ZQ)/Q✱ ♣♦✉r ❧❡sq✉❡❧s ✐❧ ❡①✐st❡ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❝❛❧❝✉❧✳

▲❡ ❚❤é♦rè♠❡ ❇ ✐♠♣❧✐q✉❡ é❣❛❧❡♠❡♥t q✉❡ ❧❡s ♣ré❢❛✐s❝❡❛✉① Z(i)♠♦t s✬❛♥♥✉❧❡♥t ❡♥ ♣♦✐❞s i < 0✱
❝❡ q✉✐ ét❛✐t ❧❛ ♣❛rt✐❡ ♠❛♥q✉❛♥t❡ ❡ss❡♥t✐❡❧❧❡ ♣♦✉r ét❛❜❧✐r ❧❡s ♣r♦♣r✐étés ❢♦♥❞❛♠❡♥t❛❧❡s s✉✐✈❛♥t❡s
❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡✳

❚❤é♦rè♠❡ ❈ ✭▲✐❡♥ ❛✈❡❝ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✮✳ ■❧ ❡①✐st❡ ✉♥ ❢❛✐s❝❡❛✉ ◆✐s♥❡✈✐❝❤ ✜♥✐t❛✐r❡ ❞❡
s♣❡❝tr❡s ✜❧trés

❋✐❧⋆♠♦t❑(−) : ❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

q✉✐ ❛❞♠❡t ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✭✶✮ ✭❙✉✐t❡ s♣❡❝tr❛❧❡ ❞✬❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ ❀ ✈♦✐r ❙❡❝t✐♦♥ ✺✳✺✮ P♦✉r t♦✉t s❝❤é♠❛ q❝qs X✱ ❧❛
✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ❡st ✉♥❡ ✜❧tr❛t✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡t ✐♥❞❡①é❡ ♣❛r N s✉r ❧❛ K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡ ♥♦♥ ❝♦♥♥❡❝t✐✈❡ ❑(X)✱ ❞♦♥t ❧❡s ♣❛rt✐❡s ❣r❛❞✉é❡s s♦♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞♦♥♥é❡s
♣❛r

❣ri♠♦t❑(X) ≃ Z(i)♠♦t(X)[2i], i ≥ 0.

✶✸



❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❡♥ é❝r✐✈❛♥t ❍j♠♦t(X,Z(i)) := ❍j(Z(i)♠♦t(X)) ♣♦✉r ❧❡s ❣r♦✉♣❡s ❞❡ ❝♦❤♦✲
♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥ts✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ s♣❡❝tr❛❧❡ ❞✬❆t✐②❛❤✕❍✐r③❡❜r✉❝❤

Ei,j2 = ❍i−j♠♦t(X,Z(−j)) =⇒ ❑−i−j(X).

❙✐ X ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✈❛❧✉❛t✐✈❡✶ ✜♥✐❡✱ ❛❧♦rs ❧❛ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ❡st ❝♦♠♣❧èt❡✱ ❡t ❧❛
s✉✐t❡ s♣❡❝tr❛❧❡ ❞✬❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ ❡st ❝♦♥✈❡r❣❡♥t❡✳

✭✷✮ ✭❉é❝♦♠♣♦s✐t✐♦♥ ❞✬❆❞❛♠s ❀ ✈♦✐r ❈♦r♦❧❧❛✐r❡ ✺✳✺✳✶✶✮ P♦✉r t♦✉t s❝❤é♠❛ q❝qs X✱ ❧❛ s✉✐t❡
s♣❡❝tr❛❧❡ ❞✬❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ ❞é❣é♥èr❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❡t✱ ♣♦✉r t♦✉t ❡♥t✐❡r n ∈ Z✱ ✐❧
❡①✐st❡ ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ ❞❡ ❣r♦✉♣❡s ❛❜é❧✐❡♥s

❑n(X)⊗Z Q ∼=
⊕

i≥0

(
❍2i−n
♠♦t (X,Z(i))⊗Z Q

)

✐♥❞✉✐t❡ ♣❛r ❧❡s ♦♣ér❛t❡✉rs ❞✬❆❞❛♠s s✉r ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ r❛t✐♦♥❛❧✐sé❡✳

▲✬✉♥❡ ❞❡s ♣r✐♥❝✐♣❛❧❡s ♠♦t✐✈❛t✐♦♥s ✐♥✐t✐❛❧❡s ♣♦✉r ❞é✈❡❧♦♣♣❡r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ét❛✐t
❞✬❛♣♣❧✐q✉❡r ❞❡s t❡❝❤♥✐q✉❡s ❝♦❤♦♠♦❧♦❣✐q✉❡s à ❧✬ét✉❞❡ ❞❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❬❇▼❙✽✼❪✳ ▲❡
t❤é♦rè♠❡ s✉✐✈❛♥t rés✉♠❡ ♥♦s rés✉❧t❛ts s✉r ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❡t ✉♥
❝❡rt❛✐♥ ♥♦♠❜r❡ ❞✬❛✉tr❡s ✐♥✈❛r✐❛♥ts ❝♦❤♦♠♦❧♦❣✐q✉❡s✳ ▲♦rsq✉❡ X ❡st ❧✐ss❡ s✉r Z✱ ♥♦✉s ♥♦t❡r♦♥s

Z(i)❝❧❛(X) := zi(X, •)[−2i]

♣♦✉r ❧❡ ❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ ❞❡ ♣♦✐❞s i✱ ♦ù zi(X, •) ❡st ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ❝②❝❧❡s ❞❡ ❇❧♦❝❤
✭❡t ♦ù • ❡st ❧✬✐♥❞✐❝❡ ❝♦❤♦♠♦❧♦❣✐q✉❡✮✳

❚❤é♦rè♠❡ ❉✳ ❙♦✐t X ✉♥ s❝❤é♠❛ q❝qs✱ ❡t i ≥ 0 ✉♥ ❡♥t✐❡r✳

✭✶✮ ✭P♦✐❞s ③ér♦ ❀ ✈♦✐r ❊①❡♠♣❧❡ ✺✳✻✳✽✮ ■❧ ❡①✐st❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ♥❛t✉r❡❧❧❡

Z(0)♠♦t(X)
∼
−−→ RΓ❝❞❤(X,Z)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

✭✷✮ ✭P♦✐❞s ✉♥ ❀ ✈♦✐r ❊①❡♠♣❧❡ ✽✳✶✳✶✺✮ ■❧ ❡①✐st❡ ✉♥❡ ✢è❝❤❡ ♥❛t✉r❡❧❧❡

RΓ◆✐s(X,Gm)[−1] −→ Z(1)♠♦t(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✱ q✉✐ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s tr♦✐s✳

✭✸✮ ✭❈♦❤♦♠♦❧♦❣✐❡ ét❛❧❡ ❀ ✈♦✐r ❈♦r♦❧❧❛✐r❡ ✻✳✶✳✻✮ P♦✉r t♦✉t ♥♦♠❜r❡ ♣r❡♠✐❡r ℓ q✉✐ ❡st ✐♥✈❡rs✐❜❧❡
❞❛♥s X ❡t t♦✉t ❡♥t✐❡r k ≥ 1✱ ✐❧ ❡①✐st❡ ✉♥❡ ✢è❝❤❡ ♥❛t✉r❡❧❧❡

Z /ℓk(i)♠♦t(X) −→ RΓét(X,µ
⊗i
ℓk
)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z /ℓk)✱ q✉✐ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i✳

✶▲❛ ❞✐♠❡♥s✐♦♥ ✈❛❧✉❛t✐✈❡ ❞✬✉♥ ❛♥♥❡❛✉ ❝♦♠♠✉t❛t✐❢✱ ❞é✜♥✐❡ ❡♥ t❡r♠❡s ❞❡ r❛♥❣s ❞❡ ❝❡rt❛✐♥s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛✲
t✐♦♥✱ ❛ été ✐♥tr♦❞✉✐t❡ ♣❛r ❏❛✛❛r❞ ❬❏❛❢✻✵✱ ❈❤❛♣✐tr❡ ■❱❪✱ ❡t été ❣é♥ér❛❧✐sé❡ ❛✉① s❝❤é♠❛s ❞❛♥s ❬❊❍■❑✷✶✱ ❙❡❝t✐♦♥ 2.3❪✳
▲❛ ❞✐♠❡♥s✐♦♥ ✈❛❧✉❛t✐✈❡ ❞✬✉♥ s❝❤é♠❛ ❡st t♦✉❥♦✉rs ❛✉ ♠♦✐♥s é❣❛❧❡ à s❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❑r✉❧❧✱ ❡t ❧❡s ❞❡✉① ♥♦t✐♦♥s
❝♦ï♥❝✐❞❡♥t s✉r ❧❡s s❝❤é♠❛s ♥♦❡t❤ér✐❡♥s✳ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ ❧❛ ❞✐♠❡♥s✐♦♥ ✈❛❧✉❛t✐✈❡ ❞✬✉♥ s❝❤é♠❛ q❝qsX s❡r❛ ✉t✐❧✐sé❡
❝♦♠♠❡ ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❝♦❤♦♠♦❧♦❣✐q✉❡ ❞✉ t♦♣♦s ❝❞❤ ❞❡ X ✭❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✮✳

✶✹



✭✹✮ ✭❈♦❤♦♠♦❧♦❣✐❡ s②♥t♦♠✐q✉❡ ❀ ✈♦✐r ❈♦r♦❧❧❛✐r❡ ✻✳✷✳✺✮ P♦✉r t♦✉t ♥♦♠❜r❡ ♣r❡♠✐❡r p ❡t t♦✉t
❡♥t✐❡r k ≥ 1✱ ✐❧ ❡①✐st❡ ✉♥❡ ✢è❝❤❡ ♥❛t✉r❡❧❧❡

Z /pk(i)♠♦t(X) −→ Z /pk(i)s②♥(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z /pk)✱ q✉✐ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i✱ ❡t ♦ù
Z /pk(i)s②♥(X) ❞és✐❣♥❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ s②♥t♦♠✐q✉❡ ❞❡ ♣♦✐❞s i ❞❡ X ❛✉ s❡♥s ❞❡ ❬❇▲✷✷❪✳

✭✺✮ ✭K✲t❤é♦r✐❡ ❞❡ ▼✐❧♥♦r ❀ ✈♦✐r ❚❤é♦rè♠❡ ✽✳✷✳✻✮ ❙✐ X = ❙♣❡❝(A) ❡st ❧❡ s♣❡❝tr❡ ❞✬✉♥ ❛♥♥❡❛✉
❧♦❝❛❧ ❤❡♥sé❧✐❡♥ A✱ ❛❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r n ≥ 1✱ ✐❧ ❡①✐st❡ ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧

❑̂▼
i (A)/n

∼=
−−→ ❍i♠♦t(A,Z(i))/n

❞❡ ❣r♦✉♣❡s ❛❜é❧✐❡♥s✱ ♦ù ❑̂▼
i (A) ❞és✐❣♥❡ ❧❡ i è♠❡ K✲❣r♦✉♣❡ ❛♠é❧✐♦ré ❞❡ ▼✐❧♥♦r ❞❡ A ❛✉

s❡♥s ❞❡ ❬❑❡r✶✵❪✳

✭✻✮ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ ❀ ✈♦✐r ❈❤❛♣✐tr❡ ✼✮ ❙✐ X ❡st ❧✐ss❡ s✉r Z✱ ❛❧♦rs ✐❧ ❡①✐st❡
✉♥❡ ✢è❝❤❡ ♥❛t✉r❡❧❧❡

Z(i)❝❧❛(X) −→ Z(i)♠♦t(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✱ q✉✐ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i + 1 ❡♥
❣é♥ér❛❧✱ ❡t ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ t♦✉s ❞❡❣rés s✐ X ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ❛✉ ♣❧✉s ✉♥ s✉r Z✳

✭✼✮ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❧✐ss❡ ❀ ✈♦✐r ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✮ ❙✐ X = ❙♣❡❝(A) ❡st ❧❡ s♣❡❝tr❡ ❞✬✉♥
❛♥♥❡❛✉ ❧♦❝❛❧ A✱ ❛❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r i ≥ 0✱ ✐❧ ❡①✐st❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ♥❛t✉r❡❧❧❡

Z(i)❧✐ss❡(A)
∼
−−→ τ≤i Z(i)♠♦t(A)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✱ ♦ù Z(i)❧✐ss❡ ❞és✐❣♥❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❧✐ss❡ ❞❡
♣♦✐❞s i ❞❡ A✱ ❞é✜♥✐❡ ❝♦♠♠❡ ❧✬❡①t❡♥s✐♦♥ ❞❡ ❑❛♥ à ❣❛✉❝❤❡ ❞❡♣✉✐s ❧❡s Z✲❛❧❣è❜r❡s ❧✐ss❡s ❞✉
❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ Z(i)❝❧❛✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❢♦♥❝t❡✉r τ≤i Z(i)♠♦t ❡st ét❡♥❞✉
❞❡ ❑❛♥ à ❣❛✉❝❤❡ s✉r ❧❡s ❛♥♥❡❛✉① ❧♦❝❛✉① ❞❡♣✉✐s ❧❡s ❛❧❣è❜r❡s ❧♦❝❛❧❡s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✐ss❡s
s✉r Z✳

✭✽✮ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ A1✲✐♥✈❛r✐❛♥t❡ ❀ ✈♦✐r ❚❤é♦rè♠❡ ✶✷✳✶✳✺✮ ■❧ ❡①✐st❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡
♥❛t✉r❡❧❧❡ (

LA1 Z(i)♠♦t
)
(X)

∼
−−→ Z(i)A

1
(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✱ ♦ù Z(i)A
1
(X) ❞és✐❣♥❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ A1✲✐♥✈❛✲

r✐❛♥t❡ ❞❡ ♣♦✐❞s i ❞❡ X ❛✉ s❡♥s ❞❡ ❬❇❊▼✷✹❪✳

▲❡ rés✉❧t❛t s✉✐✈❛♥t ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✉ ❚❤é♦rè♠❡ ❉ (8) ❡t ❞✉ ❢❛✐t q✉❡ ❧❡s ❝♦♠♣❧❡①❡s
♠♦t✐✈✐q✉❡s A1✲✐♥✈❛r✐❛♥ts Z(i)A

1
❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ❝❧❛ss✐q✉❡s Z(i)❝❧❛ s✉r

❧❡s s❝❤é♠❛s ❧✐ss❡s s✉r Z ❬❇❊▼✷✹❪✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❡t ❜✐❡♥ q✉❡ ♥♦✉s ♥♦✉s ❛tt❡♥❞✐♦♥s à ❝❡ q✉❡
♥♦s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s Z(i)♠♦t ❝♦ï♥❝✐❞❡♥t ❛✈❡❝ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ❝❧❛ss✐q✉❡s Z(i)❝❧❛

s✉r ❧❡s s❝❤é♠❛s ❧✐ss❡s s✉r Z✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ♥♦✉s ♣♦✉✈♦♥s ❛✉ ♠♦✐♥s ♣r♦✉✈❡r ❝❡ rés✉❧t❛t ❛♣rès
❛✈♦✐r ✐♠♣♦sé q✉❡ ❧❡s ❝♦♠♣❧❡①❡s Z(i)♠♦t s♦✐❡♥t A1✲✐♥✈❛r✐❛♥ts✳

❈♦r♦❧❧❛✐r❡ ❊ ✭❱♦✐r ❈♦r♦❧❧❛✐r❡ ✶✷✳✶✳✾✮✳ ❙♦✐t X ✉♥ s❝❤é♠❛ ❧✐ss❡ s✉r Z✳ ❆❧♦rs✱ ♣♦✉r t♦✉t ❡♥t✐❡r
i ≥ 0✱ ✐❧ ❡①✐st❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ♥❛t✉r❡❧❧❡

Z(i)❝❧❛(X) ≃
(
LA1 Z(i)♠♦t

)
(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

✶✺



❊♥ s✉♣♣♦s❛♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❜♦♥♥❡ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ ❞❡ ♠♦t✐❢s ❉▼✱ ❧❡s ❣r♦✉♣❡s ❞❡
❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞✬✉♥ s❝❤é♠❛ X ❞❡✈r❛✐❡♥t êtr❡ ❞♦♥♥és ♣❛r

❍j♠♦t(X,Z(i)) ∼= ❍♦♠❉▼(▼(X),Z(i)[j]),

♦ù ▼(X) ∈ ❉▼ ❡st ❧❡ ♠♦t✐❢ ❛ss♦❝✐é à X✱ ❡t Z(i) ∈ ❉▼ s♦♥t ❧❡s ♠♦t✐❢s ❞❡ ❚❛t❡✱ q✉✐ ♣r❡♥♥❡♥t
♣❛rt✱ ♣♦✉r ❝❤❛q✉❡ ❡♥t✐❡r r ≥ 0✱ à ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♥❛t✉r❡❧❧❡ ❞❛♥s ❉▼ ✿

▼(PrZ)
∼=

r⊕

j=0

Z(j)[2j].

❉❛♥s ❧❡ ❝♦♥t❡①t❡ A1✲✐♥✈❛r✐❛♥t✱ ❱♦❡✈♦❞s❦② ❛ ❝♦♥str✉✐t ✉♥❡ t❡❧❧❡ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ ❞❡ ♠♦t✐❢s✱
❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ❝❧❛ss✐q✉❡s Z(i)❝❧❛ ♣❡✉✈❡♥t ❛✐♥s✐ êtr❡ ✐♥t❡r♣rétés ❡♥
t❡r♠❡s ❞❡ ❝❡s ♠♦t✐❢s ❞❡ ❚❛t❡✳ ❙❛♥s s✉♣♣♦s❡r ❧✬A1✲✐♥✈❛r✐❛♥❝❡✱ ❆♥♥❛❧❛✕■✇❛s❛ ❬❆■✷✸❪ ❡t ❆♥♥❛❧❛✕
❍♦②♦✐s✕■✇❛s❛ ❬❆❍■✷✸✱ ❆❍■✷✹❪ ♦♥t ré❝❡♠♠❡♥t ✐♥tr♦❞✉✐t ✉♥❡ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ ❞❡ ♠♦t✐❢s ♣❧✉s
❣é♥ér❛❧❡✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞✉ ♠♦t✐❢ ▼(PrZ)✱ ✐✳❡✳✱ ❧❛ ❢♦r♠✉❧❡ ❞❡s ✜❜rés ♣r♦❥❡❝t✐❢s✱
❡st ✐s♦❧é❡ ❝♦♠♠❡ ♣r♦♣r✐été ❞é✜♥✐ss❛♥t❡ ❞❡ ❧❡✉r ❝♦♥str✉❝t✐♦♥✳ ▲❡ rés✉❧t❛t s✉✐✈❛♥t s✐❣♥✐✜❡ q✉❡
❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s Z(i)♠♦t s✬✐♥tè❣r❡♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❛♥s ❝❡tt❡ t❤é♦r✐❡ ❞❡ ♠♦t✐❢s ♥♦♥
A1✲✐♥✈❛r✐❛♥ts✳

❚❤é♦rè♠❡ ❋ ✭❋♦r♠✉❧❡ ❞❡s ✜❜rés ♣r♦❥❡❝t✐❢s ❀ ✈♦✐r ❚❤é♦rè♠❡ ✾✳✸✳✷✮✳ ❙♦✐t X ✉♥ s❝❤é♠❛ q❝qs✱
i ≥ 0 ✉♥ ❡♥t✐❡r✱ ❡t E ✉♥ ✜❜ré ✈❡❝t♦r✐❡❧ ❞❡ r❛♥❣ r s✉r X✳ ❆❧♦rs✱ ♣♦✉r t♦✉t ❡♥t✐❡r i ≥ 0✱ ❧❡s
♣✉✐ss❛♥❝❡s ❞❡ ❧❛ ♣r❡♠✐èr❡ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ♠♦t✐✈✐q✉❡ c♠♦t1 (O(1)) ∈ ❍2

♠♦t(PX(E),Z(1)) ✐♥❞✉✐s❡♥t
✉♥❡ éq✉✐✈❛❧❡♥❝❡ ♥❛t✉r❡❧❧❡

r−1⊕

i=0

Z(i− j)♠♦t(X)[−2j]
∼
−−→ Z(i)♠♦t(PX(E))

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

▲❡ ❚❤é♦rè♠❡ ❋ ❡st ♣r♦✉✈é ♣❛r ❊❧♠❛♥t♦✕▼♦rr♦✇ ❞❛♥s ❧❡ ❝❛s ❞✬é❣❛❧❡ ❝❛r❛❝tér✐st✐q✉❡ ❬❊▼✷✸❪✱
♦ù ❧❛ ♣r❡✉✈❡ r❡♣♦s❡ s✉r ❧❛ ❢♦r♠✉❧❡ ❞❡s ✜❜rés ♣r♦❥❡❝t✐❢s ♣♦✉r ❧❡s ❝♦♠♣❧❡①❡s Z(i)❝❞❤ ❬❇❊▼✷✹❪✳ ❊♥
❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱ ❧❛ ❢♦r♠✉❧❡ ❞❡s ✜❜rés ♣r♦❥❡❝t✐❢s ♣♦✉r ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ❝❞❤✲❧♦❝❛✉①
Z(i)❝❞❤ ♥✬❡st ❝❡♣❡♥❞❛♥t ❝♦♥♥✉❡ q✉❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à ✉♥❡ ❝❡rt❛✐♥❡ ♣r♦♣r✐été ❞❡s ❛♥♥❡❛✉①
❞❡ ✈❛❧✉❛t✐♦♥✱ ❛♣♣❡❧é❡ F ✲❧✐ss✐té ❬❇▼✷✸✱ ❇❊▼✷✹❪✳ ❈♦♠♠❡ ♥♦✉s ❧✬❡①♣❧✐q✉♦♥s ♠❛✐♥t❡♥❛♥t✱ ✐❧
❡st ♣♦ss✐❜❧❡ ❞❡ ♣r♦✉✈❡r ❝❡tt❡ ♣r♦♣r✐été ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ❛♥♥❡❛✉① ❞❡
✈❛❧✉❛t✐♦♥ ❛✉✲❞❡ss✉s ❞✬✉♥❡ ❜❛s❡ ♣❡r❢❡❝t♦ï❞❡✳ ▲❡ ❝❛s ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ❣é♥ér❛✉① r❡st❛♥t
♦✉✈❡rt✱ ♥♦tr❡ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ❋ ❡st ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ ❞✬❊❧♠❛♥t♦✕▼♦rr♦✇✱ ❡t ✉t✐❧✐s❡ ❡♥
♣❛rt✐❝✉❧✐❡r ♥♦tr❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ à ❝♦❡✣❝✐❡♥ts ✜♥✐s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛
❝♦❤♦♠♦❧♦❣✐❡ s②♥t♦♠✐q✉❡ ✭❚❤é♦rè♠❡ ✻✳✷✳✹✮✳

✶✳✷ ❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥

❈❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❧❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ♦♥t été ✉t✐❧✐sés ❝♦♠♠❡ ✉♥ ♠♦②❡♥ ♣♦✉r
❝♦♥t♦✉r♥❡r ❧❛ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés✱ ❛✜♥ ❞✬❛❞❛♣t❡r ❞❡s ❛r❣✉♠❡♥ts ❞❡ ❝❛r❛❝tér✐st✐q✉❡ ③ér♦
❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♣♦s✐t✐✈❡ ❬❑❙❚✷✶✱ ❑▼✷✶❪✳ ◆♦✉s ❡①♣❧✐q✉♦♥s ✐❝✐ ❝♦♠♠❡♥t ❛❞❛♣t❡r ❝❡rt❛✐♥❡s
❞❡ ❝❡s ✐❞é❡s ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱ à ❝♦♠♠❡♥❝❡r ♣❛r ❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✳ ▲❛ ♣❧✉♣❛rt
❞❡s rés✉❧t❛ts q✉✐ s✉✐✈❡♥t s✉r ❧❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ s♦♥t ❝❡✉① ❞❡ ❬❇♦✉✷✸❪✳

✶✻



❙♦✐t p ✉♥ ♥♦♠❜r❡ ♣r❡♠✐❡r✱ q✉❡ ♥♦✉s ✜①♦♥s ♣♦✉r ❧❡ r❡st❡ ❞❡ ❧✬✐♥tr♦❞✉❝t✐♦♥✳ ▲✬✐s♦♠♦r♣❤✐s♠❡
❞❡ ❈❛rt✐❡r ❛✣r♠❡ q✉❡ ♣♦✉r t♦✉t❡ Fp✲❛❧❣è❜r❡ ❧✐ss❡ A✱ ❧❡ ♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r ✐♥✈❡rs❡

C−1 :

{
ΩnA/Fp

−→ ❍n(Ω•A/Fp
)

fdg1 ∧ · · · ∧ dgn 7−→ fpgp−11 . . . gp−1n dg1 ∧ · · · ∧ dgn

❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❞❡ Fp✲❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ♣♦✉r ❝❤❛q✉❡ n ≥ 0✳ ❊♥ s✉♣♣♦s❛♥t ❧❛ rés♦❧✉t✐♦♥
❞❡s s✐♥❣✉❧❛r✐tés ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p✱ t♦✉t❡ Fp✲❛❧❣è❜r❡ s❡r❛✐t ❧♦❝❛❧❡♠❡♥t ❧✐ss❡ ❞❛♥s ❧❛ t♦♣♦❧♦❣✐❡
❝❞❤✳ ▲❡s ❛♥♥❡❛✉① ❧♦❝❛✉① ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ ❝❞❤ s♦♥t ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥✱ ❞♦♥❝ ❧❡s ❛♥♥❡❛✉①
❞❡ ✈❛❧✉❛t✐♦♥ ❞❡ ❝❛r❛❝tér✐st✐q✉❡ p ❞❡✈r❛✐❡♥t êtr❡ ❞❡s ❝♦❧✐♠✐t❡s ✜❧tré❡s ❞❡ Fp✲❛❧❣è❜r❡s ❧✐ss❡s✱ ❡t
❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡✈r❛✐❡♥t s❛t✐s❢❛✐r❡ ❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✳ ❙❛♥s s✉♣♣♦s❡r ❧❛ rés♦❧✉t✐♦♥ ❞❡s
s✐♥❣✉❧❛r✐tés✱ ●❛❜❜❡r ❛ ♣r♦✉✈é q✉❡ ❧❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ❞❡ ❝❛r❛❝tér✐st✐q✉❡ p s❛t✐s❢♦♥t ❡✛❡❝✲
t✐✈❡♠❡♥t ❝❡tt❡ ♣r♦♣r✐été ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡s Fp✲❛❧❣è❜r❡s ❧✐ss❡s q✉✬❡st ❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✳
▼♦t✐✈és ♣❛r ❝❡ rés✉❧t❛t ❡t ♣❛r ❧❡ ♠❛♥q✉❡ ❣é♥ér❛❧ ❞❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥✱
❑❡❧❧② ❡t ▼♦rr♦✇ ❬❑▼✷✶❪ ♦♥t ❛❧♦rs ✐♥tr♦❞✉✐t ❧❡s ❛❧❣è❜r❡s ❈❛rt✐❡r ❧✐ss❡s ❝♦♠♠❡ ❞❡s Fp✲❛❧❣è❜r❡s
s❛t✐s❢❛✐s❛♥t ❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✱ ❡t ♦♥t ét✉❞✐é ❧❡✉r K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✳

◆♦✉s ❞é✈❡❧♦♣♣♦♥s ✐❝✐ ✉♥ ❛♥❛❧♦❣✉❡ ❞❡ ❝❡tt❡ t❤é♦r✐❡ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✳ ▲❡ ♠♦r♣❤✐s♠❡
❞❡ ❈❛rt✐❡r ✐♥✈❡rs❡✱ ❡♥ t❛♥t q✉❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ ♠♦r♣❤✐s♠❡ ❞❡ ❋r♦❜❡♥✐✉s✱ ❡st s♣é❝✐✜q✉❡ à ❧❛
❝❛r❛❝tér✐st✐q✉❡ p✱ ❡t ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡ ❢❛✐t ❞✬êtr❡ p✲❈❛rt✐❡r ❧✐ss❡ ♣♦✉r ❧❡s ❤♦♠♦♠♦r♣❤✐s♠❡s
❞✬❛♥♥❡❛✉① ❣é♥ér❛✉① ❡ss❡♥t✐❡❧❧❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ré❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ❈❡tt❡ ♥♦t✐♦♥ ♣❧✉s
❣é♥ér❛❧❡ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❝❡❧❧❡ ✐♥tr♦❞✉✐t❡ ♣❛r ❑❡❧❧②✕▼♦rr♦✇ ❬❑▼✷✶❪ ❞❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù
❧✬❛♥♥❡❛✉ ❞❡ ❜❛s❡ ❡st Fp✳ P♦✉r ✉♥❡ Fp✲❛❧❣è❜r❡ R✱ ♥♦✉s ♥♦t❡r♦♥s ϕR s♦♥ ❡♥❞♦♠♦r♣❤✐s♠❡ ❞❡
❋r♦❜❡♥✐✉s✳

❉é✜♥✐t✐♦♥ ✶✳✷✳✶ ✭❈❛rt✐❡r ❧✐ss❡✮✳ ✭✶✮ ❯♥ ♠♦r♣❤✐s♠❡ R→ S ❞❡ Fp✲❛❧❣è❜r❡s ❡st ❈❛rt✐❡r ❧✐ss❡✱
♦✉ S ❡st ✉♥❡ R✲❛❧❣è❜r❡ ❈❛rt✐❡r ❧✐ss❡✱ s✬✐❧ ❡st ❝♦t❛♥❣❡♥t ❧✐ss❡✱ ✐✳❡✳✱ s♦♥ ❝♦♠♣❧❡①❡ ❝♦t❛♥❣❡♥t
LS/R ❡st ✉♥ S✲♠♦❞✉❧❡ ♣❧❛t ❡♥ ❞❡❣ré ③ér♦ ❞♦♥♥é ♣❛r Ω1

S/R✱ ❡t s✐ ❧❡ ♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r
✐♥✈❡rs❡

C−1 : ΩnS/R ⊗R,ϕR R −→ ❍n(Ω•S/R)

❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❞❡ R✲♠♦❞✉❧❡s ♣♦✉r ❝❤❛q✉❡ n ≥ 0✳

✭✷✮ ❯♥ ♠♦r♣❤✐s♠❡ R→ S ❞✬❛♥♥❡❛✉① ❝♦♠♠✉t❛t✐❢s ❡st p✲❈❛rt✐❡r ❧✐ss❡✱ ♦✉ S ❡st ✉♥❡ R✲❛❧❣è❜r❡
p✲❈❛rt✐❡r ❧✐ss❡✱ s✐ ❧❛ ✢è❝❤❡ ♥❛t✉r❡❧❧❡ S ⊗L

R R/p −→ S/p[0] ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛
❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(R/p)✱ ❡t s✐ ❧❛ ré❞✉❝t✐♦♥ R/p −→ S/p ♠♦❞✉❧♦ p ❡st ❈❛rt✐❡r ❧✐ss❡✳

❆✉tr❡♠❡♥t ❞✐t✱ ✉♥ ♠♦r♣❤✐s♠❡ R → S ❞✬❛♥♥❡❛✉① ❝♦♠♠✉t❛t✐❢s ❡st p✲❈❛rt✐❡r ❧✐ss❡ s✬✐❧
❡st p✲❝♦t❛♥❣❡♥t ❧✐ss❡ ✭❉é✜♥✐t✐♦♥ ✶✶✳✶✳✸✮✱ ❡t s✐ s❛ ré❞✉❝t✐♦♥ R/p → S/p ♠♦❞✉❧♦ p s❛t✐s❢❛✐t
❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✳ ▲✬❤②♣♦t❤ès❡ ❞❡ p✲❝♦t❛♥❣❡♥t ❧✐ss✐té ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ♥❡ ♣❛s ♣❡r❞r❡
❧❡ ❝♦♥trô❧❡ ❞❡s ✐♥✈❛r✐❛♥ts q✉❡ ♥♦✉s ❛❧❧♦♥s ét✉❞✐❡r ❧♦rs ❞❡ ❧❛ s♣é❝✐❛❧✐s❛t✐♦♥ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p✳
❚♦✉t ♠♦r♣❤✐s♠❡ ❧✐ss❡ ❞✬❛♥♥❡❛✉① ❝♦♠♠✉t❛t✐❢s ❡st p✲❈❛rt✐❡r ❧✐ss❡ ✭♣♦✉r t♦✉t ♥♦♠❜r❡ ♣r❡♠✐❡r p✮✳
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥✱ ✉♥❡ ❡①t❡♥s✐♦♥ ❞✬❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ✭❝✬❡st✲à✲
❞✐r❡ ✉♥ ♠♦r♣❤✐s♠❡ ✐♥❥❡❝t✐❢ ❞✬❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥✮ ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡ ♥✬❡st ❡♥ ❣é♥ér❛❧
♣❛s p✲❈❛rt✐❡r ❧✐ss❡✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ ♠♦r♣❤✐s♠❡ Zp → Zp✱ ♦ù Zp ❡st ❧✬❛♥♥❡❛✉ ❞❡s ❡♥t✐❡rs
❞✬✉♥❡ ❝❧ôt✉r❡ ❛❧❣é❜r✐q✉❡ Qp ❞❡ Qp✱ ♥✬❡st ♣❛s p✲❝♦t❛♥❣❡♥t ❧✐ss❡✱ ❡t ♥❡ s❛t✐s❢❛✐t ♣❛s ♥♦♥ ♣❧✉s
❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r ✿ s♦♥ ❝♦♠♣❧❡①❡ ❝♦t❛♥❣❡♥t ❡st ❡♥ ❞❡❣ré ③ér♦✱ ❞♦♥♥é ♣❛r ❧❡ Zp✲♠♦❞✉❧❡
❞❡ t♦rs✐♦♥ Qp/Zp✱ ❡t Ω0

(Zp/p)/Fp
= Zp/p ❝♦♥t✐❡♥t ❞❡s é❧é♠❡♥ts ♥✐❧♣♦t❡♥ts ❀ ❧❡ ❝♦♠♣❧❡①❡ ❞❡

❘❤❛♠ ❞❡ Fp → Zp/p ❡st ❡♥ ❢❛✐t ♥✉❧ ❡♥ ❞❡❣rés ♣♦s✐t✐❢s✱ ❡t ♥❡ ❝♦♥t✐❡♥t ❞♦♥❝ ♣❛s ❜❡❛✉❝♦✉♣
❞✬✐♥❢♦r♠❛t✐♦♥s✳ ❊♥ r❡✈❛♥❝❤❡✱ s✐ ❧✬❛♥♥❡❛✉ ❞❡ ✈❛❧✉❛t✐♦♥ ❞❡ ❜❛s❡ ❡st s✉✣s❛♠♠❡♥t r❛♠✐✜é✱ ❝❡s

✶✼



♦❜str✉❝t✐♦♥s ❞✐s♣❛r❛✐ss❡♥t ❡t ♥♦✉s ♣♦✉✈♦♥s ♣r♦✉✈❡r ❧❡ rés✉❧t❛t ❣é♥ér❛❧ q✉✐ s✉✐t✳ ❈❡ rés✉❧t❛t
❣é♥ér❛❧✐s❡ ✉♥ t❤é♦rè♠❡ ❞❡ ●❛❜❜❡r ❡♥ ❝❛r❛❝tér✐st✐q✉❡ p✱ q✉✐ ❡st ✈❛❧❛❜❧❡ s✉r ❧❡s ❛♥♥❡❛✉① ❞❡
✈❛❧✉❛t✐♦♥ ♣❛r❢❛✐ts ✭❚❤é♦rè♠❡ ✶✶✳✷✳✹ ❝✐✲❞❡ss♦✉s✮✳ ◆♦✉s r❡♥✈♦②♦♥s ❧❡ ❧❡❝t❡✉r ♦✉ ❧❛ ❧❡❝tr✐❝❡ à
❬❇▼❙✶✽✱ ❉❡✜♥✐t✐♦♥ 3.5❪ ♣♦✉r ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ❛♥♥❡❛✉ ♣❡r❢❡❝t♦ï❞❡✳

❚❤é♦rè♠❡ ● ✭❱♦✐r ❚❤é♦rè♠❡ ✶✶✳✷✳✶✮✳ ❙♦✐t V0 ✉♥ ❛♥♥❡❛✉ ❞❡ ✈❛❧✉❛t✐♦♥ ❞♦♥t ❧❛ p✲❝♦♠♣❧ét✐♦♥
❡st ✉♥ ❛♥♥❡❛✉ ♣❡r❢❡❝t♦ï❞❡✳ ❙♦✐t V ✉♥ ❛♥♥❡❛✉ ❞❡ ✈❛❧✉❛t✐♦♥ q✉✐ ❝♦♥t✐❡♥t V0 ❝♦♠♠❡ ✉♥ s♦✉s✲
❛♥♥❡❛✉✳ ❆❧♦rs ❧❡ ♠♦r♣❤✐s♠❡ ❞✬✐♥❝❧✉s✐♦♥ V0 → V ❡st p✲❈❛rt✐❡r ❧✐ss❡✳

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ● ♣r♦❝è❞❡ ♣❛r ré❞✉❝t✐♦♥ ❛✉ ❝❛s ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ❞❡
❝❛r❛❝tér✐st✐q✉❡ p✱ ❡t ✉t✐❧✐s❡ ❧❛ t❤é♦r✐❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s✳ ◆♦✉s ❡①♣❧✐q✉♦♥s ♠❛✐♥t❡♥❛♥t ❝♦♠♠❡♥t
❛♣♣❧✐q✉❡r ❧❡ ❚❤é♦rè♠❡ ● à ❞❡s ❝❛❧❝✉❧s ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥✳

❘❛♣♣❡❧♦♥s q✉❡ s✉r ❧❡s s❝❤é♠❛s ❧✐ss❡s s✉r Fp✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠✱ ♣r♦✉✲
✈é❡ ♣❛r ❙✉s❧✐♥ ❡t ❱♦❡✈♦❞s❦② ❝♦♠♠❡ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ❇❧♦❝❤✕❑❛t♦ ❬❙❱✵✵❪✱
❝❛❧❝✉❧❡ ❧❛ ♣❛rt✐❡ ℓ✲❛❞✐q✉❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❡♥ t❡r♠❡s ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ❞✉ ❢❛✐s❝❡❛✉
ét❛❧❡ µℓk ❞❡s ℓk✲r❛❝✐♥❡s ❞❡ ❧✬✉♥✐té✳ P♦✉r ❞é❝r✐r❡ ❧❛ ♣❛rt✐❡ p✲❛❞✐q✉❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡✱
✐❧ ❢❛✉t r❡♠♣❧❛❝❡r µ⊗i

ℓk
✭q✉✐ ❡st ♥✉❧ s✉r ❧❡s ✈❛r✐étés ❧✐ss❡s ❧♦rsq✉❡ ℓ = p ❡t i > 0✮ ♣❛r ❧❡s ❢❛✐s✲

❝❡❛✉① ❞❡ ❘❤❛♠✕❲✐tt ❧♦❣❛r✐t❤♠✐q✉❡s WkΩ
i
−,❧♦❣ ❬●▲✵✵❪✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❡ ❧❛

K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✱ ❡♥ t❡r♠❡ ❞❡ ❝❡s ❢❛✐s❝❡❛✉① ❞❡ ❘❤❛♠✕❲✐tt ❧♦❣❛r✐t❤♠✐q✉❡s✱ ❡st ❣é♥ér❛❧✐sé❡
❞❛♥s ❬❑▼✷✶❪ à t♦✉t❡s ❧❡s Fp✲❛❧❣è❜r❡s ❈❛rt✐❡r ❧✐ss❡s✳

❙✉r ❧❡s s❝❤é♠❛s ❧✐ss❡s s✉r ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❉❡❞❡❦✐♥❞ ❞❡ ❝❛r❛❝tér✐st✐q✉❡ ♠✐①t❡✱ ❧❛ ♣❛rt✐❡
p✲❛❞✐q✉❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ ❡st ❞é❝r✐t❡ ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❡♥ ❢❛✐❜❧❡s ❞❡❣rés
♣❛r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ét❛❧❡ ❞❡ ❧❛ ✜❜r❡ ❣é♥ér✐q✉❡ ❬●❡✐✵✹❪✳ ❈❡ rés✉❧t❛t ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡
❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ●❡rst❡♥ ♣r♦✉✈é❡ ♣❛r ●❡✐ss❡r ❬●❡✐✵✹❪✱ ❡t ♥✬❡st ♣❛s ❝♦♥♥✉ ♣♦✉r ❧❡s s❝❤é♠❛s
ré❣✉❧✐❡rs ❣é♥ér❛✉①✳ ❈♦♠❜✐♥é ❛✈❡❝ ❧❡ ❚❤é♦rè♠❡ ❉ (6)✱ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ét❡♥❞ ❝❡tt❡ ❞❡s❝r✐♣t✐♦♥
❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❝❧❛ss✐q✉❡ ❛✉ ❝❛s ré❣✉❧✐❡r✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ ♥♦t✐♦♥ ❞❡ s❝❤é♠❛
F ✲❧✐ss❡ ❡st ✐♥tr♦❞✉✐t❡ ♣❛r ❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪ ❝♦♠♠❡ ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ♥♦♥ ♥♦❡t❤ér✐❡♥♥❡
❞❡s s❝❤é♠❛s ré❣✉❧✐❡rs✱ ❡t ♥♦tr❡ rés✉❧t❛t s✬❛♣♣❧✐q✉❡ ♥❛t✉r❡❧❧❡♠❡♥t à t♦✉t s❝❤é♠❛ F ✲❧✐ss❡ ❡t s❛♥s
p✲t♦rs✐♦♥✳

❚❤é♦rè♠❡ ❍ ✭❈♦♥❥❡❝t✉r❡ ❞❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ♣♦✉r ❧❡s s❝❤é♠❛s F ✲❧✐ss❡s ❀ ✈♦✐r ❈♦r♦❧✲
❧❛✐r❡ ✻✳✷✳✻✮✳ ❙♦✐t X ✉♥ s❝❤é♠❛ F ✲❧✐ss❡ ❡t s❛♥s p✲t♦rs✐♦♥ ✭❡✳❣✳✱ ✉♥ s❝❤é♠❛ ré❣✉❧✐❡r✱ ♣❧❛t s✉r Z✮✳
❆❧♦rs ♣♦✉r t♦✉s ❡♥t✐❡rs i ≥ 0 ❡t k ≥ 1✱ ❧❛ ✢è❝❤❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠

Z /pk(i)♠♦t(X) −→ RΓét(X[1p ], µ
⊗i
pk
)

❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i− 1✱ ❡t ❡st ✐♥❥❡❝t✐❢ ❡♥ ❞❡❣ré i✳

❙✉r ✉♥ ❛♥♥❡❛✉ ❞❡ ❜❛s❡ ♣❡r❢❡❝t♦ï❞❡✱ ❧❡s ♥♦t✐♦♥s ❞✬❛❧❣è❜r❡s F ✲❧✐ss❡ ❡t p✲❈❛rt✐❡r ❧✐ss❡ ❝♦ï♥✲
❝✐❞❡♥t ❞✬❛♣rès ❧❡ ❚❤é♦rè♠❡ ✶✶✳✶✳✶✾✳ ❆✉ ✈✉ ❞❡s ❚❤é♦rè♠❡s ● ❡t ❍✱ ♥♦✉s ♦❜t❡♥♦♥s ❛✐♥s✐ ✉♥❡
❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❞❡ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ p✲❛❞✐q✉❡ ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ❛✉✲❞❡ss✉s
❞✬✉♥❡ ❜❛s❡ ♣❡r❢❡❝t♦ï❞❡✳

❈♦r♦❧❧❛✐r❡ ■ ✭❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❡s ❛♥♥❡❛✉① ❞❡ ✈❛❧✉❛t✐♦♥ ❀ ✈♦✐r ❚❤é♦rè♠❡ ✶✶✳✹✳✻✮✳ ❙♦✐t
V0 ✉♥ ❛♥♥❡❛✉ ❞❡ ✈❛❧✉❛t✐♦♥ s❛♥s p✲t♦rs✐♦♥ ❡t ❞♦♥t ❧❛ p✲❝♦♠♣❧ét✐♦♥ ❡st ✉♥ ❛♥♥❡❛✉ ♣❡r❢❡❝t♦ï❞❡✱
❡t V ✉♥ ❛♥♥❡❛✉ ❞❡ ✈❛❧✉❛t✐♦♥ q✉✐ ❝♦♥t✐❡♥t V0 ❝♦♠♠❡ s♦✉s✲❛♥♥❡❛✉✳ ❆❧♦rs✱ ♣♦✉r t♦✉s ❡♥t✐❡rs
i ≥ 0 ❡t k ≥ 1✱ ❧❡ ❝♦♠♣❧❡①❡ ♠♦t✐✈✐q✉❡ Z /pk(i)♠♦t(V ) ❡st ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i✱ ❡t ❧❛ ✢è❝❤❡ ❞❡
❝♦♠♣❛r❛✐s♦♥ ❞❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠

Z /pk(i)♠♦t(V ) −→ RΓét(❙♣❡❝(V [1p ]), µ
⊗i
pk
)

✶✽



❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥ ❞❡❣rés ❛✉ ♣❧✉s i−1✳ ❊♥ ❞❡❣ré i✱ ❝❡tt❡ ✢è❝❤❡ ❡st ✐♥❥❡❝t✐✈❡✱ ❡t s♦♥ ✐♠❛❣❡
❡st ❡♥❣❡♥❞ré❡ ♣❛r ❧❡s s②♠❜♦❧❡s✱ ✈✐❛ ❧❡ ♠♦r♣❤✐s♠❡ ❞❡ s②♠❜♦❧❡s

(V ×)⊗i → ❍iét(❙♣❡❝(V [1p ]), µ
⊗i
pk
).

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ❍ r❡♣♦s❡ s✉r ✉♥ t❤é♦rè♠❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ s②♥t♦♠✐q✉❡✲ét❛❧❡ ❞❡
❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪✳ ◆♦✉s r❡♣r♦✉✈♦♥s ❝❡ t❤é♦rè♠❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ s②♥t♦♠✐q✉❡✲ét❛❧❡ ❞❛♥s
❧❡ ❝❛s ❞❡s ❛❧❣è❜r❡s p✲❈❛rt✐❡r ❧✐ss❡s s✉r ✉♥❡ Z❝②❝

p ✲❛❧❣è❜r❡ ♣❡r❢❡❝t♦ï❞❡✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♣r♦♣r✐été
❞❡s ❛❧❣è❜r❡s p✲❈❛rt✐❡r ❧✐ss❡s s✉r ❧❛ ✜❧tr❛t✐♦♥ ❞❡ ◆②❣❛❛r❞ ❞❡ ❧❡✉r ❝♦❤♦♠♦❧♦❣✐❡ ♣r✐s♠❛t✐q✉❡
r❡❧❛t✐✈❡ ✭❚❤é♦rè♠❡ ❏ (N≥) ❝✐✲❞❡ss♦✉s✮✳ P♦✉r ♣r♦✉✈❡r ❝❡tt❡ ♣r♦♣r✐été✱ ♥♦✉s ét❡♥❞♦♥s ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ rés✉❧t❛ts s✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♣r✐s♠❛t✐q✉❡ r❡❧❛t✐✈❡ ❞❡s ❛❧❣è❜r❡s ❧✐ss❡s ❛✉① ❛❧❣è❜r❡s
p✲❈❛rt✐❡r ❧✐ss❡s ❣é♥ér❛❧❡s✳ ■❧ ❡st ❛ ♣r✐♦r✐ s✉r♣r❡♥❛♥t q✉❡ ❝❡s ♣r♦♣r✐étés s♦✐❡♥t ✈r❛✐❡s ❡♥ ♥❡
s✉♣♣♦s❛♥t q✉✬✉♥❡ ♣r♦♣r✐été s✉r ❧❛ ✜❜r❡ s♣é❝✐❛❧❡ ✭❧✬✐s♦♠♦r♣❤✐s♠❡ ❞❡ ❈❛rt✐❡r✮ ❀ ♥♦✉s ❞é♠♦♥tr♦♥s
q✉❡ ❝❡rt❛✐♥❡s ❞❡ ❝❡s ♣r♦♣r✐étés ❝❛r❛❝tér✐s❡♥t ❧❡ ❢❛✐t ❞✬êtr❡ p✲❈❛rt✐❡r ❧✐ss❡✳

❚❤é♦rè♠❡ ❏ ✭❱♦✐r ❚❤é♦rè♠❡ ✶✶✳✶✳✶✻✮✳ ❙♦✐t (A, I) ✉♥ ♣r✐s♠❡ ❜♦r♥é✱ ❡t s♦✐t S ✉♥❡ A/I✲❛❧❣è❜r❡
p✲❝♦t❛♥❣❡♥t ❧✐ss❡✳ ▲❡s ♣r♦♣♦s✐t✐♦♥s s✉✐✈❛♥t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s ✿

(CSm) S ❡st p✲❈❛rt✐❡r ❧✐ss❡ s✉r A/I✳

(LΩ = L̂Ω) ▲❛ ✢è❝❤❡ ❝❛♥♦♥✐q✉❡ (LΩS/(A/I))
∧
p → (L̂ΩS/(A/I))

∧
p ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛

❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(A/I)✱ ♦ù (L̂ΩS/(A/I))
∧
p ❞és✐❣♥❡ ❧❛ ❝♦♠♣❧ét✐♦♥ ❞❡ ❍♦❞❣❡ ❞✉ ❝♦♠♣❧❡①❡

❞❡ ❘❤❛♠ ❞ér✐✈é p✲❝♦♠♣❧été✳

(LΩ = Ω) ▲❛ ✢è❝❤❡ ❞❡ ❝♦✉♥✐té (LΩS/(A/I))
∧
p → (ΩS/(A/I))

∧
p ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛ ❝❛té✲

❣♦r✐❡ ❞ér✐✈é❡ D(A/I)✱ ♦ù (LΩS/(A/I))
∧
p ❞és✐❣♥❡ ❧❡ ❝♦♠♣❧❡①❡ ❞❡ ❘❤❛♠ ❞ér✐✈é p✲❝♦♠♣❧été✳

(dR) ▲❛ ✢è❝❤❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡ ❘❤❛♠ ✁
(1)
S/A ⊗

L
A A/I → (ΩS/(A/I))

∧
p ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(A/I)✳

(✁ = ✁̂) ▲❛ ✢è❝❤❡ ❝❛♥♦♥✐q✉❡ ❝❛♥ : ✁
(1)
S/A → ✁̂

(1)

S/A ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡

D(A)✱ ♦ù ✁̂
(1)

S/A ❞és✐❣♥❡ ❧❛ ❝♦♠♣❧ét✐♦♥ ❞❡ ◆②❣❛❛r❞ ❞✉ ❝♦♠♣❧❡①❡ ♣r✐s♠❛t✐q✉❡✳

(Lη) ▲❛ ✢è❝❤❡ ❞❡ ❋r♦❜❡♥✐✉s ϕ̃ : ✁
(1)
S/A → LηI✁S/A ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛ ❝❛té❣♦r✐❡

❞ér✐✈é❡ D(A)✳

(N≥) ▲❛ ✢è❝❤❡ ❞❡ ❋r♦❜❡♥✐✉s τ≤iϕ : τ≤iN≥i✁
(1)
S/A → τ≤iIi✁S/A ❡st ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ❞❛♥s ❧❛

❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(A) ♣♦✉r t♦✉t i ≥ 0✳

✶✳✸ ❈♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❞❡s s❝❤é♠❛s s✐♥❣✉❧✐❡rs

P♦✉r ❧❡ r❡st❡ ❞❡ ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❝♦❤♦✲
♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ q✉✐ s♦♥t s♣é❝✐✜q✉❡s ❛✉① s❝❤é♠❛s s✐♥❣✉❧✐❡rs✳ ▲✬✉♥❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❧❡s
♣❧✉s ✐♥tér❡ss❛♥t❡s✱ ♠❛✐s ❛✉ss✐ ❧❡s ♣❧✉s ♠②stér✐❡✉s❡s✱ ❞❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s s❝❤é♠❛s
s✐♥❣✉❧✐❡rs ❡st ❧❛ ♣rés❡♥❝❡ ❞❡ K✲❣r♦✉♣❡s ♥é❣❛t✐❢s ♥♦♥ ♥✉❧s✳ ▲❛ ♣❧✉♣❛rt ❞❡s ♣r♦♣r✐étés ❝♦♥♥✉❡s
s✉r ❝❡s K✲❣r♦✉♣❡s ♥é❣❛t✐❢s r❡♣♦s❡♥t s✉r ❞❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s
é❝❧❛t❡♠❡♥ts ❬❈❍❙❲✵✽✱ ❑❙❚✶✽❪✳ ■❧ ❛ ♥♦t❛♠♠❡♥t été ♣r♦✉✈é ♣❛r ❚❤♦♠❛s♦♥ ❬❚❤♦✾✸❪ q✉❡ ❧❛
K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❛ss♦❝✐❡ ✉♥❡ s✉✐t❡ ❡①❛❝t❡ ❧♦♥❣✉❡ ❞❡ K✲❣r♦✉♣❡s à ❧❛ ❞♦♥♥é❡ ❞✬✉♥ é❝❧❛t❡✲
♠❡♥t ♣❛r r❛♣♣♦rt à ✉♥❡ ✐♠♠❡rs✐♦♥ ❢❡r♠é❡ ré❣✉❧✐èr❡✳ ▲❡ rés✉❧t❛t s✉✐✈❛♥t ❡st ✉♥ r❛✣♥❡♠❡♥t
❝♦❤♦♠♦❧♦❣✐q✉❡ ❞✉ rés✉❧t❛t ❞❡ ❚❤♦♠❛s♦♥✳

✶✾



❚❤é♦rè♠❡ ❑ ✭❋♦r♠✉❧❡ ❞❡s é❝❧❛t❡♠❡♥ts ré❣✉❧✐❡rs ❀ ✈♦✐r ❚❤é♦rè♠❡ ✾✳✸✳✶✮✳ P♦✉r t♦✉t❡ ✐♠✲
♠❡rs✐♦♥ ❢❡r♠é❡ ré❣✉❧✐èr❡ Y → X ❞❡ s❝❤é♠❛s q❝qs ✭✐✳❡✳✱ ❧❡ s♦✉s✲s❝❤é♠❛ ❢❡r♠é Y ❡st ❞é✜♥✐✱
❧♦❝❛❧❡♠❡♥t s✉r X ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❩❛r✐s❦✐✱ ♣❛r ✉♥❡ s✉✐t❡ ré❣✉❧✐èr❡✮ ❡t t♦✉t ❡♥t✐❡r i ≥ 0✱ ❧❡
❞✐❛❣r❛♠♠❡ ❝♦♠♠✉t❛t✐❢

Z(i)♠♦t(X) Z(i)♠♦t(Y )

Z(i)♠♦t(❇❧Y (X)) Z(i)♠♦t(❇❧Y (X)×X Y )

❡st ✉♥ ❝❛rré ❝❛rtés✐❡♥ ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

▲❛K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ♥✬❛ss♦❝✐❡ ❡♥ r❡✈❛♥❝❤❡ ♣❛s ❞❡ s✉✐t❡ ❡①❛❝t❡ ❧♦♥❣✉❡ à t♦✉t é❝❧❛t❡♠❡♥t✳
▼♦t✐✈é❡s ♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ s✉r ❧❡s ❢♦♥❝t✐♦♥s ❢♦r♠❡❧❧❡s ♣♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ q✉❛s✐✲
❝♦❤ér❡♥t❡ ❬●r♦✻✶✱ ❚❤❡♦r❡♠ 4.1.5❪✱ ❞❡ ♥♦♠❜r❡✉s❡s ♣❡rs♦♥♥❡s ♦♥t ❡s♣éré ✉♥ ❛♥❛❧♦❣✉❡ ❢♦r♠❡❧
❞❡ ❝❡s s✉✐t❡s ❡①❛❝t❡s ❧♦♥❣✉❡s ❡♥ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✱ q✉✐ s❡r❛✐t ✈❛❧❛❜❧❡ ♣♦✉r ❞❡s é❝❧❛t❡♠❡♥ts
❣é♥ér❛✉①✳ ❯♥ t❡❧ rés✉❧t❛t ❛ ✜♥❛❧❡♠❡♥t été ❞é♠♦♥tré ♣❛r ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪✱ s♦✉s ❧❛
❢♦r♠❡ ❞✬✉♥❡ ♣r♦♣r✐été ❞✬❡①❝✐s✐♦♥ ♣r♦ ❝❞❤ ♣♦✉r ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s s❝❤é♠❛s ♥♦❡t❤ér✐❡♥s
q✉❡❧❝♦♥q✉❡s✳ ◆♦t♦♥s q✉❡ ❧❛ t♦♣♦❧♦❣✐❡ ♣r♦ ❝❞❤ ❛ ré❝❡♠♠❡♥t été ✐♥tr♦❞✉✐t❡ ♣❛r ❑❡❧❧②✕❙❛✐t♦
❬❑❙✷✹❪✱ ❝♦♠♠❡ ✉♥ ♠♦②❡♥ ❞✬❡♥❝♦❞❡r ❝❡tt❡ ♣r♦♣r✐été ❞✬❡①❝✐s✐♦♥ ♣r♦ ❝❞❤ ❡♥ ✉♥❡ ♣r♦♣r✐été ❞❡
❞❡s❝❡♥t❡ ♣♦✉r ❝❡tt❡ t♦♣♦❧♦❣✐❡ ❞❡ ●r♦t❤❡♥❞✐❡❝❦✳ ▲❡ rés✉❧t❛t s✉✐✈❛♥t s✬❛♣♣✉✐❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱
s✉r ❧❡ ❚❤é♦rè♠❡ ❇ ❡t s✉r ❧❡ t❤é♦rè♠❡ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ s✉r ❧❡s ❢♦♥❝t✐♦♥s ❢♦r♠❡❧❧❡s✱ ❡①♣❧✐q✉❛♥t
❛✐♥s✐ ❡♥ ♣❛rt✐❡ ❧✬❛♥❛❧♦❣✐❡ ❡♥tr❡ ❧❡s t❡❝❤♥✐q✉❡s q✉❛s✐✲❝♦❤ér❡♥t❡s ❡t ❝❡❧❧❡s ✉t✐❧✐sé❡s ❡♥ K✲t❤é♦r✐❡
❛❧❣é❜r✐q✉❡✳

❚❤é♦rè♠❡ ▲ ✭❉❡s❝❡♥t❡ ♣r♦ ❝❞❤ ❀ ✈♦✐r ❚❤é♦rè♠❡ ✶✵✳✷✳✶✶✮✳ P♦✉r t♦✉t ❡♥t✐❡r i ≥ 0✱ ❧❡ ♣ré✲
❢❛✐s❝❡❛✉ Z(i)♠♦t s❛t✐s❢❛✐t ❧❛ ❞❡s❝❡♥t❡ ♣r♦ ❝❞❤ s✉r ❧❡s s❝❤é♠❛s ♥♦❡t❤ér✐❡♥s✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱
♣♦✉r ❝❤❛q✉❡ ❝❛rré ❞✬é❝❧❛t❡♠❡♥t ❛❜str❛✐t

Y ′ X ′

Y X

❞❡ s❝❤é♠❛s ♥♦❡t❤ér✐❡♥s✱ ❧❡ ❞✐❛❣r❛♠♠❡ ❝♦♠♠✉t❛t✐❢ ❛ss♦❝✐é

Z(i)♠♦t(X) Z(i)♠♦t(X ′)

{Z(i)♠♦t(rY )}r {Z(i)♠♦t(rY ′)}r

❡st ✉♥ ❝❛rré ❢❛✐❜❧❡♠❡♥t ❝❛rtés✐❡♥ ❞❡ ♣r♦ ♦❜❥❡ts ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

❑❡❧❧② ❡t ❙❛✐t♦ ♦♥t ♣r♦✉✈é q✉❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ♥♦♥ ❝♦♥♥❡❝t✐✈❡ s✬✐❞❡♥t✐✜❛✐t ❡♥ ❢❛✐t
à ❧❛ ❢❛✐s❝❡❛✉t✐s❛t✐♦♥ ♣r♦ ❝❞❤ ❞❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❝♦♥♥❡❝t✐✈❡ ❬❑❙✷✹❪✳ ❈♦♠❜✐♥é❡ ❛✈❡❝
❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❇❤❛tt✕▲✉r✐❡ q✉❡ ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❝♦♥♥❡❝t✐✈❡ ❡st ét❡♥❞✉❡ ❞❡ ❑❛♥ à
❣❛✉❝❤❡ s✉r ❧❡s ❛♥♥❡❛✉① ❝♦♠♠✉t❛t✐❢s ❞❡♣✉✐s ❧❡s Z✲❛❧❣è❜r❡s ❧✐ss❡s ❬❊❍❑+✷✵❪✱ ❝❡tt❡ ♣r♦♣r✐été
❛ ♠♦t✐✈é ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s ❝♦♠♣❧❡①❡s ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ♣r♦ ❝❞❤ Z(i)♣r♦❝❞❤✱ ❝♦♠♠❡
❧❛ ❢❛✐s❝❡❛✉t✐s❛t✐♦♥ ♣r♦ ❝❞❤ ❞❡ ❧✬❡①t❡♥s✐♦♥ ❞❡ ❑❛♥ à ❣❛✉❝❤❡ ❞❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ❝❧❛s✲
s✐q✉❡s Z(i)❝❧❛✳ ▲❡ rés✉❧t❛t s✉✐✈❛♥t r❡♣♦s❡ s✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡
❧✐ss❡ ✭❚❤é♦rè♠❡ ❉ (7)✮ ❡t s✉r ❧❛ ❞❡s❝❡♥t❡ ♣r♦ ❝❞❤ ✭❚❤é♦rè♠❡ ▲✮✳
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❈♦r♦❧❧❛✐r❡ ▼ ✭❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ♣r♦ ❝❞❤ ❀ ✈♦✐r ❚❤é♦rè♠❡ ✶✵✳✹✳✷✮✳
❙♦✐t X ✉♥ s❝❤é♠❛ ♥♦❡t❤ér✐❡♥✳ ❆❧♦rs✱ ♣♦✉r t♦✉t ❡♥t✐❡r i ≥ 0✱ ✐❧ ❡①✐st❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡ ♥❛t✉r❡❧❧❡

Z(i)♣r♦❝❞❤(X)
∼
−−→ Z(i)♠♦t(X)

❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ❞ér✐✈é❡ D(Z)✳

◆♦t♦♥s q✉❡ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s ♣r♦ ❝❞❤ Z(i)♣r♦❝❞❤ ♥❡ s♦♥t ♣❛s ✜♥✐t❛✐r❡s✱ ❡t ♥❡ ♣❡✉✈❡♥t
❞♦♥❝ ♣❛s ❝♦ï♥❝✐❞❡r ❛✈❡❝ ❧❡s ❝♦♠♣❧❡①❡s ♠♦t✐✈✐q✉❡s Z(i)♠♦t s✉r ❧❡s s❝❤é♠❛s q❝qs ❣é♥ér❛✉①✳

❯♥❡ ❝♦♥❥❡❝t✉r❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❲❡✐❜❡❧ ❬❲❡✐✽✵❪ é♥♦♥❝❡ q✉❡ ♣♦✉r t♦✉t s❝❤é♠❛ ♥♦❡t❤ér✐❡♥ X
❞❡ ❞✐♠❡♥s✐♦♥ ❛✉ ♣❧✉s d✱ ❧❡s K✲❣r♦✉♣❡s ♥é❣❛t✐❢s ❑−n(X) s✬❛♥♥✉❧❡♥t ♣♦✉r ❧❡s ❡♥t✐❡rs n > d✳
❈❡tt❡ ❝♦♥❥❡❝t✉r❡ ❛ été ét❛❜❧✐❡ ♣❛r ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪✱ ❝♦♠♠❡ ✉♥❡ ❝♦♥séq✉❡♥❝❡
❞❡ ❧❛ ❞❡s❝❡♥t❡ ♣r♦ ❝❞❤ ♣♦✉r ❧❛ K✲t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡✳ ▲❛ ♣r❡✉✈❡ ❞✉ rés✉❧t❛t s✉✐✈❛♥t ✉t✐❧✐s❡
❧❡s t❡❝❤♥✐q✉❡s ❞❡ ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪ t❡❧❧❡s q✉❡ r❡❢♦r♠✉❧é❡s ♣❛r ❊❧♠❛♥t♦✕▼♦rr♦✇
❬❊▼✷✸❪✱ q✉✐ ♣r♦✉✈❡♥t ❧❡ ♠ê♠❡ rés✉❧t❛t ❛✉✲❞❡ss✉s ❞✬✉♥ ❝♦r♣s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❚❤é♦rè♠❡ ◆
r❡♣♦s❡ s✉r ❧❛ ❞❡s❝❡♥t❡ ♣r♦ ❝❞❤ ♣♦✉r ❧❛ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ✭❚❤é♦rè♠❡ ▲✮✳

❚❤é♦rè♠❡ ◆ ✭❆♥♥✉❧❛t✐♦♥ ❞❡ ❲❡✐❜❡❧ ♠♦t✐✈✐q✉❡ ❀ ✈♦✐r ❚❤é♦rè♠❡ ✶✵✳✸✳✸✮✳ ❙♦✐t X ✉♥ s❝❤é♠❛
♥♦❡t❤ér✐❡♥ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ d✱ ❡t i ≥ 0 ✉♥ ❡♥t✐❡r✳ ❆❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r j > i+ d✱ ❧❡ ❣r♦✉♣❡
❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ♠♦t✐✈✐q✉❡ ❍j♠♦t(X,Z(i)) ❡st ♥✉❧✳

❱✐❛ ❧❛ s✉✐t❡ s♣❡❝tr❛❧❡ ❞✬❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ ❞✉ ❚❤é♦rè♠❡ ❈✱ ❧❡ ❚❤é♦rè♠❡ ◆ ❡st ✉♥ r❛✣♥❡✲
♠❡♥t ♠♦t✐✈✐q✉❡ ❞❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✬❛♥♥✉❧❛t✐♦♥ ❞❡ ❲❡✐❜❡❧ ❡♥ K✲t❤é♦r✐❡✳
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❈❤❛♣t❡r ✷

■♥tr♦❞✉❝t✐♦♥ ✭✐♥ ❡♥❣❧✐s❤✮

▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐s ❛♥ ❛♥❛❧♦❣✉❡ ✐♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ♦❢ s✐♥❣✉❧❛r ❝♦❤♦♠♦❧♦❣②✳ ■t ✇❛s
✜rst ❡♥✈✐s✐♦♥❡❞ t♦ ❡①✐st ❢♦r s❝❤❡♠❡s X ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r Z ❜② ❇❡✐❧✐♥s♦♥ ❛♥❞ ▲✐❝❤t❡♥❜❛✉♠
❬▲✐❝✼✸✱ ▲✐❝✽✹✱ ❇❡✟✙✽✻✱ ❇❡✟✙✽✼✱ ❇▼❙✽✼❪✱ ❛s ❛ ✇❛② t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ s♣❡❝✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡✐r
L✲❢✉♥❝t✐♦♥s✳ ▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❝♦♠♣❧❡①❡s ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s Z(i)♠♦t(X)
✐♥❞❡①❡❞ ❜② ✐♥t❡❣❡rs i ≥ 0✱ s❤♦✉❧❞ ❜❡ ❛♥ ✐♥t❡❣r❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ ét❛❧❡ ❝♦❤♦♠♦❧♦❣②✱ ❛♥❞
❆❞❛♠s ❡✐❣❡♥s♣❛❝❡s ♦♥ r❛t✐♦♥❛❧✐s❡❞ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳ ❚❤❛t ✐s✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♥❛t✉r❛❧
✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ♦♥ t❤❡ ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❑(X)✱ ✇❤✐❝❤ s♣❧✐ts r❛t✐♦♥❛❧❧②✱
❛♥❞ ✇❤♦s❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s

Z(i)♠♦t(X) ≃ ❣ri♠♦t❑(X)[−2i]

❛r❡ ❣✐✈❡♥ ♠♦❞ p✱ ✇❤❡♥ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ X✱ ❛♥❞ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❜② t❤❡ ét❛❧❡ ❝♦❤♦♠♦❧♦❣②
RΓét(X,µ

⊗i
p )✿

τ≤i Fp(i)
♠♦t(X) ≃ τ≤iRΓét(X,µ

⊗i
p ).

❙✉❝❤ ❛ t❤❡♦r② ✇❛s ✜rst ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡ ❛t t❤❡ ✐♥✐t✐❛t✐✈❡ ♦❢ ❇❧♦❝❤ ❛♥❞ ❱♦✲
❡✈♦❞s❦② ❬❇❧♦✽✻✱ ❱❙❋✵✵❪✱ ✉s✐♥❣ ❛❧❣❡❜r❛✐❝ ❝②❝❧❡s ❛♥❞ A1✲❤♦♠♦t♦♣② t❤❡♦r②✳ ■♥ t❤✐s ❣❡♥❡r❛❧✐t②✱
t❤❡ ✉s❡ ♦❢ A1✲✐♥✈❛r✐❛♥t t❡❝❤♥✐q✉❡s ✐s ♣❡r♠✐tt❡❞ ❜② ◗✉✐❧❧❡♥✬s ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❛❧❣❡❜r❛✐❝
K✲t❤❡♦r② ❬◗✉✐✼✸❪✱ st❛t✐♥❣ t❤❛t ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s A1✲✐♥✈❛r✐❛♥t ♦♥ r❡❣✉❧❛r s❝❤❡♠❡s✳ ❖♥
♠♦r❡ ❣❡♥❡r❛❧ s❝❤❡♠❡s✱ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❢❛✐❧s t♦ ❜❡ A1✲✐♥✈❛r✐❛♥t✱ s♦ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②
✐ts❡❧❢ ♥❡❡❞s t♦ ❜❡ ♥♦♥✲A1✲✐♥✈❛r✐❛♥t ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ✜rst ♥♦♥✲A1✲✐♥✈❛r✐❛♥t t❤❡♦r② ♦❢ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ✇❛s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❜② ❊❧♠❛♥t♦ ❛♥❞ ▼♦rr♦✇ ❬❊▼✷✸❪✱ ✉s✐♥❣ r❡❝❡♥t ❛❞✈❛♥❝❡s
✐♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❚❤❡✐r t❤❡♦r② ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❣❡♥✲
❡r❛❧✐t② ♦❢ q✉❛s✐✲❝♦♠♣❛❝t q✉❛s✐✲s❡♣❛r❛t❡❞ ✭q❝qs✮ s❝❤❡♠❡s ♦✈❡r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞✱ ❛♥❞ r❡❝♦✈❡rs
♦♥ s♠♦♦t❤ ✈❛r✐❡t✐❡s t❤❡ ❝❧❛ss✐❝❛❧ A1✲✐♥✈❛r✐❛♥t t❤❡♦r②✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❡①t❡♥❞ t❤❡ ✇♦r❦ ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇ t♦ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ t❤✉s
♣r♦❞✉❝✐♥❣ ❛ t❤❡♦r② ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❤❡ ♦r✐❣✐♥❛❧❧② ❡①♣❡❝t❡❞ ❣❡♥❡r❛❧✐t② ♦❢ ❇❡✐❧✐♥✲
s♦♥ ❛♥❞ ▲✐❝❤t❡♥❜❛✉♠✳ ❖✉r t❤❡♦r② r❡❧✐❡s ♦♥ r❡❝❡♥t ♣r♦❣r❡ss ✐♥ ✐♥t❡❣r❛❧ p✲❛❞✐❝ ❍♦❞❣❡ t❤❡♦r②
❬❇▼❙✶✾✱ ❇❙✷✷✱ ❇▲✷✷❪✱ ❛♥❞ ♦✛❡rs ✐♥ r❡t✉r♥ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠♦❞ p ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧✲
♦❣②✱ ❡✈❡♥ ✇❤❡♥ p ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ q❝qs s❝❤❡♠❡ X✳
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✷✳✶ ❆ ♥♦♥✲A1✲✐♥✈❛r✐❛♥t t❤❡♦r② ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❞✉❡ t♦ ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡
❬❑❙❚✶✽❪ ✭✇❤♦ ♣r♦✈❡ t❤❛t ❤♦♠♦t♦♣② K✲t❤❡♦r② ✐s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✮
❛♥❞ ▲❛♥❞✕❚❛♠♠❡ ❬▲❚✶✾❪ ✭✇❤♦ ♣r♦✈❡ t❤❛t t❤❡ ✜❜r❡ ❑✐♥❢ ♦❢ t❤❡ ❝②❝❧♦t♦♠✐❝ tr❛❝❡ ♠❛♣ s❛t✐s✜❡s
❝❞❤ ❞❡s❝❡♥t✮✳

❚❤❡♦r❡♠ ✷✳✶✳✶ ✭❬❑❙❚✶✽✱ ▲❚✶✾❪✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠

❑(X) ❚❈(X)

❑❍(X)
(
L❝❞❤❚❈

)
(X)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛✱ ✇❤❡r❡ ❑❍(X) ✐s t❤❡ ❤♦♠♦t♦♣② K✲t❤❡♦r② ♦❢ X✱ ❚❈(X) ✐s t❤❡
t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ X✱ L❝❞❤ ✐s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ❢✉♥❝t♦r✱ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣
✐s t❤❡ ❝②❝❧♦t♦♠✐❝ tr❛❝❡ ♠❛♣✱ ❛♥❞ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡ ❝❞❤ s❤❡❛✜✜❡❞ ❝②❝❧♦t♦♠✐❝
tr❛❝❡ ♠❛♣✳

❚❤❡♦r❡♠ ✷✳✶✳✶ st❛t❡s t❤❛t ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ s❝❤❡♠❡s ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ♣✉r❡❧② ✐♥
t❡r♠s ♦❢ ❤♦♠♦t♦♣② K✲t❤❡♦r② ✭✐✳❡✳✱ ✐♥❢♦r♠❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ A1✲❤♦♠♦t♦♣② t❤❡♦r②✮ ❛♥❞ t♦♣♦✲
❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✭✐✳❡✳✱ ✐♥❢♦r♠❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ tr❛❝❡ ♠❡t❤♦❞s✮✳ ❚❤❡ ❝❞❤ t♦♣♦❧♦❣② ✐s ❛
●r♦t❤❡♥❞✐❡❝❦ t♦♣♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ❜② ❱♦❡✈♦❞s❦② ❬❙❱✵✵✱ ❱♦❡✶✵❪✱ ❛s ❛ ✇❛② t♦ ❛♣♣❧② t♦♣♦s t❤❡♦✲
r❡t✐❝ t❡❝❤♥✐q✉❡s t♦ t❤❡ st✉❞② ♦❢ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ss✉♠✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢
s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥② q❝qs s❝❤❡♠❡ ✇♦✉❧❞ ❜❡ ❧♦❝❛❧❧② r❡❣✉❧❛r ✐♥ t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳ ❲❤✐❧❡ ❤♦♠♦t♦♣②
K✲t❤❡♦r② ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✇❡r❡ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s t♦♦❧s t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡ ❡①✐st✐♥❣ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ ✇❡ ❝♦♥str✉❝t t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s❝❤❡♠❡s ✉s✐♥❣ r❡✜♥❡✲
♠❡♥ts ♦❢ ❤♦♠♦t♦♣② K✲t❤❡♦r② ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r ♠♦t✐✈✐❝
✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s ❞❡✜♥❡❞ ❛s ❛ ♣✉❧❧❜❛❝❦ ♦❢ ❛♣♣r♦♣r✐❛t❡ ✜❧tr❛t✐♦♥s ♦♥ ❤♦♠♦t♦♣②
K✲t❤❡♦r②✱ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✱ ❛♥❞ ❝❞❤ s❤❡❛✜✜❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳

❖♥ ❤♦♠♦t♦♣② K✲t❤❡♦r②✱ ✇❡ ✉s❡ t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❇❊▼✷✹❪✱
✇❤♦ ❝♦♥str✉❝t ❛ ❢✉♥❝t♦r✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ N✲✐♥❞❡①❡❞ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(X) ♦♥ t❤❡ ❤♦♠♦t♦♣②
K✲t❤❡♦r② ♦❢ q❝qs s❝❤❡♠❡s X✳ ❚❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤✐s ✜❧tr❛t✐♦♥✱ t❤❛t ✇❡ ✇✐❧❧ ❞❡✲
♥♦t❡ ❜② Z(i)❝❞❤(X)✱ ♣r♦✈✐❞❡ ❛ ❣♦♦❞ t❤❡♦r② ♦❢ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❢♦r q❝qs s❝❤❡♠❡s✳
❚❤❡✐r ❝♦♥str✉❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ r❡✈✐❡✇ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ r❡❧✐❡s ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ❛♥❞ ❡①t❡♥❞s ♠♦st ♦❢ ✐ts ♣r♦♣❡rt✐❡s t♦ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s✳

❖✉r ✜rst ❝♦♥str✉❝t✐♦♥ ✐s t❤❛t ♦❢ ❛ ❢✉♥❝t♦r✐❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ Z✲✐♥❞❡①❡❞ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(X)
❢♦r q❝qs s❝❤❡♠❡s X✳ ❚❤✐s ✜❧tr❛t✐♦♥ r❡❝♦✈❡rs t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍❈−(X/Q) ✐♥ ❝❤❛r❛❝t❡r✐s✲
t✐❝ ③❡r♦ ❬❆♥t✶✾✱ ▼❘❚✷✷✱ ❘❛❦✷✵❪✱ ❛♥❞ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❚❈(X;Zp) ❛❢t❡r p✲❝♦♠♣❧❡t✐♦♥
❬❇▼❙✶✾✱ ▼♦r✷✶✱ ❇▲✷✷✱ ❍❘❲✷✷❪✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s

Z(i)❚❈(X) ≃ ❣ri♠♦t❚❈(X)[−2i]

♦❢ t❤✐s ✜❧tr❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

✷✹



❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ✭❙❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✳ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱
t❤❡ ❝♦♠♣❧❡① Z(i)❚❈(X) ∈ D(Z) ✐s ❞❡✜♥❡❞ ❜② ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Z(i)❚❈(X) RΓ❩❛r
(
X, L̂Ω

≥i

−/Z

)

∏
p∈P Zp(i)

❇▼❙(X)
∏
p∈PRΓ❩❛r

(
X, (L̂Ω

≥i

−/Z)
∧
p

)
.

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥ t❤❛t t❤❡ ♣r❡s❤❡❛❢ Z(i)❚❈ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ ❇❤❛tt✕▼♦rr♦✇✕❙❝❤♦❧③❡✬s s②♥t♦♠✐❝ ❝♦♠♣❧❡① Zp(i)

❇▼❙ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥❞ ✇✐t❤ t❤❡

❍♦❞❣❡✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① RΓ❩❛r(−, L̂Ω
≥i

−/Q) ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳ ❋♦❧❧♦✇✲
✐♥❣ ❬❊▼✷✸❪✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t ✐s ❞❡✜♥❡❞ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p ❛♥❞ ③❡r♦ r❡s♣❡❝t✐✈❡❧②
❜② ❝❛rt❡s✐❛♥ sq✉❛r❡s

Z(i)♠♦t(X) Zp(i)
❇▼❙(X) Z(i)♠♦t(X) RΓ❩❛r

(
X, L̂Ω

≥i

−/Q

)

Z(i)❝❞❤(X)
(
L❝❞❤ Zp(i)

❇▼❙
)
(X) Z(i)❝❞❤(X) RΓ❝❞❤

(
X, L̂Ω

≥i

−/Q

)
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s t❤❡♥ ❛ ♥❛t✉r❛❧ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❊❧♠❛♥t♦✕
▼♦rr♦✇✬s ❞❡✜♥✐t✐♦♥ ♦✈❡r ❛ ✜❡❧❞✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❙❡❝t✐♦♥ ✹✳✸✮✳ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X ❛♥❞ ❡✈❡r②
✐♥t❡❣❡r i ∈ Z✱ t❤❡ ✇❡✐❣❤t✲i ♠♦t✐✈✐❝ ❝♦♠♣❧❡①

Z(i)♠♦t(X) ∈ D(Z)

♦❢ X ✐s ❞❡✜♥❡❞ ❜② ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Z(i)♠♦t(X) Z(i)❚❈(X)

Z(i)❝❞❤(X)
(
L❝❞❤ Z(i)

❚❈
)
(X),

✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② ❛ ✜❧t❡r❡❞ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❝❞❤ s❤❡❛✜✜❡❞
❝②❝❧♦t♦♠✐❝ tr❛❝❡ ♠❛♣✳

❍♦✇❡✈❡r✱ ♣r♦✈✐♥❣ t❤❡ ❡①♣❡❝t❡❞ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ❛♥❞ ❛❧❣❡✲
❜r❛✐❝ K✲t❤❡♦r② ✭❚❤❡♦r❡♠ ❈ ❜❡❧♦✇✮ r❡q✉✐r❡s ♠♦r❡ ❡✛♦rts ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ t❤❛♥ ♦✈❡r
❛ ✜❡❧❞✳ ❚❤❡ ♠❛✐♥ ❢♦✉♥❞❛t✐♦♥❛❧ ♦❜st❛❝❧❡ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ✈❛♥✐s❤ ✐♥
✇❡✐❣❤ts i < 0✱ ❛s ✇❡ ❡①♣❧❛✐♥ ♥♦✇✳ ◆♦t❡ ✜rst t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♣r❡s❤❡❛✈❡s Z(i)❝❞❤ ❞♦
✈❛♥✐s❤ ♦♥ ❛❧❧ q❝qs s❝❤❡♠❡s ✐♥ ✇❡✐❣❤ts i < 0 ✭❙❡❝t✐♦♥ ✹✳✷✮✳

■♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ t❤❡ ♣r❡s❤❡❛✈❡s Zp(i)
❇▼❙ ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✱ t❤✉s s♦ ❞♦ t❤❡

♣r❡s❤❡❛✈❡s Z(i)♠♦t✱ ❛♥❞ t❤❡ ③❡r♦t❤ st❡♣ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑ r❡❝♦✈❡rs
❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳ ■❣♥♦r✐♥❣ ❢♦r ❛ ♠♦♠❡♥t t❤❡ ❝♦♠♣❧❡t❡♥❡ss ✐ss✉❡s ❢♦r t❤✐s ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✱
t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ♣r♦✈✐❞❡ ❛ ♥❛t✉r❛❧ ❝♦❤♦♠♦❧♦❣✐❝❛❧ r❡✜♥❡♠❡♥t ♦❢ ❛❧❣❡❜r❛✐❝
K✲t❤❡♦r② ♦♥ ❛r❜✐tr❛r② ❝❤❛r❛❝t❡r✐st✐❝ p s❝❤❡♠❡s✳

✷✺



■♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ t❤❡ ♣r❡s❤❡❛✈❡s RΓ❩❛r(−, L̂Ω
≥i

−/Q) ❞♦ ♥♦t ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✳

■♥st❡❛❞✱ t❤❡② ❛r❡ ❡q✉❛❧ t♦ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r(−, L̂Ω−/Q)✱ ✇❤✐❝❤ ❤❛♣♣❡♥s t♦ ❜❡ ❛ ❝❞❤ s❤❡❛❢ ♦♥
q❝qs Q✲s❝❤❡♠❡s✱ ❜② r❡s✉❧ts ♦❢ ❈♦rt✐ñ❛s✕❍❛❡s❡♠❡②❡r✕❙❝❤❧✐❝❤t✐♥❣✕❲❡✐❜❡❧ ❬❈❍❙❲✵✽❪✱ ❆♥t✐❡❛✉
❬❆♥t✶✾❪✱ ❛♥❞ ❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❊▼✷✸❪✳ ❚❤❛t ✐s✱ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐❛❣r❛♠
✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ✇❡✐❣❤ts i < 0✱ s♦ t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✱ ❛♥❞ t❤❡
③❡r♦t❤ st❡♣ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑ r❡❝♦✈❡rs ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ♣r♦✈✐❞❡ ❛ ♥❛t✉r❛❧ ❝♦❤♦♠♦❧♦❣✐❝❛❧ r❡✜♥❡♠❡♥t ♦❢ ❛❧❣❡❜r❛✐❝
K✲t❤❡♦r② ♦♥ ❛r❜✐tr❛r② ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ s❝❤❡♠❡s✳

■♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ ✇❡ ♣r♦✈❡ s✐♠✐❧❛r❧② t❤❛t ✐♥ ✇❡✐❣❤ts i < 0✱ t❤❡ ♣r❡s❤❡❛✈❡s Z(i)❚❈

❛r❡ ❝❞❤ s❤❡❛✈❡s ♦♥ q❝qs s❝❤❡♠❡s✱ ✐✳❡✳✱ t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ✈❛♥✐s❤✳ ❚❤❡ r❡s✉❧t ♠♦❞✉❧♦
❛ ♣r✐♠❡ ♥✉♠❜❡r p ✐s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s
Zp(i)

❇▼❙ ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✳ ❚❤❡ ❞✐✣❝✉❧t② ✐s t♦ t❤❡♥ ♣r♦✈❡ t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Q(i)❚❈

❛r❡ ❝❞❤ s❤❡❛✈❡s ✐♥ ✇❡✐❣❤t i < 0✳
❚❤❡ ♠❛✐♥ ❝❞❤ ❞❡s❝❡♥t r❡s✉❧t ✉s❡❞ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝✲

t❡r✐st✐❝✳ ❚❤❛t ✐s✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r(−, L̂Ω−/Z) ✭♦r ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥✮ ✐s ♥♦t ❛ ❝❞❤ s❤❡❛❢ ♦♥
q❝qs s❝❤❡♠❡s✳ ❲❡ ❛✈♦✐❞ t❤✐s ❞✐✣❝✉❧t② ❜② ♣r♦✈✐♥❣ ❛ r✐❣✐❞✲❛♥❛❧②t✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤✐s ❝❞❤ ❞❡s❝❡♥t
r❡s✉❧t✳ ❚♦ ❢♦r♠✉❧❛t❡ t❤✐s r❡s✉❧t✱ ❞❡♥♦t❡ ❜②

RΓ❩❛r
(
X, L̂Ω

≥i

−Qp/Qp

)

t❤❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ♦❢ ❛ q❝qs Z(p)✲s❝❤❡♠❡ X✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛s
t❤❡ ♣✉s❤♦✉t ♦❢ t❤❡ ❞✐❛❣r❛♠

RΓ❩❛r
(
X, (L̂Ω

≥i

−/Z)
∧
p

)
←− RΓ❩❛r

(
X, L̂Ω

≥i

−/Z) −→ RΓ❩❛r(X, L̂Ω
≥i

−Q/Q
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❍❡r❡✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ q❝qs Z(p)✲s❝❤❡♠❡s ❢♦r s✐♠✲
♣❧✐❝✐t②✱ ❛♥❞ r❡❢❡r t♦ ❈❤❛♣t❡r ✺ ❢♦r t❤❡ r❡❧❡✈❛♥t st❛t❡♠❡♥ts ♦✈❡r Z✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜✲
♥✐t✐♦♥ ✷✳✶✳✷✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Q(i)❚❈(X) RΓ❩❛r(X, L̂Ω
≥i

−Q/Q
)

Qp(i)
❇▼❙(X) RΓ❩❛r(X, L̂Ω

≥i

−Qp/Qp
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ■♥ ✇❡✐❣❤ts i < 0✱ t❤❡ ♣r❡s❤❡❛✈❡s Qp(i)
❇▼❙ ✈❛♥✐s❤✳ ❆s ❛❧r❡❛❞②

♠❡♥t✐♦♥❡❞✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r(−, L̂Ω−Q/Q) ✐s ♠♦r❡♦✈❡r ❛ ❝❞❤ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s✳ ❙♦ t❤❡
❢❛❝t t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Q(i)❚❈ ❛r❡ ❝❞❤ s❤❡❛✈❡s ✐♥ ✇❡✐❣❤ts i < 0 r❡❞✉❝❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r✐❣✐❞✲❛♥❛❧②t✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❧❛tt❡r ❝❞❤ ❞❡s❝❡♥t ♦✈❡r Q✳

❚❤❡♦r❡♠ ❆ ✭❈❞❤ ❞❡s❝❡♥t ❢♦r r✐❣✐❞✲❛♥❛❧②t✐❝ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈♦r♦❧❧❛r② ✺✳✹✳✹✮✳
❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r

(
−, L̂Ω−Qp/Qp

)
s❛t✐s✜❡s ❝❞❤ ❞❡s❝❡♥t ♦♥ q❝qs

Z(p)✲s❝❤❡♠❡s✳

❚❤❡ ♠♦❞❡r♥ ♣r♦♦❢ ♦❢ t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ♦✈❡r Q r❡❧✐❡s ♦♥ t❤❡ t❤❡♦r② ♦❢ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐✲
❛♥ts ♦❢ ▲❛♥❞✕❚❛♠♠❡ ❬▲❚✶✾❪ ❛♥❞ ♦♥ ❛ t❤❡♦r❡♠ ♦❢ ●♦♦❞✇✐❧❧✐❡ ❬●♦♦✽✺❪✱ ✇❤♦ ♣r♦✈❡ r❡s♣❡❝t✐✈❡❧②
t❤❛t ❡✈❡r② tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t ✐s ❛ ❝❞❤ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s ❛♥❞ t❤❛t ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦✲
♠♦❧♦❣② ♦✈❡r Q ✐s ❛ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t ✐s ❛ ❧♦❝❛❧✐③✐♥❣

✷✻



✐♥✈❛r✐❛♥t E s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❝♦♥♥❡❝t✐✈❡ E1✲r✐♥❣ R✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ E(R) → E(π0(R)) ✐s
❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ❆✱ ✇❡ t❤❡♥ ✉s❡ t❤❡ ❝♦♥❞❡♥s❡❞ ♠❛t❤❡♠❛t✐❝s ♦❢ ❈❧❛✉s❡♥✕
❙❝❤♦❧③❡ ❬❈❙✶✾❪✱ ❛♥❞ ♣r♦✈❡ t❤❛t ❛ s✉✐t❛❜❧❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s
❛ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆ r❡❧✐❡s ♦♥ ❛ r❡s✉❧t ♦♥ ❛ss♦❝✐❛t✐✈❡
r✐♥❣s ✭❛❝t✉❛❧❧②✱ ♦♥ ❣❡♥❡r❛❧ s♦❧✐❞ ❝♦♥♥❡❝t✐✈❡ E1✲r✐♥❣s✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ❆✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢
r❛t✐♦♥❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✳

❚❤❡♦r❡♠ ❇ ✭p✲❛❞✐❝ ❛♥❞ r❛t✐♦♥❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈♦r♦❧❧❛r✐❡s ✹✳✸✳✶✷ ❛♥❞ ✺✳✻✳✻✮✳ ▲❡t
X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ∈ Z ❛♥❞ k ≥ 1✱ t❤❡
♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s

Z /pk(i)♠♦t(X) Z /pk(i)❇▼❙(X) Q(i)♠♦t(X) RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

Z /pk(i)❝❞❤(X)
(
L❝❞❤ Z /p

k(i)❇▼❙
)
(X) Q(i)❝❞❤(X) RΓ❝❞❤

(
X, L̂Ω

≥i

−Q/Q

)

❛r❡ ❝❛rt❡s✐❛♥ sq✉❛r❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❚♦❣❡t❤❡r✱ t❤❡s❡ t✇♦ ❝❛rt❡s✐❛♥ sq✉❛r❡s r❡❝♦✈❡r t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡s ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇
t❤❛t ❞❡✜♥❡ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ♦✈❡r ❛ ✜❡❧❞✱ ❛♥❞ ❛r❡ t❤✉s ♥❛t✉r❛❧ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
❛♥❛❧♦❣✉❡s ♦❢ t❤❡s❡✳ ❚❤❡ p✲❛❞✐❝ ♣❛rt ♦❢ ❚❤❡♦r❡♠ ❇ ✐s ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥s ✷✳✶✳✷
❛♥❞ ✷✳✶✳✸✳ ❚❤❡ r❛t✐♦♥❛❧ ♣❛rt ♦❢ ❚❤❡♦r❡♠ ❇ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ Q(i)♠♦t(X)
❛♥❞ Q(i)❝❞❤(X) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ XQ ♦❢ t❤❡ s❝❤❡♠❡ X✳ ■❢ X ✐s r❡❣✉❧❛r✱ t❤✐s
❞✐✛❡r❡♥❝❡ s❤♦✉❧❞ ✈❛♥✐s❤✱ ❛♥❞ t❤✐s ✐s t❤❡♥ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❚❤❡♦r❡♠ ❇ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛♣t✉r❡ ✐♥t❡r❡st✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s✐♥❣✉❧❛r✐t✐❡s
♦❢ ❛♥ ❛r❜✐tr❛r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✿ ❝❞❤ s❤❡❛✈❡s ❛r❡ t②♣✐❝❛❧❧② ✐♥s❡♥s✐t✐✈❡ t♦ s✐♥❣✉❧❛r✐t✐❡s✱ s♦
t❤❡ s✐♥❣✉❧❛r ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t(R) ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❝♦♠♣❧❡①❡s
Z /pk(i)❇▼❙(R) ❛♥❞ LΩ<i(R⊗ZQ)/Q✱ ✇❤✐❝❤ ❛r❡ ❛❝❝❡ss✐❜❧❡ t♦ ❝♦♠♣✉t❛t✐♦♥✳

❚❤❡♦r❡♠ ❇ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Q(i)♠♦t ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✱ ✇❤✐❝❤ ✇❛s t❤❡
❡ss❡♥t✐❛❧ ♠✐ss✐♥❣ ♣❛rt t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✳

❚❤❡♦r❡♠ ❈ ✭❘❡❧❛t✐♦♥ t♦ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✮✳ ❚❤❡r❡ ❡①✐sts ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢ ♦❢
✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(−) : ❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✶✮ ✭❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡❀ s❡❡ ❙❡❝t✐♦♥ ✺✳✺✮ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡
✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ N✲✐♥❞❡①❡❞ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡✲
❜r❛✐❝ K✲t❤❡♦r② ❑(X)✱ ✇❤♦s❡ ❣r❛❞❡❞ ♣✐❡❝❡s ❛r❡ ♥❛t✉r❛❧❧② ❣✐✈❡♥ ❜②

❣ri♠♦t❑(X) ≃ Z(i)♠♦t(X)[2i], i ≥ 0.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇r✐t✐♥❣ ❍j♠♦t(X,Z(i)) := ❍j(Z(i)♠♦t(X)) ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✱ t❤❡r❡ ❡①✐sts ❛♥ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Ei,j2 = ❍i−j♠♦t(X,Z(−j)) =⇒ ❑−i−j(X).

✷✼



■❢ X ❤❛s ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥✱✶ t❤❡♥ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ✐s ❝♦♠♣❧❡t❡✱ ❛♥❞ t❤❡
❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✐s ❝♦♥✈❡r❣❡♥t✳

✭✷✮ ✭❆❞❛♠s ❞❡❝♦♠♣♦s✐t✐♦♥❀ s❡❡ ❈♦r♦❧❧❛r② ✺✳✺✳✶✶✮ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ❆t✐②❛❤✕
❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❞❡❣❡♥❡r❛t❡s r❛t✐♦♥❛❧❧② ❛♥❞✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ t❤❡r❡
✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❑n(X)⊗Z Q ∼=
⊕

i≥0

(
❍2i−n
♠♦t (X,Z(i))⊗Z Q

)

✐♥❞✉❝❡❞ ❜② t❤❡ ❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ r❛t✐♦♥❛❧✐s❡❞ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳

❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❤✐st♦r✐❝❛❧ ♠♦t✐✈❛t✐♦♥s ❢♦r ❞❡✈❡❧♦♣✐♥❣ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✇❛s t♦ ❛♣♣❧②
❝♦❤♦♠♦❧♦❣✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ t❤❡ st✉❞② ♦❢ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❬❇▼❙✽✼❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠
s✉♠♠❛r✐③❡s ♦✉r r❡s✉❧ts ♦♥ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ♣r❡✈✐♦✉s❧② st✉❞✐❡❞
❝♦❤♦♠♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts✳ ❲❤❡♥ X ✐s s♠♦♦t❤ ♦✈❡r Z✱ ✇❡ ❞❡♥♦t❡ ❜②

Z(i)❝❧❛(X) := zi(X, •)[−2i]

t❤❡ ✇❡✐❣❤t✲i ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①✱ ✇❤❡r❡ zi(X, •) ✐s ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡① ✭❛♥❞ • ✐s t❤❡
❝♦❤♦♠♦❧♦❣✐❝❛❧ ✐♥❞❡①✮✳

❚❤❡♦r❡♠ ❉✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳

✭✶✮ ✭❲❡✐❣❤t ③❡r♦❀ s❡❡ ❊①❛♠♣❧❡ ✺✳✻✳✽✮ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(0)♠♦t(X)
∼
−−→ RΓ❝❞❤(X,Z)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✭✷✮ ✭❲❡✐❣❤t ♦♥❡❀ s❡❡ ❊①❛♠♣❧❡ ✽✳✶✳✶✺✮ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣

RΓ◆✐s(X,Gm)[−1] −→ Z(1)♠♦t(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st t❤r❡❡✳

✭✸✮ ✭➱t❛❧❡ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈♦r♦❧❧❛r② ✻✳✶✳✻✮ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r ℓ ✇❤✐❝❤ ✐s ✐♥✈❡rt✐❜❧❡ ✐♥
X ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r k ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣

Z /ℓk(i)♠♦t(X) −→ RΓét(X,µ
⊗i
ℓk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /ℓk) ✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

✭✹✮ ✭❙②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈♦r♦❧❧❛r② ✻✳✷✳✺✮ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r
k ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)♠♦t(X) −→ Z /pk(i)s②♥(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ✇❤❡r❡
Z /pk(i)s②♥(X) ❞❡♥♦t❡s t❤❡ ✇❡✐❣❤t✲i s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ X ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❇▲✷✷❪✳

✶❚❤❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❛♥❦s ♦❢ ❝❡rt❛✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱
✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❏❛✛❛r❞ ✐♥ ❬❏❛❢✻✵✱ ❈❤❛♣t❡r ■❱❪✱ ❛♥❞ ❣❡♥❡r❛❧✐s❡❞ t♦ s❝❤❡♠❡s ✐♥ ❬❊❍■❑✷✶✱ ❙❡❝t✐♦♥ 2.3❪✳ ❚❤❡
✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ s❝❤❡♠❡ ✐s ❛❧✇❛②s ❛t ❧❡❛st ❡q✉❛❧ t♦ ✐ts ❑r✉❧❧ ❞✐♠❡♥s✐♦♥✱ ❛♥❞ ❜♦t❤ ♥♦t✐♦♥s ❛❣r❡❡ ♦♥
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ t❤❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ q❝qs s❝❤❡♠❡ X ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛♥ ✉♣♣❡r
❜♦✉♥❞ ♦♥ t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝❞❤ t♦♣♦s ♦❢ X ✭❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✮✳
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✭✺✮ ✭▼✐❧♥♦r K✲t❤❡♦r②❀ s❡❡ ❚❤❡♦r❡♠ ✽✳✷✳✻✮ ■❢ X = ❙♣❡❝(A) ✐s t❤❡ s♣❡❝tr✉♠ ♦❢ ❛ ❤❡♥s❡❧✐❛♥
❧♦❝❛❧ r✐♥❣ A✱ t❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❑̂▼
i (A)/n

∼=
−−→ ❍i♠♦t(A,Z(i))/n

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✇❤❡r❡ ❑̂▼
i (A) ❞❡♥♦t❡s t❤❡ it❤ ✐♠♣r♦✈❡❞ ▼✐❧♥♦r K✲❣r♦✉♣ ♦❢ A ✐♥ t❤❡

s❡♥s❡ ♦❢ ❬❑❡r✶✵❪✳

✭✻✮ ✭❈❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈❤❛♣t❡r✼✮ ■❢ X ✐s s♠♦♦t❤ ♦✈❡r Z✱ t❤❡♥ t❤❡r❡ ✐s ❛
♥❛t✉r❛❧ ♠❛♣

Z(i)❝❧❛(X) −→ Z(i)♠♦t(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+1 ✐♥ ❣❡♥❡r❛❧✱
❛♥❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❛❧❧ ❞❡❣r❡❡s ✐❢ X ❤❛s ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡ ♦✈❡r Z✳

✭✼✮ ✭▲✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✮ ■❢ X = ❙♣❡❝(A) ✐s t❤❡ s♣❡❝tr✉♠ ♦❢ ❛
❧♦❝❛❧ r✐♥❣ A✱ t❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)❧✐ss❡(A)
∼
−−→ τ≤i Z(i)♠♦t(A)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ Z(i)❧✐ss❡ ❞❡♥♦t❡s t❤❡ ✇❡✐❣❤t✲i ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②
♦❢ A✱ ❞❡✜♥❡❞ ❛s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦♠♣❧❡① Z(i)❝❧❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❝t♦r τ≤i Z(i)♠♦t ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❧♦❝❛❧ r✐♥❣s
❢r♦♠ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

✭✽✮ ✭A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❚❤❡♦r❡♠ ✶✷✳✶✳✺✮ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡
(
LA1 Z(i)♠♦t

)
(X)

∼
−−→ Z(i)A

1
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ Z(i)A
1
(X) ❞❡♥♦t❡s t❤❡ ✇❡✐❣❤t✲i A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝

❝♦❤♦♠♦❧♦❣② ♦❢ X ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❇❊▼✷✹❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ❉ (8) ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ A1✲✐♥✈❛r✐❛♥t
♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)A

1
r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s

❬❇❊▼✷✹❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧t❤♦✉❣❤ ✇❡ ❡①♣❡❝t ♦✉r ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t t♦ ❛❝t✉❛❧❧② ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❢♦r♠❡r
❛t ❧❡❛st r❡❝♦✈❡r t❤❡ ❧❛tt❡r ❛❢t❡r ❡♥❢♦r❝✐♥❣ A1✲✐♥✈❛r✐❛♥❝❡✳

❈♦r♦❧❧❛r② ❊ ✭❙❡❡ ❈♦r♦❧❧❛r② ✶✷✳✶✳✾✮✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r Z✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r
i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)❝❧❛(X) ≃
(
LA1 Z(i)♠♦t

)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❆ss✉♠✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ♠♦t✐✈❡s ❉▼✱ t❤❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ ❛ s❝❤❡♠❡ X s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜②

❍j♠♦t(X,Z(i))
∼= ❍♦♠❉▼(▼(X),Z(i)[j]),

✇❤❡r❡ ▼(X) ∈ ❉▼ ✐s t❤❡ ♠♦t✐✈❡ ❛ss♦❝✐❛t❡❞ t♦ X✱ ❛♥❞ Z(i) ∈ ❉▼ ❛r❡ t❤❡ ❚❛t❡ ♠♦t✐✈❡s✱ ✜tt✐♥❣
❢♦r ❡✈❡r② ✐♥t❡❣❡r r ≥ 0 ✐♥ ❛ ♥❛t✉r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❉▼✿

▼(PrZ)
∼=

r⊕

j=0

Z(j)[2j].

✷✾



■♥ t❤❡ A1✲✐♥✈❛r✐❛♥t ❢r❛♠❡✇♦r❦✱ ❱♦❡✈♦❞s❦② ❝♦♥str✉❝t❡❞ s✉❝❤ ❛ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ♠♦t✐✈❡s✱
✐♥ ✇❤✐❝❤ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ❚❛t❡
♠♦t✐✈❡s✳ ❲✐t❤♦✉t ❛ss✉♠✐♥❣ A1✲✐♥✈❛r✐❛♥❝❡✱ ❆♥♥❛❧❛✕■✇❛s❛ ❬❆■✷✸❪ ❛♥❞ ❆♥♥❛❧❛✕❍♦②♦✐s✕■✇❛s❛
❬❆❍■✷✸✱ ❆❍■✷✹❪ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ ♠♦t✐✈❡s✱ ✇❤❡r❡ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈❡ ▼(PrZ)✱ ✐✳❡✳✱ t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛✱ ✐s ✐s♦❧❛t❡❞ ❛s t❤❡ ❦❡②
❞❡✜♥✐♥❣ ♣r♦♣❡rt②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t st❛t❡s t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ✜t ✇✐t❤✐♥
t❤✐s t❤❡♦r② ♦❢ ♥♦♥✲A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈❡s✳

❚❤❡♦r❡♠ ❋ ✭Pr♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛❀ s❡❡ ❚❤❡♦r❡♠ ✾✳✸✳✷✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ i ≥ 0 ❜❡
❛♥ ✐♥t❡❣❡r✱ ❛♥❞ E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ r ♦♥ X✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣♦✇❡rs
♦❢ t❤❡ ♠♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss c♠♦t

1 (O(1)) ∈ ❍2
♠♦t(PX(E),Z(1)) ✐♥❞✉❝❡ ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

r−1⊕

i=0

Z(i− j)♠♦t(X)[−2j]
∼
−−→ Z(i)♠♦t(PX(E))

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❚❤❡♦r❡♠ ❋ ✐s ♣r♦✈❡❞ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇ ✐♥ t❤❡ ❡q✉✐❝❤❛r❛❝t❡r✐st✐❝ ❝❛s❡ ❬❊▼✷✸❪✱ ✇❤❡r❡
t❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝♦♠♣❧❡①❡s Z(i)❝❞❤ ❬❇❊▼✷✹❪✳ ■♥
♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ ❤♦✇❡✈❡r✱ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❞❤ ❛r❡ ❦♥♦✇♥ t♦ s❛t✐s❢②
t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛ ♦♥❧② ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ ❛ ❝❡rt❛✐♥ ♣r♦♣❡rt② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ❝❛❧❧❡❞
F ✲s♠♦♦t❤♥❡ss ❬❇▼✷✸✱ ❇❊▼✷✹❪✳ ❆s ✇❡ ❡①♣❧❛✐♥ ♥♦✇✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ ♠✐①❡❞
❝❤❛r❛❝t❡r✐st✐❝✱ ❢♦r ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦✈❡r ❛ ♣❡r❢❡❝t♦✐❞ ❜❛s❡✳ ❚❤❡ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧ ✈❛❧✉❛t✐♦♥ r✐♥❣s
r❡♠❛✐♥✐♥❣ ♦♣❡♥✱ ♦✉r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❋ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇✱ ❛♥❞ ✉s❡s ✐♥
♣❛rt✐❝✉❧❛r ♦✉r ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❡r♠s ♦❢ s②♥t♦♠✐❝
❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✻✳✷✳✹✮✳

✷✳✷ ▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s

■♥ r❡❝❡♥t ②❡❛rs✱ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛s ❛ ✇❛② t♦ ❜②♣❛ss r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱
✐♥ ♦r❞❡r t♦ ❛❞❛♣t ❛r❣✉♠❡♥ts ❢r♦♠ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ t♦ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ ❬❑❙❚✷✶✱ ❑▼✷✶❪✳
❲❡ ❡①♣❧❛✐♥ ❤❡r❡ ❤♦✇ t♦ ❛❞❛♣t s♦♠❡ ♦❢ t❤❡s❡ ✐❞❡❛s ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ st❛rt✐♥❣ ✇✐t❤
t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ▼♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♦♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❤❛✈❡ ❛♣♣❡❛r❡❞ ❛s
❬❇♦✉✷✸❪✳

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ✇❤✐❝❤ ✇❡ ✜① ❢♦r t❤❡ r❡st ♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ❈❛rt✐❡r
✐s♦♠♦r♣❤✐s♠ st❛t❡s t❤❛t ❢♦r ❛♥② s♠♦♦t❤ Fp✲❛❧❣❡❜r❛ A✱ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣

C−1 :

{
ΩnA/Fp

−→ ❍n(Ω•A/Fp
)

fdg1 ∧ · · · ∧ dgn 7−→ fpgp−11 . . . gp−1n dg1 ∧ · · · ∧ dgn

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ Fp✲✈❡❝t♦r s♣❛❝❡s ❢♦r ❡❛❝❤ n ≥ 0✳ ❆ss✉♠✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s
✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥② Fp✲❛❧❣❡❜r❛ ✇♦✉❧❞ ❜❡ ❧♦❝❛❧❧② s♠♦♦t❤ ✐♥ t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳ ❚❤❡ ❧♦❝❛❧
r✐♥❣s ✐♥ t❤❡ ❝❞❤ t♦♣♦❧♦❣② ❛r❡ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ s♦ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p s❤♦✉❧❞ ❜❡
✜❧t❡r❡❞ ❝♦❧✐♠✐ts ♦❢ s♠♦♦t❤ Fp✲❛❧❣❡❜r❛s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r s❤♦✉❧❞ s❛t✐s❢② t❤❡ ❈❛rt✐❡r ✐s♦♠♦r✲
♣❤✐s♠✳ ❲✐t❤♦✉t ❛ss✉♠✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ ●❛❜❜❡r ♣r♦✈❡❞ ❬❑❙❚✷✶✱ ❆♣♣❡♥❞✐①❪ t❤❛t
✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ❛❝t✉❛❧❧② s❛t✐s❢② t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ▼♦t✐✈❛t❡❞ ❜② t❤✐s
r❡s✉❧t ❛♥❞ t❤❡ ❣❡♥❡r❛❧ ❧❛❝❦ ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ❑❡❧❧② ❛♥❞ ▼♦rr♦✇ ❬❑▼✷✶❪
✐♥tr♦❞✉❝❡❞ ❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s ❛s Fp✲❛❧❣❡❜r❛s s❛t✐s❢②✐♥❣ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞
st✉❞② t❤❡✐r ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳

✸✵



❲❡ ❞❡✈❡❧♦♣ ❤❡r❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤✐s st♦r② ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳ ❚❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r
♠❛♣✱ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♠♦r♣❤✐s♠✱ ✐s s♣❡❝✐✜❝ t♦ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥❞ ✇❡ ❞❡✜♥❡
p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss ❢♦r ❣❡♥❡r❛❧ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠s ❡ss❡♥t✐❛❧❧② ✐♥ t❡r♠s ♦❢ t❤❡✐r r❡❞✉❝t✐♦♥
♠♦❞✉❧♦ p✳ ❚❤✐s ♠♦r❡ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ✐♥tr♦❞✉❝❡❞ ❜② ❑❡❧❧②✕▼♦rr♦✇ ❬❑▼✷✶❪
✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t t❤❡ ❜❛s❡ r✐♥❣ ✐s Fp✳ ❋♦r ❛♥ Fp✲❛❧❣❡❜r❛ R✱ ✇❡ ❞❡♥♦t❡ ❜② ϕR ✐ts ❋r♦❜❡♥✐✉s
❡♥❞♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶ ✭❈❛rt✐❡r s♠♦♦t❤♥❡ss✮✳ ✭✶✮ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ Fp✲❛❧❣❡❜r❛s ✐s ❈❛rt✐❡r
s♠♦♦t❤✱ ♦r S ✐s ❛ ❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✱ ✐❢ ✐t ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ✐✳❡✳✱ ✐ts ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① LS/R ✐s ❛ ✢❛t S✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦ ❣✐✈❡♥ ❜② Ω1

S/R✱ ❛♥❞ ✐❢ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r
♠❛♣

C−1 : ΩnS/R ⊗R,ϕR R −→ ❍n(Ω•S/R)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s ❢♦r ❡❛❝❤ n ≥ 0✳

✭✷✮ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤✱ ♦r S ✐s ❛ p✲❈❛rt✐❡r
s♠♦♦t❤ R✲❛❧❣❡❜r❛✱ ✐❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ S ⊗L

R R/p −→ S/p[0] ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡
❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(R/p) ❛♥❞ t❤❡ r❡❞✉❝t✐♦♥ R/p→ S/p ♠♦❞✉❧♦ p ✐s ❈❛rt✐❡r s♠♦♦t❤✳

❙❛✐❞ ❛♥♦t❤❡r ✇❛②✱ ❛ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐❢ ✐t ✐s
p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ✭❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✸✮ ❛♥❞ ✐❢ ✐ts r❡❞✉❝t✐♦♥ R/p → S/p ♠♦❞✉❧♦ p s❛t✐s✜❡s
t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ❤②♣♦t❤❡s✐s ✐s ♥❡❝❡ss❛r② ♥♦t t♦ ❧♦s❡
❝♦♥tr♦❧✱ ✇❤❡♥ s♣❡❝✐❛❧✐s✐♥❣ t♦ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ♦♥ t❤❡ ✐♥✈❛r✐❛♥ts t❤❛t ✇❡ ✇✐❧❧ st✉❞②✳ ❆♥② s♠♦♦t❤
♠♦r♣❤✐s♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✭❢♦r ❛♥② ♣r✐♠❡ p✮✳ ❘❡❣❛r❞✐♥❣ ✈❛❧✉❛t✐♦♥
r✐♥❣s✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✭✐✳❡✳✱ ❛♥ ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✮ ✐♥ ♠✐①❡❞
❝❤❛r❛❝t❡r✐st✐❝ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t p✲❈❛rt✐❡r s♠♦♦t❤✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♠♦r♣❤✐s♠ Zp → Zp✱ ✇❤❡r❡
Zp ✐s t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ Qp ♦❢ Qp✱ ✐s ♥♦t p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ❛♥❞
❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✿ ✐ts ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✐s ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜②
t❤❡ t♦rs✐♦♥ Zp✲♠♦❞✉❧❡ Qp/Zp✱ ❛♥❞ Ω0

(Zp/p)/Fp
= Zp/p ❝♦♥t❛✐♥s ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts❀ ✐♥ ❢❛❝t✱ t❤❡

❞❡ ❘❤❛♠ ❝♦♠♣❧❡① ♦❢ Fp → Zp/p ✐s ③❡r♦ ✐♥ ♣♦s✐t✐✈❡ ❞❡❣r❡❡s✱ ❛♥❞ t❤✉s ❞♦❡s ♥♦t ❝♦♥✈❡② ❛ ❧♦t
♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❜❛s❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐s s✉✣❝✐❡♥t❧② r❛♠✐✜❡❞✱ t❤❡s❡ ♦❜str✉❝t✐♦♥s
✈❛♥✐s❤ ❛♥❞ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ r❡s✉❧t✳ ❚❤✐s ❣❡♥❡r❛❧✐s❡s ❛ t❤❡♦r❡♠ ♦❢ ●❛❜❜❡r ✐♥
❝❤❛r❛❝t❡r✐st✐❝ p✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ♦✈❡r ♣❡r❢❡❝t ✈❛❧✉❛t✐♦♥ r✐♥❣s ✭❚❤❡♦r❡♠ ✶✶✳✷✳✹ ❜❡❧♦✇✮✳ ❲❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ ❬❇▼❙✶✽✱ ❉❡✜♥✐t✐♦♥ 3.5❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣❡r❢❡❝t♦✐❞ r✐♥❣s✳

❚❤❡♦r❡♠ ● ✭❙❡❡ ❚❤❡♦r❡♠ ✶✶✳✷✳✶✮✳ ▲❡t V0 ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝✲
t♦✐❞ r✐♥❣✳ ▲❡t V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V0✳ ❚❤❡♥ t❤❡ ♠♦r♣❤✐s♠ V0 → V ✐s p✲❈❛rt✐❡r
s♠♦♦t❤✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ● ♣r♦❝❡❡❞s ❜② r❡❞✉❝t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ ❝❤❛r❛❝t❡r✐s✲
t✐❝ p✱ ❛♥❞ ✉s❡s ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r②✳ ❲❡ ❡①♣❧❛✐♥ ♥♦✇ ❤♦✇ t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ● t♦ ❝♦♠♣✉t❛t✐♦♥s
♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✳

❘❡❝❛❧❧ t❤❛t ♦♥ s♠♦♦t❤ Fp✲s❝❤❡♠❡s✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♥❥❡❝t✉r❡✱ ♣r♦✈❡❞ ❜② ❙✉s❧✐♥
❛♥❞ ❱♦❡✈♦❞s❦② ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❇❧♦❝❤✕❑❛t♦ ❝♦♥❥❡❝t✉r❡ ❬❙❱✵✵❪✱ ❝♦♠♣✉t❡s t❤❡ ℓ✲❛❞✐❝
♣❛rt ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ ét❛❧❡ s❤❡❛❢ µℓk ♦❢ ℓk✲r♦♦ts ♦❢
✉♥✐t②✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ p✲❛❞✐❝ ♣❛rt ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ♦♥❡ ♥❡❡❞s t♦ r❡♣❧❛❝❡ µ⊗i

ℓk
✭✇❤✐❝❤ ✐s

③❡r♦ ♦♥ s♠♦♦t❤ ✈❛r✐❡t✐❡s ✇❤❡♥ ℓ = p ❛♥❞ i > 0✮ ❜② t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❞❡ ❘❤❛♠✕❲✐tt s❤❡❛✈❡s
WkΩ

i
−,❧♦❣ ❬●▲✵✵❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡s❝r✐♣t✐♦♥ ♦❢ p✲❛❞✐❝ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ ✐♥ t❡r♠s ♦❢ t❤❡

❧♦❣❛r✐t❤♠✐❝ ❞❡ ❘❤❛♠✕❲✐tt s❤❡❛✈❡s✱ ✐s ❣❡♥❡r❛❧✐s❡❞ ✐♥ ❬❑▼✷✶❪ t♦ ❛❧❧ ❈❛rt✐❡r s♠♦♦t❤ Fp✲❛❧❣❡❜r❛s✳

✸✶



❖♥ s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ t❤❡ p✲❛❞✐❝ ♣❛rt ♦❢ ❝❧❛s✲
s✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐s s✐♠✐❧❛r❧② ❞❡s❝r✐❜❡❞ ✐♥ ❧♦✇ ❞❡❣r❡❡s ❜② t❤❡ ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡
❣❡♥❡r✐❝ ✜❜r❡ ❬●❡✐✵✹❪✳ ❚❤✐s r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ●❡rst❡♥ ❝♦♥❥❡❝t✉r❡ ♣r♦✈❡❞ ❜② ●❡✐ss❡r
❬●❡✐✵✹❪✱ ❛♥❞ ✐s ✉♥❦♥♦✇♥ ❢♦r ❣❡♥❡r❛❧ r❡❣✉❧❛r s❝❤❡♠❡s✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ❉ (6)✱ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①t❡♥❞s t❤✐s ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② t♦ t❤❡ r❡❣✉❧❛r ❝❛s❡✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♥♦t✐♦♥ ♦❢ F ✲s♠♦♦t❤♥❡ss ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪ ❛s ❛
♥♦♥✲♥♦❡t❤❡r✐❛♥ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ r❡❣✉❧❛r s❝❤❡♠❡s✱ ❛♥❞ ♦✉r r❡s✉❧t ♥❛t✉r❛❧❧② ❛♣♣❧✐❡s t♦ ❣❡♥❡r❛❧
p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡s✳

❚❤❡♦r❡♠ ❍ ✭❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♥❥❡❝t✉r❡ ❢♦r F ✲s♠♦♦t❤ s❝❤❡♠❡s❀ s❡❡ ❈♦r♦❧❧❛r② ✻✳✷✳✻✮✳
▲❡t X ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡ ✭❡✳❣✳✱ ❛ r❡❣✉❧❛r s❝❤❡♠❡ ✢❛t ♦✈❡r Z✮✳ ❚❤❡♥ ❢♦r ❛♥②
✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)♠♦t(X) −→ RΓét(X[1p ], µ
⊗i
pk
)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 1✱ ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i✳

❖✈❡r ❛ ♣❡r❢❡❝t♦✐❞ ❜❛s❡ r✐♥❣✱ F ✲s♠♦♦t❤♥❡ss ❛♥❞ p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss ❝♦✐♥❝✐❞❡ ❜② ❚❤❡♦✲
r❡♠ ✶✶✳✶✳✶✾✳ ❯s✐♥❣ ❚❤❡♦r❡♠s ● ❛♥❞ ❍✱ ✇❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦✈❡r ❛ ♣❡r❢❡❝t♦✐❞ ❜❛s❡✳

❈♦r♦❧❧❛r② ■ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s❀ s❡❡ ❚❤❡♦r❡♠ ✶✶✳✹✳✻✮✳ ▲❡t V0 ❜❡ ❛
p✲t♦rs✐♦♥❢r❡❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✱ ❛♥❞ V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣
❡①t❡♥s✐♦♥ ♦❢ V0✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z /pk(i)♠♦t(V )
✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❛♥❞ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)♠♦t(V ) −→ RΓét(❙♣❡❝(V [1p ]), µ
⊗i
pk
)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i−1✳ ❖♥ ❍i✱ t❤✐s ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡✱ ✇✐t❤ ✐♠❛❣❡ ❣❡♥❡r❛t❡❞
❜② s②♠❜♦❧s✱ ✈✐❛ t❤❡ s②♠❜♦❧ ♠❛♣

(V ×)⊗i → ❍iét(❙♣❡❝(V [1p ]), µ
⊗i
pk
).

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❍ r❡❧✐❡s ♦♥ ❛ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ♦❢ ❇❤❛tt✕▼❛t❤❡✇
❬❇▼✷✸❪✳ ❲❡ r❡♣r♦✈❡ t❤✐s s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤
❛❧❣❡❜r❛s ♦✈❡r ❛ ♣❡r❢❡❝t♦✐❞ Z❝②❝

p ✲❛❧❣❡❜r❛✱ ✉s✐♥❣ ❛ ♣r♦♣❡rt② ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s ♦♥
t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦❢ t❤❡✐r r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ❏ (N≥) ❜❡❧♦✇✮✳ ❚♦
♣r♦✈❡ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❡①t❡♥❞ ✈❛r✐♦✉s r❡s✉❧ts ♦♥ t❤❡ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤
❛❧❣❡❜r❛s t♦ ❣❡♥❡r❛❧ p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s✳ ■t ✐s ❛ ♣r✐♦r✐ s✉r♣r✐s✐♥❣ t❤❛t t❤❡s❡ ♣r♦♣❡rt✐❡s
❛r❡ tr✉❡ ❛ss✉♠✐♥❣ ♦♥❧② ❛ ♣r♦♣❡rt② ♦♥ t❤❡ s♣❡❝✐❛❧ ✜❜r❡ ✭♥❛♠❡❧②✱ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✮❀ ✇❡
♣r♦✈❡ t❤❛t s♦♠❡ ♦❢ t❤❡♠ ❡✈❡♥ ❝❤❛r❛❝t❡r✐s❡ p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss✳

❚❤❡♦r❡♠ ❏ ✭❙❡❡ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✮✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠✱ ❛♥❞ S ❛ p✲❝♦t❛♥❣❡♥t
s♠♦♦t❤ A/I✲❛❧❣❡❜r❛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

(CSm) S ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r A/I✳

(LΩ = L̂Ω) ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ (LΩS/(A/I))
∧
p → (L̂ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(A/I)✱ ✇❤❡r❡ (L̂ΩS/(A/I))
∧
p ✐s t❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ p✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞

❞❡ ❘❤❛♠ ❝♦♠♣❧❡①✳

✸✷



(LΩ = Ω) ❚❤❡ ❝♦✉♥✐t ♠❛♣ (LΩS/(A/I))
∧
p → (ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡✲

❣♦r② D(A/I)✱ ✇❤❡r❡ (LΩS/(A/I))
∧
p ✐s t❤❡ p✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡①✳

(dR) ❚❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✁
(1)
S/A ⊗

L
A A/I → (ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡

❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳

(✁ = ✁̂) ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ ❝❛♥ : ✁
(1)
S/A → ✁̂

(1)

S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✱

✇❤❡r❡ ✁̂
(1)

S/A ✐s t❤❡ ◆②❣❛❛r❞✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡①✳

(Lη) ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ̃ : ✁
(1)
S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

(N≥) ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ τ≤iϕ : τ≤iN≥i✁
(1)
S/A → τ≤iIi✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(A) ❢♦r ❛❧❧ i ≥ 0✳

✷✳✸ ▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s✐♥❣✉❧❛r s❝❤❡♠❡s

❋♦r t❤❡ r❡st ♦❢ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② t❤❛t
❛r❡ s♣❡❝✐✜❝ t♦ s✐♥❣✉❧❛r s❝❤❡♠❡s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣✱ ②❡t ♠②st❡r✐♦✉s ❢❡❛t✉r❡s ♦❢
t❤❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ s✐♥❣✉❧❛r s❝❤❡♠❡s ✐s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦♥③❡r♦ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s✳
▼♦st ♦❢ t❤❡ ❝✉rr❡♥t ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s r❡❧✐❡s ♦♥ r❡s✉❧ts ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢
❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✇✐t❤ r❡s♣❡❝t t♦ ❜❧♦✇✉♣s ❬❈❍❙❲✵✽✱ ❑❙❚✶✽❪✳ ■t ✇❛s ♣r♦✈❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ❜②
❚❤♦♠❛s♦♥ ❬❚❤♦✾✸❪ t❤❛t ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② s❡♥❞s t❤❡ ❜❧♦✇✉♣ sq✉❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ r❡❣✉❧❛r
❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ t♦ ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢K✲❣r♦✉♣s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❝♦❤♦♠♦❧♦❣✐❝❛❧
r❡✜♥❡♠❡♥t ♦❢ ❚❤♦♠❛s♦♥✬s r❡s✉❧t✳

❚❤❡♦r❡♠ ❑ ✭❘❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛❀ s❡❡ ❚❤❡♦r❡♠ ✾✳✸✳✶✮✳ ❋♦r ❡✈❡r② r❡❣✉❧❛r ❝❧♦s❡❞ ✐♠♠❡r✲
s✐♦♥ Y → X ♦❢ q❝qs s❝❤❡♠❡s ✭✐✳❡✳✱ t❤❡ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ Y ✐s ❩❛r✐s❦✐✲❧♦❝❛❧❧② ♦♥ X ❞❡✜♥❡❞ ❜②
❛ r❡❣✉❧❛r s❡q✉❡♥❝❡✮ ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(X) Z(i)♠♦t(Y )

Z(i)♠♦t(❇❧Y (X)) Z(i)♠♦t(❇❧Y (X)×X Y )

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❍♦✇❡✈❡r✱ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❢❛✐❧s t♦ ❛ss♦❝✐❛t❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡s t♦ ❣❡♥❡r❛❧ ❜❧♦✇✉♣s✳
▼♦t✐✈❛t❡❞ ❜② ●r♦t❤❡♥❞✐❡❝❦✬s t❤❡♦r❡♠ ♦♥ ❢♦r♠❛❧ ❢✉♥❝t✐♦♥s ❢♦r q✉❛s✐✲❝♦❤❡r❡♥t ❝♦❤♦♠♦❧♦❣②
❬●r♦✻✶✱ ❚❤❡♦r❡♠ 4.1.5❪✱ ♠❛♥② ♣❡♦♣❧❡ ❤♦♣❡❞ ❢♦r ❛ ❢♦r♠❛❧ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡s❡ ❧♦♥❣ ❡①❛❝t s❡✲
q✉❡♥❝❡s ✐♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ t❤❛t ✇♦✉❧❞ ❤♦❧❞ ❢♦r ❣❡♥❡r❛❧ ❜❧♦✇✉♣s✳ ❚❤✐s ✇❛s ✜♥❛❧❧② ♣r♦✈❡❞
❜② ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪✱ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣r♦ ❝❞❤ ❡①❝✐s✐♦♥ ♣r♦♣❡rt② ❢♦r t❤❡ ❛❧❣❡✲
❜r❛✐❝ K✲t❤❡♦r② ♦❢ ❛r❜✐tr❛r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦ ❝❞❤ t♦♣♦❧♦❣② ✇❛s r❡❝❡♥t❧②
✐♥tr♦❞✉❝❡❞ ❜② ❑❡❧❧②✕❙❛✐t♦ ❬❑❙✷✹❪✱ ❛s ❛ ✇❛② t♦ ❡♥❝♦❞❡ t❤✐s ♣r♦ ❝❞❤ ❡①❝✐s✐♦♥ ♣r♦♣❡rt② ✐♥ ❛
❞❡s❝❡♥t ♣r♦♣❡rt② ❢♦r t❤✐s ●r♦t❤❡♥❞✐❡❝❦ t♦♣♦❧♦❣②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r ♦♥
❚❤❡♦r❡♠ ❇ ❛♥❞ ♦♥ ●r♦t❤❡♥❞✐❡❝❦✬s t❤❡♦r❡♠ ♦♥ ❢♦r♠❛❧ ❢✉♥❝t✐♦♥s✱ t❤✉s s❤❡❞❞✐♥❣ s♦♠❡ ❧✐❣❤t ♦♥
t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ q✉❛s✐✲❝♦❤❡r❡♥t ❛♥❞ K✲t❤❡♦r❡t✐❝ t❡❝❤♥✐q✉❡s✳

✸✸



❚❤❡♦r❡♠ ▲ ✭Pr♦ ❝❞❤ ❞❡s❝❡♥t❀ s❡❡ ❚❤❡♦r❡♠ ✶✵✳✷✳✶✶✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢
Z(i)♠♦t s❛t✐s✜❡s ♣r♦ ❝❞❤ ❞❡s❝❡♥t ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❛t ✐s✱ ❢♦r ❡✈❡r② ❛❜str❛❝t ❜❧♦✇✉♣
sq✉❛r❡

Y ′ X ′

Y X

♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(X) Z(i)♠♦t(X ′)

{Z(i)♠♦t(rY )}r {Z(i)♠♦t(rY ′)}r

✐s ❛ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❑❡❧❧②✕❙❛✐t♦ ♠♦r❡♦✈❡r ♣r♦✈❡❞ t❤❛t ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♥♦t ♦♥❧② s❛t✐s✜❡s
♣r♦ ❝❞❤ ❞❡s❝❡♥t✱ ❜✉t ✐s t❤❡ ♣r♦ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❬❑❙✷✹❪✳
❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❇❤❛tt✕▲✉r✐❡ t❤❛t ❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s ❧❡❢t
❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s ❬❊❍❑+✷✵❪✱ t❤✐s ♠♦t✐✈❛t❡❞ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♣r♦❝❞❤✱ ❛s t❤❡ ♣r♦ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ❧❡❢t
❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t r❡❧✐❡s ♦♥ t❤❡
❝♦♠♣❛r✐s♦♥ t♦ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ❉ (7)✮ ❛♥❞ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ✭❚❤❡♦r❡♠ ▲✮✳

❈♦r♦❧❧❛r② ▼ ✭❈♦♠♣❛r✐s♦♥ t♦ ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②❀ s❡❡ ❚❤❡♦r❡♠ ✶✵✳✹✳✷✮✳ ▲❡t X ❜❡ ❛
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)♣r♦❝❞❤(X)
∼
−−→ Z(i)♠♦t(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

◆♦t❡ t❤❛t t❤❡ ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♣r♦❝❞❤ ❛r❡ ♥♦t ✜♥✐t❛r②✱ s♦ t❤❡② ❝❛♥♥♦t ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ♦♥ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s✳

❆♥ ✐♠♣♦rt❛♥t ❝♦♥❥❡❝t✉r❡ ♦❢ ❲❡✐❜❡❧ ❬❲❡✐✽✵❪ st❛t❡s t❤❛t ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ X
♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✱ t❤❡ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s ❑−n(X) ✈❛♥✐s❤ ❢♦r ✐♥t❡❣❡rs n > d✳ ❚❤✐s
❝♦♥❥❡❝t✉r❡ ✇❛s s❡tt❧❡❞ ❜② ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣r♦ ❝❞❤ ❞❡s❝❡♥t
❢♦r ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✉s❡s t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ❑❡r③✕❙tr✉♥❦✕
❚❛♠♠❡ ❬❑❙❚✶✽❪ ❛s r❡❢♦r♠✉❧❛t❡❞ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❊▼✷✸❪✱ ✇❤♦ ♣r♦✈❡❞ t❤❡ s❛♠❡ r❡s✉❧t
♦✈❡r ❛ ✜❡❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❚❤❡♦r❡♠ ◆ r❡❧✐❡s ♦♥ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②
✭❚❤❡♦r❡♠ ▲✮✳

❚❤❡♦r❡♠ ◆ ✭▼♦t✐✈✐❝ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣❀ s❡❡ ❚❤❡♦r❡♠ ✶✵✳✸✳✸✮✳ ▲❡t X ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡
♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ d✱ ❛♥❞ i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j > i + d✱ t❤❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍j♠♦t(X,Z(i)) ✐s ③❡r♦✳

❱✐❛ t❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ❈✱ ❚❤❡♦r❡♠ ◆ ✐s ❛ ♠♦t✐✈✐❝ r❡✲
✜♥❡♠❡♥t ♦❢ ❲❡✐❜❡❧✬s ✈❛♥✐s❤✐♥❣ ❝♦♥❥❡❝t✉r❡ ✐♥ K✲t❤❡♦r②✳

✸✹



❈❤❛♣t❡r ✸

❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧
❝②❝❧✐❝ ❤♦♠♦❧♦❣②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs
❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✱ ✇❤♦s❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s Z(i)❚❈ ✇✐❧❧ s❡r✈❡ ❛s ❛ ❜✉✐❧❞✐♥❣
❜❧♦❝❦ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ✭❘❡♠❛r❦ ✹✳✸✳✼✮✳

❲❡ ✜rst ❡①♣❧❛✐♥ ❤♦✇ t♦ ❡①♣r❡ss t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐♥ t❡r♠s ♦❢ ✐ts ♣r♦✜♥✐t❡
❝♦♠♣❧❡t✐♦♥ ❛♥❞ ♦❢ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❋♦❧❧♦✇✐♥❣ ❬◆❙✶✽❪✱ ❛♥❞ ❣✐✈❡♥ ❛ q❝qs ❞❡r✐✈❡❞
s❝❤❡♠❡ X ❛♥❞ ❛ ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(X;Zp) ♦❢
X ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ✐ts p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈−(X;Zp) ❛♥❞
✐ts p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚P(X;Zp) ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✳ ❋♦❧❧♦✇✐♥❣
❬❉●▼✶✸✱ ▲❡♠♠❛ 6.4.3.2❪ ❛♥❞ ❬◆❙✶✽✱ ❙❡❝t✐♦♥ ■■✳4❪✱ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(X) ♦❢
X ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛

❚❈(X) ❚❈−(X)

∏
p∈P❚❈(X;Zp)

∏
p∈P❚❈

−(X;Zp).

❚❤❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ❚❍❍(X) → ❍❍(X)✱ ✐♥❞✉❝❡❞ ❜② ❡①t❡♥s✐♦♥ ♦❢ s❝❛❧❛rs ❛❧♦♥❣ t❤❡ ♠❛♣
♦❢ E∞✲r✐♥❣s ❚❍❍(Z) → Z✱ ✐s ❙1✲❡q✉✐✈❛r✐❛♥t✱ ❛♥❞ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ t❤❡ ❦❡r♥❡❧ ❛♥❞
❝♦❦❡r♥❡❧ ♦❢ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ ♦♥ ❤♦♠♦t♦♣② ❣r♦✉♣s ❚❍❍n(X) → ❍❍n(X) ❛r❡ ❦✐❧❧❡❞ ❜② ❛♥
✐♥t❡❣❡r ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❚❍❍(X) ❍❍(X)

∏
p∈P❚❍❍(X;Zp)

∏
p∈P❍❍(X;Zp),

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡✜♥❡s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛

❚❈−(X) ❍❈−(X)

∏
p∈P❚❈

−(X;Zp)
∏
p∈P❍❈

−(X;Zp)

✸✺



❜② t❛❦✐♥❣ ❤♦♠♦t♦♣② ✜①❡❞ ♣♦✐♥ts (−)h❙
1
✳ ❈♦♠♣♦s✐♥❣ t❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ ✇✐t❤ t❤❡ ❝❛rt❡s✐❛♥

sq✉❛r❡ ❞❡✜♥✐♥❣ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② t❤❡♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❚❈(X) ❍❈−(X)

∏
p∈P❚❈(X;Zp)

∏
p∈P❍❈

−(X;Zp).

❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ t♦ ❞❡✜♥❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❚❈(X) ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✱
❜② ❣❧✉❡✐♥❣ ❡①✐st✐♥❣ ✜❧tr❛t✐♦♥s ♦♥ t❤❡ t❤r❡❡ ♦t❤❡r t❡r♠s❀ ♥❛♠❡❧②✱ t❤❡ ❍❑❘ ❛♥❞ ❇▼❙ ✜❧tr❛t✐♦♥s✳

✸✳✶ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❛♥❞ ✐ts ✈❛r✐❛♥ts✱ ❛s
❞❡✜♥❡❞✱ ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❜② ❬❆♥t✶✾❪ ❛♥❞ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 6.3❪✳ ❖♥❧②
t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❍❈−(−) ✭❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✮ ✇✐❧❧ ❜❡ ✉s❡❞ t♦
❞❡✜♥❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(−) ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✳ ❲❡ ✇✐❧❧
✉s❡ t❤❡ ♦t❤❡r ❍❑❘ ✜❧tr❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ ❈❤❛♣t❡r ✺✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❬❇▲✷✷✱ ❊①❛♠♣❧❡ 6.1.3 ❛♥❞ ❘❡♠❛r❦s 6.1.4 ❛♥❞ 6.1.5❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ✭❚❛t❡ ✜❧tr❛t✐♦♥✮✳ ▲❡t X ❜❡ ❛ s♣❡❝tr✉♠ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❙1✲❛❝t✐♦♥✳ ❚❤❡♥
t❤❡ ❚❛t❡ ❝♦♥str✉❝t✐♦♥ Xt❙1 ∈ ❙♣ ✐s ♥❛t✉r❛❧❧② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ Z✲✐♥❞❡①❡❞ ✜❧tr❛t✐♦♥

❋✐❧⋆❚X
t❙1 ∈ ❋✐❧❙♣.

❚❤✐s ✜❧tr❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ♦♥ Xt❙1✱ ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✶✮ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❚X
t❙1 ∈ ❋✐❧❙♣ ✐s ❝♦♠♣❧❡t❡✳

✭✷✮ ❋✐❧0❚X
t❙1 ✐s t❤❡ ❤♦♠♦t♦♣② ✜①❡❞ ♣♦✐♥t s♣❡❝tr✉♠ Xh❙1✱ ✇❤✐❝❤ ✐s t❤✉s ❛❧s♦ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥

N✲✐♥❞❡①❡❞ ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❚X
h❙1✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ♦♥ Xh❙1 ✳

✭✸✮ ❋♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡ ❣rn❚X
t❙1 ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s♣❡❝✲

tr✉♠ X[−2n]✳

❋♦❧❧♦✇✐♥❣ ❬❇▼❙✶✾✱ ❙❡❝t✐♦♥ 5❪✱ ❛ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆X ✐s ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐✈❡ ❢♦r t❤❡ ❇❡✐❧✐♥✲
s♦♥ t✲str✉❝t✉r❡ ✐❢ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡ ❣riX ∈ ❙♣ ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧
❞❡❣r❡❡s ❛t ♠♦st i✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❛❧s♦ ❞❡♥♦t❡ ❜② τ❇≥i t❤❡ tr✉♥❝❛t✐♦♥ ❢✉♥❝t♦r ❢♦r t❤❡
❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ♦♥ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷ ✭❉é❝❛❧❛❣❡ ✜❧tr❛t✐♦♥✮✳ ▲❡t ❋✐❧⋆X ∈ ❋✐❧❙♣ ❜❡ ❛ ✜❧t❡r❡❞ s♣❡❝tr✉♠✳ ❚❤❡ ❞é❝❛❧❛❣❡
✜❧tr❛t✐♦♥ ♦♥ ❋✐❧⋆X ✐s t❤❡ ❜✐✜❧t❡r❡❞ s♣❡❝tr✉♠

❋✐❧⋆❇❋✐❧
⋆X ∈ ❜✐❋✐❧❙♣

✇❤❡r❡✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❋✐❧i❇❋✐❧
⋆X ✐s t❤❡ i✲❝♦♥♥❡❝t✐✈❡ ❝♦✈❡r ♦❢ ❋✐❧⋆X ∈ ❋✐❧❙♣ ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✿

❋✐❧i❇❋✐❧
⋆X := τ❇≥i❋✐❧

⋆X.
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❈♦♥str✉❝t✐♦♥ ✸✳✶✳✸ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍P✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❧❡t

❋✐❧i❍❑❘❋✐❧
⋆
❚❍P(−) := L❩❛rL❞❙❝❤q❝qs✱♦♣/P♦❧②♦♣

Z
❋✐❧i❇❋✐❧

⋆
❚❍P(−),

✇❤❡r❡ ❋✐❧⋆❚❍P(−) ✐s t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ♦♥ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱
❋✐❧⋆❇ ✐s t❤❡ ❞é❝❛❧❛❣❡ ✜❧tr❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✷✱ ❛♥❞ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ L❞❙❝❤q❝qs✱♦♣/P♦❧②♦♣

Z

✐s t❛❦❡♥ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧tr❛t✐♦♥✲❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ♣❡r✐♦❞✐❝
❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘❍P(−) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ✜❧t❡r❡❞ ♦❜❥❡❝t ♦❢ t❤❡ ❜✐✜❧t❡r❡❞ ❢✉♥❝t♦r ❋✐❧⋆❍❑❘❋✐❧
⋆
❚❍P(−)✿

❋✐❧⋆❍❑❘❍P(−) := lim
−→n

❋✐❧⋆❍❑❘❋✐❧
n
❚❍P(−).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ♦♥❡ ✇❤✐❝❤ ✇✐❧❧ ❛♣♣❡❛r ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✹ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍❈−✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②
♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘❍❈
−(−) : ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s
❋✐❧⋆❍❑❘❍❈

−(−) := ❋✐❧⋆❍❑❘❋✐❧
0
❚❍P(−).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ♠♦t✐✈❛t❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ (3)✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✺ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍❍✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ♦❢
q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘❍❍(−) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s
❋✐❧⋆❍❑❘❍❍(−) := ❋✐❧⋆❍❑❘❣r

0
❚❍P(−).

❈②❝❧✐❝ ❤♦♠♦❧♦❣② ❍❈(−) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❤♦♠♦t♦♣② ♦r❜✐ts ❍❍(−)h❙1 ♦❢ t❤❡ ❙1✲❛❝t✐♦♥ ♦♥
❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❍❍(−)✱ ❛♥❞ ✐s r❡❧❛t❡❞ t♦ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❍❈−(−) ❛♥❞ ♣❡r✐♦❞✐❝
❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❍P(−) ❜② ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

❍❈−(−) −→ ❍P(−) −→ ❍❈(−)[2].

❉❡✜♥✐t✐♦♥ ✸✳✶✳✻ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍❈✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs
❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘❍❈(−) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❜②

❋✐❧i❍❑❘❍❈(−) := ❝♦✜❜
(
❋✐❧i+1

❍❑❘❍❈
−(−) −→ ❋✐❧i+1

❍❑❘❍P(−)
)
[−2],

✇❤❡r❡ t❤❡ ♠❛♣ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ✐♥❞✉❝❡❞ ❜② ❈♦♥str✉❝t✐♦♥ ✸✳✶✳✸ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✳

✸✼



❘❡♠❛r❦ ✸✳✶✳✼ ✭●r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❬❆♥t✶✾❪ ❞❡s❝r✐❜❡s t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥ ❍❈−(X)✱
❍P(X)✱ ❛♥❞ ❍❈(X) ✐♥ t❡r♠s ♦❢ t❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ♦❢ X✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✻ ♣r♦✈✐❞❡s ❛ ✜❧t❡r❡❞ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ✜❜r❡ s❡q✉❡♥❝❡

❍❈−(−) −→ ❍P(−) −→ ❍❈(−)[2],

✇❤✐❝❤ ✐♥❞✉❝❡s ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

RΓ❩❛r
(
X, L̂Ω

≥i

−/Z

)
[2i] −→ RΓ❩❛r

(
X, L̂Ω−/Z

)
[2i] −→ RΓ❩❛r

(
X,LΩ<i

−/Z

)
[2i]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽ ✭❬❆♥t✶✾✱ ❇▲✷✷❪✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❢✉♥❝t♦r ❋✐❧i❍❑❘❍❈(−)✱
❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦ s♣❡❝tr❛✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✱
❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✱ ❛♥❞ ✐ts ✈❛❧✉❡s ❛r❡ ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i✳

Pr♦♦❢✳ ❖♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥s

❋✐❧i+1
❍❑❘❋✐❧

⋆
❚❍❈

−(−) ❛♥❞ ❋✐❧i+1
❍❑❘❋✐❧

⋆
❚❍P(−)

❛r❡ ❜② ❞❡✜♥✐t✐♦♥ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞✱ ❛s ❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ ♦❜❥❡❝ts✱ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✱
t❤✉s s♦ ✐s t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧i❍❑❘❋✐❧

⋆
❚❍❈(−)✳ ❚❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧i❍❑❘❋✐❧

⋆
❚❍❈(−) ✐s

❛❧s♦ ✜♥✐t❡ ❜② ❝♦♥str✉❝t✐♦♥✱ s♦ t❤❡ ❢✉♥❝t♦r ❋✐❧i❍❑❘❍❈(−) ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❛♥✐♠❛t❡❞
❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❝t♦r

❋✐❧i❍❑❘❍❈(−)

❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts ♦❢ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r j ∈ Z✱
t❤❡ jt❤ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘❍❈(−) ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❢✉♥❝t♦r
RΓ❩❛r

(
−,LΩ≤j

−/Z

)
[2j] ✭❬❆♥t✶✾❪✮✱ ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st −j ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠✲

♠✉t❛t✐✈❡ r✐♥❣s✳ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘❍❈(−) ✐s ♠♦r❡♦✈❡r ❝♦♠♣❧❡t❡ ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s ✭❬❇▲✷✷✱ ❘❡♠❛r❦ 6.3.5❪✮✱ ❤❡♥❝❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥♥❡❝t✐✈✐t② r❡s✉❧t✳

▲❡♠♠❛ ✸✳✶✳✾ ✭❈♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s✱ ❛❢t❡r ❬❇▲✷✷❪✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞
s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s

❋✐❧⋆❍❑❘❍P(X), ❋✐❧⋆❍❑❘❍❈
−(X), ❋✐❧⋆❍❑❘❍❍(X), ❛♥❞ ❋✐❧⋆❍❑❘❍❈(X)

❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦r ❍❈− ❛♥❞ ❍❍ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❇▲✷✷✱ ❘❡♠❛r❦ 6.3.5❪✳ ❚❤❡ r❡s✉❧t
❢♦r ❍❈ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② r❡s✉❧t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✶✳✻✱
t❤❡ r❡s✉❧t ❢♦r ❍P ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡s✉❧t ❢♦r ❍❈− ❛♥❞ ❍❈✳

❘❡♠❛r❦ ✸✳✶✳✶✵ ✭❱❛r✐❛♥t ♦✈❡r Q✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❇② t❤❡ ❜❛s❡ ❝❤❛♥❣❡
♣r♦♣❡rt② ❢♦r ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❍❍(X)⊗Z Q −→ ❍❍(XQ/Q)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✇❤❡r❡ ❍❍(−/Q) ✐s ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②
r❡❧❛t✐✈❡ t♦ Q✳ ❆♣♣❧②✐♥❣ t❤❡ ❢✉♥❝t♦rs (−)h❙

1
✱ (−)t❙

1
✱ ❛♥❞ (−)h❙1 t♦ t❤✐s ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②

✸✽



r❡❧❛t✐✈❡ t♦ Q ✐♥❞✉❝❡s r❡❧❛t✐✈❡ ✈❛r✐❛♥ts ❍❈−(−Q/Q) ♦❢ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✱ ❍P(−Q/Q)
♦❢ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✱ ❛♥❞ ❍❈(−Q/Q) ♦❢ ❝②❧✐❝ ❤♦♠♦❧♦❣②✳ ❖♥❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ s✐♠✐❧❛r
❍❑❘ ✜❧tr❛t✐♦♥s

❋✐❧⋆❍❑❘❍❍(XQ/Q), ❋✐❧⋆❍❑❘❍❈
−(XQ/Q), ❋✐❧⋆❍❑❘❍P(−Q/Q), ❛♥❞ ❋✐❧⋆❍❑❘❍❈(−Q/Q),

♦♥ t❤❡s❡ ❢✉♥❝t♦rs✱ ✇❤♦s❡ ❣r❛❞❡❞ ♣✐❡❝❡s ❛r❡ ✈❡rs✐♦♥s ♦❢ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② r❡❧❛t✐✈❡
t♦ Q✳

❚♦ ✐♥tr♦❞✉❝❡ ❛♥❞ st✉❞② t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✭❉❡✜♥✐✲
t✐♦♥ ✸✳✸✳✸✮✱ ✇❡ ✇✐❧❧ ♥❡❡❞ s♦♠❡ p✲❝♦♠♣❧❡t❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❍❑❘ ✜❧tr❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✶ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❍❈−(−;Zp)✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡ ❍❑❘
✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘❍❈
−(−;Zp) : ❞❙❝❤

q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s
❋✐❧⋆❍❑❘❍❈

−(−;Zp) :=
(
❋✐❧⋆❍❑❘❍❈

−(−)
)∧
p
.

❘❡♠❛r❦ ✸✳✶✳✶✷✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥ ❍P(−;Zp)✱ ❍❈(−;Zp)✱ ❛♥❞ ❍❍(−;Zp) ♦❢ q❝qs
❞❡r✐✈❡❞ s❝❤❡♠❡s ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✶✱ ✇❤❡r❡ ❍❈−(−;Zp) ✐s r❡♣❧❛❝❡❞ ❜② ❍P(−)✱
❍❈(−)✱ ♦r ❍❍(−)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✳✻ ✐♥❞✉❝❡s ❛
✜❜r❡ s❡q✉❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❍❑❘❍❈
−(X;Zp) −→ ❋✐❧⋆❍❑❘❍P(X;Zp) −→ ❋✐❧⋆−1❍❑❘❍❈(X;Zp)[2].

▲❡♠♠❛ ✸✳✶✳✶✸✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ✜❧tr❛t✐♦♥s
∏

p∈P

❋✐❧⋆❍❑❘❍P(X;Zp),
∏

p∈P

❋✐❧⋆❍❑❘❍❈
−(X;Zp),

∏

p∈P

❋✐❧⋆❍❑❘❍❍(X;Zp),

❛♥❞
∏

p∈P

❋✐❧⋆❍❑❘❍❈(X;Zp)

❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ s♣❡❝tr❛ ✐s ❝❧♦s❡❞ ✉♥❞❡r ❧✐♠✐ts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢
✜❧t❡r❡❞ s♣❡❝tr❛✱ s♦ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✶✳✾✳

❘❡♠❛r❦ ✸✳✶✳✶✹ ✭❊①❤❛✉st✐✈✐t② ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ❋✐❧⋆❍❑❘❍❈
−(−)

❛♥❞ ❋✐❧⋆❍❑❘❍P(−) ❛r❡ ♥♦t ❡①❤❛✉st✐✈❡ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❬❇▲✷✷✱ ❘❡♠❛r❦ 6.3.6❪✮✳
❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✮✱ ✇❡ ✇✐❧❧
❤♦✇❡✈❡r ♦♥❧② ♥❡❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘❍❈(−) ✐s ❛❧✇❛②s N✲✐♥❞❡①❡❞✱ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r ❡①❤❛✉st✐✈❡✳

✸✳✷ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s ♦♥ p✲❝♦♠♣❧❡t❡❞
t♦♣♦❧♦❣✐❝❛❧ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❚❍❍(−;Zp) ❛♥❞ ✐ts ✈❛r✐❛♥ts✱ ❛s ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✾❪ ❢♦r
p✲❝♦♠♣❧❡t❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✱ ❛♥❞ ❣❡♥❡r❛❧✐s❡❞ ✐♥ ❬❆▼▼◆✷✷❪ t♦ p✲❝♦♠♣❧❡t❡ r✐♥❣s ❛♥❞ ✐♥
❬❇▲✷✷✱ ❙❡❝t✐♦♥ 6.2❪ t♦ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❖♥❧② t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞

✸✾



t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(−;Zp) ✭❉❡✜♥✐t✐♦♥ ✸✳✷✳✻✮ ✇✐❧❧ ❛♣♣❡❛r ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(−) ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✳ ❚❤❡ ♦t❤❡r ❇▼❙
✜❧tr❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② t♦ ❝♦♥str✉❝t t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝
❤♦♠♦❧♦❣② ❚❈(−;Zp)✳

❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶ ✭❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❋✐❧⋆❚❚P(−;Zp)✮✳ ❚♦♣♦❧♦❣✐❝❛❧ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②
❚❍❍(−) ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ❛❞♠✐ts ❛ ♥❛t✉r❛❧ ❙1✲❛❝t✐♦♥✱ ✐♥❞✉❝✐♥❣ ❛ ♥❛t✉r❛❧ ❚❛t❡ ✜❧tr❛t✐♦♥
❋✐❧⋆❚❚P(−) ♦♥ t♦♣♦❧♦❣✐❝❛❧ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚P(−) := ❚❍❍(−)t❙

1
✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✮✳

❚❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥
❋✐❧⋆❚❚P(−;Zp) : ❞❙❝❤

q❝qs✱♦♣ −→ ❋✐❧❙♣

✐s t❤❡♥ ❞❡✜♥❡❞ ❛s t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❚❚P(−)✳ ❋♦r ❡✈❡r② q✉❛s✐r❡❣✉❧❛r
s❡♠✐♣❡r❢❡❝t♦✐❞ r✐♥❣ R ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❞❡✜♥❡ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠

❋✐❧i❇▼❙❋✐❧
⋆
❚❚P(R;Zp) := τ≥2i❋✐❧

⋆
❚❚P(R;Zp).

❚❤❡ ✜❧t❡r❡❞ ♦❜❥❡❝t
❋✐❧i❇▼❙❋✐❧

⋆
❚❚P(−;Zp) : ❞❙❝❤

q❝qs✱♦♣ −→ ❋✐❧❙♣

✐s t❤❡♥ ✜rst ❞❡✜♥❡❞ ♦♥ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ❛s t❤❡ ✉♥✐q✉❡ s✉❝❤ ❢✉♥❝t♦r s❛t✐s❢②✐♥❣ p✲❝♦♠♣❧❡t❡
❢❛✐t❤❢✉❧❧② ✢❛t ❞❡s❝❡♥t ✭t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ s✉❝❤ ❛ ❢✉♥❝t♦r ✐s ❬❇▼❙✶✾✱ Pr♦♣♦s✐t✐♦♥ 4.31❪✮✳
■♥ ❣❡♥❡r❛❧✱ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s ❛r❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✱ ❛♥❞ t❤✐s ✜❧t❡r❡❞ ♦❜❥❡❝t ✐s ❞❡✜♥❡❞
❛s t❤❡ ❩❛r✐s❦✐ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ✐ts ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s

❋✐❧i❇▼❙❋✐❧
⋆
❚❚P(−;Zp) := L❩❛rL❆♥✐❘✐♥❣s/P♦❧②Z❋✐❧

i
❇▼❙❋✐❧

⋆
❚❚P(−;Zp),

✇❤❡r❡ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ✐s t❛❦❡♥ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ p✲❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥✲❝♦♠♣❧❡t❡ s♣❡❝tr❛✳
❇② ❬❇▲✷✷✱ ❚❤❡♦r❡♠ 6.2.4❪✱ t❤❡ r❡s✉❧t✐♥❣ ❢✉♥❝t♦r ✐s st✐❧❧ ❣✐✈❡♥ ❜② t❤❡ ❞♦✉❜❧❡✲s♣❡❡❞ P♦st♥✐❦♦✈
✜❧tr❛t✐♦♥ ♦♥ q✉❛s✐r❡❣✉❧❛r s❡♠✐♣❡r❢❡❝t♦✐❞ r✐♥❣s ❛♥❞✱ ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥✲❝♦♠♣❧❡t❡ s♣❡❝tr❛✱ ❝♦♠♠✉t❡s ✇✐t❤ s✐❢t❡❞ ❝♦❧✐♠✐ts ❛♥❞ s❛t✐s✜❡s
p✲❝♦♠♣❧❡t❡ ❢❛✐t❤❢✉❧❧② ✢❛t ❞❡s❝❡♥t✳

❘❡♠❛r❦ ✸✳✷✳✷✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s ✇❡r❡ ✜rst ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✾❪ ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ p✲❝♦♠✲
♣❧❡t❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✳ ❖♥ ❣❡♥❡r❛❧ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s R✱ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s✱
❜② ❝♦♥str✉❝t✐♦♥✱ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ R ✕❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✈❛♥✐s❤ ♦♥ ❛♥✐✲
♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ Z[1p ]✲❛❧❣❡❜r❛s✳ ❍❡r❡ t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s t❤❡ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t✐♦♥✱ ❡✈❡♥
♦♥ ❝❧❛ss✐❝❛❧ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❖♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ✭❡✳❣✳✱ ♦♥
p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✮✱ t❤❡ ❞❡r✐✈❡❞ ❛♥❞ ❝❧❛ss✐❝❛❧ p✲❝♦♠♣❧❡t✐♦♥s ♥❛t✉r❛❧❧② ❝♦✐♥❝✐❞❡✱ ❛♥❞ t❤❡r❡
✐s ♥♦ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸ ✭❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❚P(−;Zp)✮✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✲
✐❝❛❧ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❇▼❙❚P(−;Zp) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ✜❧t❡r❡❞ ♦❜❥❡❝t ♦❢ t❤❡ ❜✐✜❧t❡r❡❞ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❋✐❧
⋆
❚❚P(−;Zp) ♦❢ ❈♦♥✲

str✉❝t✐♦♥ ✸✳✷✳✶✿
❋✐❧⋆❇▼❙❚P(−;Zp) := lim

−→n
❋✐❧⋆❇▼❙❋✐❧

n
❚❚P(−;Zp).

❚♦♣♦❧♦❣✐❝❛❧ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s t♦ t♦♣♦❧♦❣✐❝❛❧ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✇❤❛t ♥❡❣✲
❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s t♦ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ●✐✈❡♥ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✸✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥✐t✐♦♥ t❤❡♥ ♠✐♠✐❝s ❉❡✜♥✐t✐♦♥ ✸✳✶✳✹✳
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❉❡✜♥✐t✐♦♥ ✸✳✷✳✹ ✭❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❚❈−(−;Zp)✮✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦✲
❧♦❣✐❝❛❧ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❇▼❙❚❈
−(−;Zp) : ❞❙❝❤

q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s

❋✐❧⋆❇▼❙❚❈
−(−;Zp) := ❋✐❧⋆❇▼❙❋✐❧

0
❚❚P(−;Zp).

❙✐♠✐❧❛r❧②✱ t♦♣♦❧♦❣✐❝❛❧ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ✐s t♦ t♦♣♦❧♦❣✐❝❛❧ ♣❡r✐♦❞✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♥❡❣❛✲
t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣✐❡s ✇❤❛t ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ✐s t♦ ♣❡r✐♦❞✐❝ ❛♥❞ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣✐❡s✱
❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♠✐♠✐❝s ❉❡✜♥✐t✐♦♥ ✸✳✶✳✺✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✺ ✭❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❚❍❍(−;Zp)✮✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦✲
❧♦❣✐❝❛❧ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❇▼❙❚❍❍(−;Zp) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s

❋✐❧⋆❇▼❙❚❍❍(−;Zp) := ❋✐❧⋆❇▼❙❣r
0
❚❚P(−;Zp).

❚♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s ❤♦✇❡✈❡r ♥♦t t♦ t♦♣♦❧♦❣✐❝❛❧ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✇❤❛t
❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s t♦ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❋♦❧❧♦✇✐♥❣ ❬◆❙✶✽❪✱ ✐t ✐s r❛t❤❡r ❞❡✜♥❡❞✱ ❛❢t❡r
p✲❝♦♠♣❧❡t✐♦♥✱ ❜② ❛ ✜❜r❡ s❡q✉❡♥❝❡

❚❈(−;Zp) −→ ❚❈−(−;Zp)
ϕp−❝❛♥
−−−−−→ ❚P(−;Zp).

❯♥✇✐♥❞✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s✱ t❤❡ ♠❛♣ ϕp − ❝❛♥ : ❚❈−(−;Zp) → ❚P(−;Zp) ❛❞♠✐ts ❛
✉♥✐q✉❡ r❡✜♥❡♠❡♥t ❛s ❛ ✜❧t❡r❡❞ ♠❛♣

ϕp − ❝❛♥ : ❋✐❧⋆❇▼❙❚❈
−(−;Zp) −→ ❋✐❧⋆❇▼❙❚P(−;Zp).

❉❡✜♥✐t✐♦♥ ✸✳✷✳✻ ✭❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❚❈(−;Zp)✮✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✲
✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❇▼❙❚❈(−;Zp) : ❞❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s

❋✐❧⋆❇▼❙❚❈(−;Zp) := ✜❜
(
ϕp − ❝❛♥ : ❋✐❧⋆❇▼❙❚❈

−(−;Zp) −→ ❋✐❧⋆❇▼❙❚P(−;Zp)
)
.

❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s ❛❧✇❛②s ❝♦♠♣❧❡t❡✱ ❛s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ❝♦♥♥❡❝t✐✈✐t② r❡s✉❧t ♦❢ ❬❆▼▼◆✷✷❪✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s❧✐❣❤t❧② ♠♦r❡
♣r❡❝✐s❡ r❡s✉❧t ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳

▲❡♠♠❛ ✸✳✷✳✼✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ✜❧tr❛t✐♦♥s
∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp)

❛♥❞
(∏

p∈P ❋✐❧
⋆
❇▼❙❚❈(X;Zp)

)
Q

❛r❡ ❝♦♠♣❧❡t❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡

✈❛❧✉❡s ♦❢ t❤❡ ♣r❡s❤❡❛✈❡s
∏
p∈P ❋✐❧

i
❇▼❙❚❈(−;Zp) ❛♥❞

(∏
p∈P ❋✐❧

i
❇▼❙❚❈(−;Zp)

)
Q
❛r❡ ✐♥ ❝♦❤♦✲

♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+ 1 ♦♥ ❛✣♥❡ ❞❡r✐✈❡❞ s❝❤❡♠❡s✳
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Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛✈❡s

∏

p∈P

❋✐❧⋆❇▼❙❚❈(−;Zp) ❛♥❞
(∏

p∈P

❋✐❧⋆❇▼❙❚❈(−;Zp)
)
Q

❛r❡ ❩❛r✐s❦✐ s❤❡❛✈❡s ❜② ❝♦♥str✉❝t✐♦♥✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❛✣♥❡ ❞❡r✐✈❡❞ s❝❤❡♠❡s
X = ❙♣❡❝(R)✳ ▲❡t R ❜❡ ❛♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡
s♣❡❝tr✉♠ ❋✐❧i❇▼❙❚❈(R;Zp) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+1 ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p
✭❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 5.1❪✮✳ ❚❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦✈❡r ❛❧❧ ♣r✐♠❡s p ❛♥❞ r❛t✐♦♥❛❧✐s❛t✐♦♥✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t❤❡ s♣❡❝tr❛
∏
p∈P ❋✐❧

i
❇▼❙❚❈(R;Zp) ❛♥❞

(∏
p∈P ❋✐❧

i
❇▼❙❚❈(R;Zp)

)
Q
❛r❡ ❛❧s♦ ✐♥

❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st−i+1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡✳

❘❡♠❛r❦ ✸✳✷✳✽ ✭❊①❤❛✉st✐✈✐t② ♦❢ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s✮✳ ❚❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s ❋✐❧⋆❇▼❙❚P(−;Zp)
❛♥❞ ❋✐❧⋆❇▼❙❚❈

−(−;Zp) ❛r❡ ♥♦t ❡①❤❛✉st✐✈❡ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❬❇▲✷✷✱ ❲❛r♥✲
✐♥❣ 6.2.7❪✮✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✮✱
✇❡ ✇✐❧❧ ❤♦✇❡✈❡r ♦♥❧② ♥❡❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp) ✐s ❛❧✇❛②s N✲✐♥❞❡①❡❞
✭❬❇▼❙✶✾✱ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ 7.16❪✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❡①❤❛✉st✐✈❡✳

❲❡ r❡❢❡r t♦ ❬❇▼❙✶✾✱ ❇❙✷✷✱ ❇▲✷✷❪ ✭s❡❡ ❛❧s♦ ❙❡❝t✐♦♥s ✶✶✳✶✳✷ ❛♥❞ ✶✶✳✸✳✶✮ ❢♦r t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥s ♦♥ ❚P(−;Zp)✱
❚❈−(−;Zp)✱ ❛♥❞ ❚❍❍(−;Zp)✳ ❲❡ ♦♥❧② ❞❡✜♥❡ ❤❡r❡ t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡ ❇▼❙
✜❧tr❛t✐♦♥ ♦♥ ❚❈(−;Zp)✱ ✇❤✐❝❤ ❛r❡ ❛ ✈❡rs✐♦♥ ♦❢ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ✭s❡❡ ❘❡♠❛r❦ ✸✳✷✳✶✵✮✱ ❛♥❞
✇❤✐❝❤ ✇✐❧❧ s❡r✈❡ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r t❤❡ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s ✭❈♦r♦❧❧❛r② ✹✳✸✳✶✷✮✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✾ ✭❇▼❙ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①

Zp(i)
❇▼❙(−) : ❞❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s t❤❡ ❢✉♥❝t♦r ❞❡✜♥❡❞ ❛s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ ❚❈(−;Zp)✿

Zp(i)
❇▼❙(−) := ❣ri❇▼❙❚❈(−;Zp)[−2i].

❘❡♠❛r❦ ✸✳✷✳✶✵✳ ❙②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② Zp(i)
s②♥(X) ♦❢ q❝qs ❞❡r✐✈❡❞ ✭❢♦r♠❛❧✮ s❝❤❡♠❡s X ✐s

❞❡✜♥❡❞ ✐♥ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 8.4❪ ✭s❡❡ ❛❧s♦ ◆♦t❛t✐♦♥ ✻✳✷✳✶✮✱ ✐♥ t❡r♠s ♦❢ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s
♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✾ ❛♥❞ ♦❢ ét❛❧❡ ❝♦❤♦♠♦❧♦❣②✳ ❋r♦♠ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s
Zp(i)

❇▼❙(X) ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✾ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② Zp(i)
s②♥(X) ♦❢ t❤❡

❞❡r✐✈❡❞ p✲❛❞✐❝ ❢♦r♠❛❧ s❝❤❡♠❡ X ❛ss♦❝✐❛t❡❞ t♦ X✳

❚❤❡♦r❡♠ ✸✳✷✳✶✶✳ ✭✶✮ ✭❬❇▼❙✶✾✱ ❇▲✷✷❪✮ ❚❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp)✱ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝✲
t♦r ❢r♦♠ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ s♣❡❝tr❛✱ s❛t✐s✜❡s ❞❡s❝❡♥t ❢♦r t❤❡
p✲q✉❛s✐s②♥t♦♠✐❝ t♦♣♦❧♦❣②✳

✭✷✮ ✭❬❆▼▼◆✷✷✱ ❇▲✷✷❪✮ ❚❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp)✱ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ ❛♥✐♠❛t❡❞
❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧
Z✲❛❧❣❡❜r❛s✳

Pr♦♦❢✳ (1) ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp) ✐s ❝♦♠♣❧❡t❡ ♦♥ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ✭▲❡♠♠❛ ✸✳✷✳✼✮✱
s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✳ ❚❤❡ r❡s✉❧t ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡
♦❢ ❬❇▲✷✷✱ Pr♦♣♦s✐t✐♦♥ 7.4.7❪✳

✹✷



(2) ❇② ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 5.1 (2)❪✱ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp)✱ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t♦r ❢r♦♠
p✲❝♦♠♣❧❡t❡ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞
❢r♦♠ p✲❝♦♠♣❧❡t❡ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✳✶ ▲❡t R ❜❡ ❛♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ R∧p
❜❡ ✐ts ✭❞❡r✐✈❡❞✮ p✲❝♦♠♣❧❡t✐♦♥✳ ❚❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❇▼❙❚❈(R;Zp) −→ ❋✐❧⋆❇▼❙❚❈(R
∧
p ;Zp)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ■♥❞❡❡❞✱ t❤❡ ✜❧tr❛t✐♦♥s

❋✐❧⋆❇▼❙❚❈(R;Zp) ❛♥❞ ❋✐❧⋆❇▼❙❚❈(R
∧
p ;Zp)

❛r❡ N✲✐♥❞❡①❡❞ ❛♥❞ ❝♦♠♣❧❡t❡ ✭▲❡♠♠❛ ✸✳✷✳✼ ❛♥❞ ❘❡♠❛r❦ ✸✳✷✳✽✮✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t
♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✱ ✇❤❡r❡ t❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❇▲✷✷✱ ❈♦r♦❧❧❛r② 7.4.11❪✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❡ ❞❡s✐r❡❞ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♣r♦♣❡rt②✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✷✳ ▲❡t i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳

✭✶✮ ❚❤❡ ❢✉♥❝t♦r Zp(i)
❇▼❙(−)✱ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡

♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ s❛t✐s✜❡s ❞❡s❝❡♥t ❢♦r t❤❡ p✲q✉❛s✐s②♥t♦♠✐❝ t♦♣♦❧♦❣②✳

✭✷✮ ❚❤❡ ❢✉♥❝t♦r Zp(i)
❇▼❙(−)✱ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦

p✲❝♦♠♣❧❡t❡ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧
Z✲❛❧❣❡❜r❛s✳

Pr♦♦❢✳ (1) ✇❛s ❛❧r❡❛❞② ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✶ (1)✳
(2) ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✳

❚❤❡♦r❡♠ ✸✳✷✳✶✸ ✭❬❆▼▼◆✷✷❪✮✳ ▲❡t (A, I) ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ♣❛✐r ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❚❤❡♥
❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)❇▼❙(A) −→ Z /pk(i)❇▼❙(A/I)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

Pr♦♦❢✳ ❇② ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 5.2❪✱ ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ♣❛✐r (A, I) s✉❝❤ t❤❛t t❤❡ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s A ❛♥❞ A/I ❛r❡ ✭❝❧❛ss✐❝❛❧❧②✮ p✲❝♦♠♣❧❡t❡✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)❇▼❙(A) −→ Z /pk(i)❇▼❙(A/I)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 5.2❪ ♣r♦✈❡s ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❛t ❢♦r
(A, I) ❛ ❣❡♥❡r❛❧ ❤❡♥s❡❧✐❛♥ ♣❛✐r ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)❇▼❙(A∧p ) −→ Z /pk(i)❇▼❙((A/I)∧p )

✇❤❡r❡ (−)∧p ✐s t❤❡ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t✐♦♥✱ ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❇② ❬❇▲✷✷✱ ❈♦r♦❧❧❛r② 7.4.11❪ ✭s❡❡
❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✮✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Z /pk(i)❇▼❙(−)→ Z /pk(i)❇▼❙((−)∧p )
✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ❤❡♥❝❡ ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ♣❛✐r (A, I) ♦❢
❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)❇▼❙(A) −→ Z /pk(i)❇▼❙(A/I)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳
✶▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ♣r♦✈❡❞ t♦ ❜❡ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ p✲❝♦♠♣❧❡t❡ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s t♦ p✲❝♦♠♣❧❡t❡

p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✳ ❇② ❞❡✜♥✐t✐♦♥✱ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ❤❛✈❡ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✳ ❍❡♥❝❡✱ t❤❡✐r ❞❡r✐✈❡❞
❛♥❞ ❝❧❛ss✐❝❛❧ p✲❝♦♠♣❧❡t✐♦♥s ❛r❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞✱ ❛♥❞ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ t♦ p✲❝♦♠♣❧❡t❡ ❛♥✐♠❛t❡❞ ❝♦♠✲
♠✉t❛t✐✈❡ r✐♥❣s ❛❣r❡❡s ✇✐t❤ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ t♦ p✲❝♦♠♣❧❡t❡ ❝❧❛ss✐❝❛❧ r✐♥❣s ♦♥ p✲❝♦♠♣❧❡t❡ p✲q✉❛s✐s②♥t♦♠✐❝
r✐♥❣s✳

✹✸



✸✳✸ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❚❈

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❚❈(−)
♦❢ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❬❇▲✷✷✱ Pr♦♣♦s✐t✐♦♥ 6.4.1❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✭❬❇▲✷✷❪✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡ ♠❛♣

❋✐❧⋆❚❚P(−;Zp) −→ ❋✐❧⋆❚❍P(−;Zp),

✈✐❡✇❡❞ ❛s ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱
❛❞♠✐ts ❛ ✉♥✐q✉❡✱ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①t❡♥s✐♦♥ t♦ ❛ ♠❛♣ ♦❢ ❜✐✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢ s♣❡❝tr❛

❋✐❧⋆❇▼❙❋✐❧
⋆
❚❚P(−;Zp) −→ ❋✐❧⋆❍❑❘❋✐❧

⋆
❚❍P(−;Zp).

❈♦♥str✉❝t✐♦♥ ✸✳✸✳✷ ✭❇▼❙✲❍❑❘ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡ ❇▼❙✲
❍❑❘ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣

❋✐❧⋆❇▼❙❚❈(−;Zp) −→ ❋✐❧⋆❍❑❘❍❈
−(−;Zp)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ✭t❤❡ ♦♣♣♦s✐t❡ ❝❛t❡❣♦r② ♦❢✮ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞
s♣❡❝tr❛ ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡

❋✐❧⋆❇▼❙❚❈(−;Zp) −→ ❋✐❧⋆❇▼❙❚❈
−(−;Zp) −→ ❋✐❧⋆❍❑❘❍❈

−(−;Zp)

♦❢ t❤❡ ♠❛♣s ❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✸✳✷✳✻✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❛❢t❡r r❡str✐❝t✐♥❣ t♦ t❤❡ ③❡r♦t❤ st❡♣
♦❢ t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✸ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❚❈✮✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦✲
♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s

❋✐❧⋆♠♦t❚❈(−) : ❞❙❝❤
q❝qs,♦♣ −→ ❋✐❧❙♣

✐s t❤❡ ❢✉♥❝t♦r ❞❡✜♥❡❞ ❜② t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆♠♦t❚❈(−) ❋✐❧⋆❍❑❘❍❈
−(−)

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(−;Zp)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(−;Zp),

✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ ❈♦♥str✉❝t✐♦♥ ✸✳✸✳✷✱ ❛♥❞ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣
✐s ♣r♦✜♥✐t❡ ❝♦♠♣❧❡t✐♦♥✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❢✉♥❝t♦r

Z(i)❚❈(−) : ❞❙❝❤q❝qs,♦♣ −→ D(Z)✷

❛s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤✐s ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✿

Z(i)❚❈(−) := ❣ri♠♦t❚❈(−)[−2i].
✷❊✈❡r② ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t♦r Z(i)❚❈(−) ❤❛s ❛ ♥❛t✉r❛❧ ♠♦❞✉❧❡ str✉❝t✉r❡ ♦✈❡r t❤❡ E∞✲r✐♥❣ Z(0)❚❈(Z)✱ ✇❤✐❝❤✱

❜② ✉♥✇✐♥❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥✱ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ E∞✲r✐♥❣ H Z✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s♣❡❝tr❛✲✈❛❧✉❡❞
❢✉♥❝t♦r Z(i)❚❈(−) t❛❦❡s ✈❛❧✉❡s ✐♥ H Z✲❧✐♥❡❛r s♣❡❝tr❛✱ ✐✳❡✳✱ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✹✹



❘❡♠❛r❦ ✸✳✸✳✹ ✭❈♦♠♣❛r✐s♦♥ t♦ ❬❊▼✷✸❪✮✳ ❋♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X ♦✈❡r Q✱ t❤❡ ✜❧t❡r❡❞
s♣❡❝tr✉♠ ❋✐❧⋆❍❑❘❍❈

−(X) ✐s Q✲❧✐♥❡❛r ❜② ❝♦♥str✉❝t✐♦♥✱ s♦ ✐ts ♣r♦✜♥✐t❡ ❝♦♠♣❧❡t✐♦♥ ✈❛♥✐s❤❡s✳ ❚❤❡
✜❧tr❛t✐♦♥

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp) ❛❧s♦ ✈❛♥✐s❤❡s ✭❘❡♠❛r❦ ✸✳✷✳✷✮✱ ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❚❈(X) −→ ❋✐❧⋆❍❑❘❍❈
−(X/Q)

✐s t❤❡♥ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳
❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X ♦✈❡r Fp✱ t❤❡ ✜❧t❡r❡❞

s♣❡❝tr✉♠ ❋✐❧⋆❍❑❘❍❈
−(X) ✐s Z✲❧✐♥❡❛r ❛♥❞ p✲❝♦♠♣❧❡t❡✱ s♦ ✐t ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ ✐ts

♣r♦✜♥✐t❡ ❝♦♠♣❧❡t✐♦♥✳ ❆❣❛✐♥ ✉s✐♥❣ ❘❡♠❛r❦ ✸✳✷✳✷✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❚❈(X) −→ ❋✐❧⋆❇▼❙❚❈(X;Zp)

✐s t❤❡♥ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❘❡♠❛r❦ ✸✳✸✳✺ ✭❈♦♠♣❛r✐s♦♥ t♦ ❬❇▲✷✷❪✮✳ ■♥ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 6.4❪✱ ❇❤❛tt✕▲✉r✐❡ ❞❡✜♥❡ ✜❧tr❛t✐♦♥s
❋✐❧⋆♠♦t❚P(X) ❛♥❞ ❋✐❧⋆♠♦t❚❈

−(X) ❢♦r q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s X✱ ✇✐t❤ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s ❝❛❧❧❡❞

t❤❡ ❣❧♦❜❛❧ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡①❡s ✁̂
❣❧

X{i} ❛♥❞ N≥i✁̂
❣❧

X{i} r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ✜❧tr❛t✐♦♥s ❝❛♥ ❜❡
✉s❡❞ t♦ ♦❜t❛✐♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❋✐❧⋆♠♦t❚❈(X) ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ ❇❤❛tt✕▲✉r✐❡✬s ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚P(X) ✐s t❤❡
✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚P(X;Zp) ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✷✳✸✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

❋✐❧⋆♠♦t❚❈(X) −→ ❋✐❧⋆♠♦t❚❈
−(X) −→

∏

p∈P

❋✐❧⋆❇▼❙❚P(X;Zp)

♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤✐s ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

Z(i)❚❈(X) −→ N≥i✁̂
❣❧

X{i} −→
∏

p∈P

✁̂X,p{i}

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ ✁̂X,p ❞❡♥♦t❡s t❤❡ p✲❛❞✐❝ ❛❜s♦❧✉t❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②
♦❢ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡
♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❚❈(X;Zp) −→ ❋✐❧⋆❇▼❙❚❈(X;Zp)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘❍❈
−(X) −→

∏

ℓ∈P

❋✐❧⋆❍❑❘❍❈
−(X;Zℓ)

✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸ ✐s ♣r♦✜♥✐t❡ ❝♦♠♣❧❡t✐♦♥✱ s♦ ✐ts ✜❜r❡ ❜❡❝♦♠❡s ③❡r♦ ❛❢t❡r p✲❝♦♠♣❧❡t✐♦♥✳

❈♦r♦❧❧❛r② ✸✳✸✳✼✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧
♠❛♣

Zp(i)
❚❈(X) −→ Zp(i)

❇▼❙(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Zp)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻✳

✹✺



Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✽✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ✜❧tr❛t✐♦♥s

❋✐❧⋆♠♦t❚❈(X) ❛♥❞ ❋✐❧⋆♠♦t❚❈(X;Q)

❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤❡ ✜❧tr❛t✐♦♥s ❋✐❧⋆❍❑❘❍❈
−(X)✱

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Zp)✱ ❛♥❞
∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp)

❛r❡ ❝♦♠♣❧❡t❡ ❜② ▲❡♠♠❛s ✸✳✶✳✾✱ ✸✳✶✳✶✸✱ ❛♥❞ ✸✳✷✳✼ r❡s♣❡❝t✐✈❡❧②✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✱ t❤❡ ✜❧tr❛t✐♦♥
❋✐❧⋆♠♦t❚❈(X) ✐s t❤❡♥ ❝♦♠♣❧❡t❡✱ ❛s ❛ ♣✉❧❧❜❛❝❦ ♦❢ t❤r❡❡ ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥s✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡
✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(X;Q) ✐s ❝♦♠♣❧❡t❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❚❈(X;Q) ❋✐❧⋆❍❑❘❍❈
−(X;Q)

(∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp)

)
Q

(∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Zp)
)
Q

✐♥❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✳ ❚❤❡ ✜❧tr❛t✐♦♥

(∏

p∈P

❋✐❧⋆❇▼❙❚❈(X;Zp)
)
Q

✐s ❝♦♠♣❧❡t❡ ❜② ▲❡♠♠❛ ✸✳✷✳✼✳ ❚❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘❍❈
−(X) −→

∏

p∈P

❋✐❧⋆❍❑❘❍❈
−(X;Zp)

✐s ❝♦♠♣❧❡t❡ ❛s ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Z) ✭▲❡♠♠❛s ✸✳✶✳✾ ❛♥❞ ✺✳✷✳✾✮✱
❛♥❞ ✐s ③❡r♦ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❜② ❝♦♥str✉❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♥❛t✉r❛❧❧②
✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘❍❈
−(X;Q) −→

(∏

p∈P

❋✐❧⋆❍❑❘❍❈
−(X;Zp)

)
Q
,

✇❤✐❝❤ ✐s t❤✉s ❝♦♠♣❧❡t❡ ❛s ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q)✳ ❚❤✐s ✐♠♣❧✐❡s✱ ❜②
t❤❡ ♣r❡✈✐♦✉s ❝❛rt❡s✐❛♥ sq✉❛r❡✱ t❤❛t t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(X;Q) ✐s ❛❧s♦ ❝♦♠♣❧❡t❡✳

❘❡♠❛r❦ ✸✳✸✳✾ ✭❊①❤❛✉st✐✈✐t② ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❚❈✮✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈
✐s ♥♦t ❡①❤❛✉st✐✈❡ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❆❧t❤♦✉❣❤ t❤✐s ✇✐❧❧ ♥♦t ❜❡ ♥❡❝❡ss❛r② t♦ ♣r♦✈❡
t❤❛t t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s ❡①❤❛✉st✐✈❡ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✮✱ ♦♥❡ ❝❛♥
♣r♦✈❡✱ ✉s✐♥❣ ❬❆♥t✶✾✱ ▲❡♠♠❛ 4.10❪ ❛♥❞ ✐ts ♣r♦♦❢✱ t❤❛t ✐❢ X ✐s ❛ q✉❛s✐✲❧❝✐ Z✲s❝❤❡♠❡✱✸ t❤❡♥ t❤❡
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(X) ✐s ❡①❤❛✉st✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✵✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♣r❡s❤❡❛❢

❋✐❧i♠♦t❚❈(−) : ❞❙❝❤
q❝qs✱♦♣ −→ ❙♣

✐s ❛♥ ét❛❧❡ s❤❡❛❢✳
✸❇② t❤✐s✱ ✇❡ ♠❡❛♥ t❤❛t ❩❛r✐s❦✐✲❧♦❝❛❧❧② ♦♥ t❤❡ q❝qs s❝❤❡♠❡X✱ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L−/ Z ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡

✐♥ [−1; 0]✳

✹✻



Pr♦♦❢✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s
∏
p∈P ❋✐❧

i
❇▼❙❚❈(−;Zp)✱

❋✐❧i❍❑❘❍❈
−(−)✱ ❛♥❞

∏
p∈P ❋✐❧

i
❍❑❘❍❈

−(−;Zp) ❛r❡ ét❛❧❡ s❤❡❛✈❡s✳ ❆ ♣r♦❞✉❝t ♦❢ s❤❡❛✈❡s ✐s ❛
s❤❡❛❢✱ ❛♥❞ t❤❡s❡ ❇▼❙ ❛♥❞ ❍❑❘ ✜❧tr❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡ ✭▲❡♠♠❛s ✸✳✷✳✼✱ ✸✳✶✳✾✱ ❛♥❞ ✸✳✶✳✶✸✮✳ ■t
t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♣r❡s❤❡❛✈❡s

Zp(i)
❇▼❙(−), RΓ❩❛r

(
−, L̂Ω

≥i

−/Z

)
, ❛♥❞ RΓ❩❛r

(
−, (L̂Ω

≥i

−/Z)
∧
p

)

❛r❡ ét❛❧❡ s❤❡❛✈❡s✳ ❚❤❡ st❛t❡♠❡♥t ❢♦r Zp(i)❇▼❙(−) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ p✲❢♣q❝ ❞❡s❝❡♥t ✭❬❇▲✷✷✱
Pr♦♣♦s✐t✐♦♥ 7.4.7❪✮✳ ❚❤❡ st❛t❡♠❡♥t ❢♦r t❤❡ ♦t❤❡r t✇♦ ♣r❡s❤❡❛✈❡s r❡❞✉❝❡s t♦ t❤❡ ❢♣q❝ ❞❡s❝❡♥t
❢♦r t❤❡ ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✭❬❇▼❙✶✾✱ ❚❤❡♦r❡♠ 3.1❪✮✳

❈♦r♦❧❧❛r② ✸✳✸✳✶✶✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♣r❡s❤❡❛❢

Z(i)❚❈(−) : ❞❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s ❛♥ ét❛❧❡ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✵✳

✸✳✹ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ L❝❞❤❚❈

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t♦♣♦❧♦❣✐❝❛❧
❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✸✳✹✳✶✮✳

❉❡✜♥✐t✐♦♥ ✸✳✹✳✶ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ L❝❞❤❚❈✮✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❝❞❤ s❤❡❛✜✜❡❞
t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs s❝❤❡♠❡s

❋✐❧⋆♠♦tL❝❞❤❚❈(−) : ❙❝❤
q❝qs,♦♣ −→ ❋✐❧❙♣

✐s t❤❡ ❢✉♥❝t♦r ❞❡✜♥❡❞ ❛s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝
❤♦♠♦❧♦❣② ✭❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✮

❋✐❧⋆♠♦tL❝❞❤❚❈(−) :=
(
L❝❞❤❋✐❧

⋆
♠♦t❚❈

)
(−).

❘❡♠❛r❦ ✸✳✹✳✷ ✭●r❛❞❡❞ ♣✐❡❝❡s ♦❢ ❋✐❧⋆♠♦tL❝❞❤❚❈✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r
i ∈ Z✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

(
L❝❞❤ Z(i)

❚❈
)
(X) −→ ❣ri♠♦tL❝❞❤❚❈(R)[−2i]

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❲❡ ✇✐❧❧ ✉s✉❛❧❧② r❡❢❡r t♦ t❤❡s❡ s❤✐❢t❡❞ ❣r❛❞❡❞
♣✐❡❝❡s ❜② t❤❡ ❝♦♠♣❧❡①❡s

(
L❝❞❤ Z(i)

❚❈
)
(X)✳

❘❡♠❛r❦ ✸✳✹✳✸ ✭❈♦♠♣❧❡t❡♥❡ss ♦❢ ❋✐❧⋆♠♦tL❝❞❤❚❈✮✳ ■t ✐s ♥♦t ❝❧❡❛r ❛ ♣r✐♦r✐ t❤❛t t❤❡ ✜❧tr❛t✐♦♥
❋✐❧⋆♠♦tL❝❞❤❚❈(X) ✐s ❝♦♠♣❧❡t❡✱ ❡✈❡♥ ♦♥ q❝qs s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥✳ ▼♦❞✉❧♦ ❛♥②
♣r✐♠❡ ♥✉♠❜❡r p✱ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❜♦✉♥❞ ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 5.1 (1)❪
❛♥❞ ❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✳ ❚❤❡ ✐♥t❡❣r❛❧ st❛t❡♠❡♥t ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝❡rt❛✐♥ ❝❞❤
❞❡s❝❡♥t r❡s✉❧ts ✐♥ ❈❤❛♣t❡r ✺✳

❘❡♠❛r❦ ✸✳✹✳✹ ✭❊①❤❛✉st✐✈✐t② ♦❢ ❋✐❧⋆♠♦tL❝❞❤❚❈✮✳ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧
⋆
♠♦tL❝❞❤❚❈ ✐s ♥♦t ❡①❤❛✉st✐✈❡

♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❤♦✇❡✈❡r✱ ✐♥ ❈❤❛♣t❡r ✺✱ t❤❛t t❤❡ ✜❜r❡ ♦❢ t❤❡
♥❛t✉r❛❧ ♠❛♣ ❋✐❧⋆♠♦t❚❈→ ❋✐❧⋆♠♦tL❝❞❤❚❈ ✐s N✲✐♥❞❡①❡❞✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❡①❤❛✉st✐✈❡✳

✹✼



✹✽



❈❤❛♣t❡r ✹

❉❡✜♥✐t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❣❡♥❡r❛❧ q✉❛s✐✲❝♦♠♣❛❝t q✉❛s✐✲s❡♣❛r❛t❡❞
❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✻✮ ❛♥❞ ❡st❛❜❧✐s❤ s♦♠❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❛ss♦❝✐❛t❡❞ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✳

✹✳✶ ❈❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s
✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳ ❋♦❧❧♦✇✐♥❣ ❬❇❧♦✽✻✱ ▲❡✈✵✶✱ ●❡✐✵✹❪✱ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤
Z✲s❝❤❡♠❡s X ✐s ❝❧❛ss✐❝❛❧❧② ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s zi(X, •)✳ ❘❡❝❛❧❧ t❤❛t
❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡① ✐s ❛ s✐♠♣❧✐❝✐❛❧ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛❧❣❡❜r❛✐❝ ❝②❝❧❡s✳ ❚❤❡
❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s✱ ❝❛❧❧❡❞ ❇❧♦❝❤✬s ❤✐❣❤❡r ❈❤♦✇ ❣r♦✉♣s✱ ❛r❡ ❛ ❣❡♥❡r✲
❛❧✐s❛t✐♦♥ ♦❢ ❈❤♦✇ ❣r♦✉♣s t❤❛t ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❣❡♥❡r❛❧✐s❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❑0 ❛♥❞ t❤❡
❈❤♦✇ ❣r♦✉♣s ♦❢ ❛ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② t♦ ❤✐❣❤❡r K✲❣r♦✉♣s✳ ❱✐❛ t❤❡ ❉♦❧❞✕❑❛♥ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡✱ ✇❡ ✈✐❡✇ ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s ❛s ♦❜❥❡❝ts ♦❢ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶ ✭❈❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s✮✳ ▲❡t B ❜❡ ❛ ✜❡❧❞ ♦r ❛
♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ ✭❡✳❣✳✱ B = Z✮✱ ❛♥❞ X ❜❡ ❛ s♠♦♦t❤ B✲s❝❤❡♠❡✳ ❋♦r ❛♥②
✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①

Z(i)❝❧❛(X) ∈ D(Z)

✐s t❤❡ s❤✐❢t ♦❢ ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡① zi(X, •)✿

Z(i)❝❧❛(X) := zi(X, •)[−2i],

✇❤❡r❡ • ✐s t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ✐♥❞❡①✳

◆♦t❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ✈❛♥✐s❤ ✐♥ ❞❡❣r❡❡s ♠♦r❡
t❤❛♥ 2i✱ ❛♥❞ ✐♥ ❛❧❧ ❞❡❣r❡❡s ❢♦r ✇❡✐❣❤ts i < 0✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✱ ✇❡ ✉s❡ t❤❡ s❧✐❝❡ ✜❧tr❛t✐♦♥ ✐♥ st❛❜❧❡ ❤♦♠♦t♦♣② t❤❡♦r②✱ ❛s ✐♥tr♦✲
❞✉❝❡❞ ❜② ❱♦❡✈♦❞s❦② ❬❱♦❡✵✷❛✱ ❱♦❡✵✷❜✱ ❇❍✷✶❪✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✷ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ K✲t❤❡♦r② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s✮✳ ▲❡t B ❜❡ ❛ ✜❡❧❞ ♦r ❛
♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②
♦❢ s♠♦♦t❤ B✲s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❝❧❛❑(−) : ❙♠♦♣
B −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s t❤❡ ✐♠❛❣❡✱ ✈✐❛ t❤❡ ♠❛♣♣✐♥❣ s♣❡❝tr✉♠ ❝♦♥str✉❝t✐♦♥ ω∞ : ❙❍(B) → P❙❤(❙♠B, ❙♣)✱
♦❢ t❤❡ s❧✐❝❡ ✜❧tr❛t✐♦♥ f⋆❑●▲ ♦♥ t❤❡ K✲t❤❡♦r② ♠♦t✐✈✐❝ s♣❡❝tr✉♠ ❑●▲ ∈ ❙❍(B)✳

✹✾



❘❡♠❛r❦ ✹✳✶✳✸✳ ❚❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛❧❣❡❜r❛✐❝ ❝②❝❧❡s ❜❡✐♥❣ ✇❡❧❧✲❞❡✜♥❡❞ ♦♥❧② ❛❧♦♥❣ ✢❛t ♠❛♣s✱ ✐t
✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶
❛r❡ ❢✉♥❝t♦r✐❛❧✳ ❖✈❡r ❛ ✜❡❧❞✱ ❱♦❡✈♦❞s❦② ♦✈❡r❝♦♠❡s t❤✐s t❡❝❤♥✐❝❛❧✐t② ❜② ♣r♦✈✐♥❣ t❤❛t ❇❧♦❝❤✬s
❝②❝❧❡ ❝♦♠♣❧❡①❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❙❍ ❜② t❤❡ ③❡r♦t❤ s❧✐❝❡ ♦❢ t❤❡ K✲t❤❡♦r② ♠♦t✐✈✐❝ s♣❡❝tr✉♠
❑●▲✳ ❖✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ♣r♦✈❡❞ ❜② ❇❛❝❤✲
♠❛♥♥ ❬❇❛❝✷✷❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s t❤❛t ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s zi(−, •)✱ ✇❤❡♥ s❡❡♥ ❛s ❛
❝♦♥str✉❝t✐♦♥ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✐s ✐♥❞❡❡❞ ❢✉♥❝t♦r✐❛❧✱ ❛♥❞ ♠✉❧t✐♣❧✐❝❛✲
t✐✈❡✳ ■♥ t❡r♠s ♦❢ ❉❡✜♥✐t✐♦♥s ✹✳✶✳✶ ❛♥❞ ✹✳✶✳✷✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ✐s
❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ D(Z)✲✈❛❧✉❡❞✶ ❢✉♥❝t♦rs

Z(i)❝❧❛(−) := ❣ri❝❧❛❑(−)[−2i].

❊①❛♠♣❧❡ ✹✳✶✳✹ ✭❲❡✐❣❤t ③❡r♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② s♠♦♦t❤ s❝❤❡♠❡ X ♦✈❡r
❛ ✜❡❧❞ ♦r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(0)❝❧❛(X) ≃ RΓ❩❛r(X,Z)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❬❙♣✐✶✽✱ Pr♦♣♦s✐t✐♦♥ 6.1❪✮✳

❊①❛♠♣❧❡ ✹✳✶✳✺ ✭❲❡✐❣❤t ♦♥❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② s♠♦♦t❤ s❝❤❡♠❡ X ♦✈❡r
❛ ✜❡❧❞ ♦r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(1)❝❧❛(X) ≃ RΓ❩❛r(X,Gm)[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❬❙♣✐✶✽✱ ❚❤❡♦r❡♠ 7.10❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣❧❡① Z(1)❝❧❛(X)
✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡s ♦♥❡ ❛♥❞ t✇♦✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜②

❍1(Z(1)❝❧❛(X)) ∼= O(X)× ❛♥❞ ❍2(Z(1)❝❧❛(X)) ∼= P✐❝(X).

✹✳✷ ❚❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥

❋♦❧❧♦✇✐♥❣ ❬❇❊▼✷✹❪✱ ✇❡ r❡✈✐❡✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❤♦♠♦t♦♣②
K✲t❤❡♦r② ❑❍(−) ♦❢ q❝qs s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✮✱ ✇❤♦s❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡s Z(i)❝❞❤ ✇✐❧❧
s❡r✈❡ ❛s ❛ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ✭❘❡♠❛r❦ ✹✳✸✳✼✮✳
❲❡ ✜rst ❞❡✜♥❡ t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❧✐ss❡ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ❛s ❛
♣r❛❝t✐❝❛❧ t♦♦❧ ❢♦r ❧❛t❡r ❝❤❛♣t❡rs✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❇❤❛tt✕▲✉r✐❡ t❤❛t ❝♦♥♥❡❝t✐✈❡
❛❧❣❡❜r❛✐❝K✲t❤❡♦r② ❑❝♦♥♥(−) ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ❢r♦♠ s♠♦♦t❤
Z✲❛❧❣❡❜r❛s ❬❊❍❑+✷✵✱ Pr♦♣♦s✐t✐♦♥ ❆.0.4❪✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❝♦♥♥❡❝t✐✈❡ K✲t❤❡♦r② ♦❢ ❛♥✐♠❛t❡❞ r✐♥❣s✮✳ ❚❤❡ ♠♦t✐✈✐❝
✜❧tr❛t✐♦♥ ♦♥ ❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❧✐ss❡❑
❝♦♥♥(−) : ❆♥✐❘✐♥❣s −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢
s♠♦♦t❤ Z✲❛❧❣❡❜r❛s

❋✐❧⋆❧✐ss❡❑
❝♦♥♥(−) :=

(
L❆♥✐❘✐♥❣s/❙♠Z

❋✐❧⋆❝❧❛❑
)
(−).

✶❊✈❡r② ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t♦r ❣ri❝❧❛❑(−)[−2i] ❤❛s ❛ ♥❛t✉r❛❧ ♠♦❞✉❧❡ str✉❝t✉r❡ ♦✈❡r t❤❡ E∞✲r✐♥❣ ❣r0❝❧❛❑(Z)✱
✇❤✐❝❤✱ ❜② ❬❙♣✐✶✽✱ Pr♦♣♦s✐t✐♦♥ 6.1❪ ❛♥❞ ❬❇❛❝✷✷❪✱ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ E∞✲r✐♥❣ H Z✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
t❤❡ s♣❡❝tr❛✲✈❛❧✉❡❞ ❢✉♥❝t♦r ❣ri❝❧❛❑(−)[−2i] t❛❦❡s ✈❛❧✉❡s ✐♥ H Z✲❧✐♥❡❛r s♣❡❝tr❛✱ ✐✳❡✳✱ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✺✵



◆♦t❡ t❤❛t ❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s ♥♦t ❛ ❩❛r✐s❦✐ s❤❡❛❢ ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳
▼♦st ♦❢ ♦✉r r❡s✉❧ts ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❧✐ss❡ ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡
❣❡♥❡r❛❧✐t② ♦❢ ❧♦❝❛❧ r✐♥❣s✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✷ ✭▲✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❛♥✐♠❛t❡❞ r✐♥❣s✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ∈ Z✱ t❤❡
❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①

Z(i)❧✐ss❡(−) : ❆♥✐❘✐♥❣s −→ D(Z)

✐s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✿

Z(i)❧✐ss❡(−) := ❣ri❧✐ss❡❑
❝♦♥♥(−)[−2i].

◆♦t❡ t❤❛t t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❧✐ss❡ ❛r❡ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✈❛♥✐s❤ ✐♥ ✇❡✐❣❤ts i < 0✳

❊①❛♠♣❧❡ ✹✳✷✳✸ ✭❲❡✐❣❤t ③❡r♦ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② ❧♦❝❛❧ r✐♥❣ R✱ t❤❡r❡ ✐s ❛
♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(0)❧✐ss❡(R) ≃ Z[0]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❊①❛♠♣❧❡ ✹✳✶✳✹✱ ❜② ✉s✐♥❣ t❤❛t t❤❡
❢✉♥❝t♦r Z(0)❧✐ss❡(−) ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❧♦❝❛❧ r✐♥❣s ❢r♦♠ ✐ts r❡str✐❝t✐♦♥ t♦ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧②
s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

❊①❛♠♣❧❡ ✹✳✷✳✹ ✭❲❡✐❣❤t ♦♥❡ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ t❤❡r❡
✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(1)❧✐ss❡(R) ≃
(
τ≤1RΓ❩❛r(R,Gm)

)
[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣❧❡① Z(1)❧✐ss❡(R) ∈ D(Z) ✐s ❝♦♥❝❡♥tr❛t❡❞
✐♥ ❞❡❣r❡❡s ♦♥❡ ❛♥❞ t✇♦✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜②

❍1(Z(1)❧✐ss❡(R)) ∼= O(R)× ❛♥❞ ❍2(Z(1)❧✐ss❡(R)) ∼= P✐❝(R).

❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❊①❛♠♣❧❡ ✹✳✶✳✺✱ ❜② ✉s✐♥❣ t❤❛t t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❢✉♥❝t♦r
t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st t✇♦ t❛❦❡s ✈❛❧✉❡s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st t✇♦✱ ❛♥❞ t❤❛t t❤❡ ❢✉♥❝t♦r
τ≤1RΓ❩❛r(−,Gm) ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ✐ts r❡str✐❝t✐♦♥ t♦ s♠♦♦t❤
Z✲❛❧❣❡❜r❛s✳ ❍❡r❡ t❤❡ ❧❛tt❡r ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♣r♦♣❡rt② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❛♠❡ ❧❡❢t
❑❛♥ ❡①t❡♥s✐♦♥ ♣r♦♣❡rt② ❢♦r t❤❡ ❢✉♥❝t♦rs Gm(−) ✭✇❤✐❝❤ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ▼❛t❤❡✇✬s ❝r✐t❡r✐♦♥
❬❊❍❑+✷✵✱ Pr♦♣♦s✐t✐♦♥ ❆.0.4❪✮ ❛♥❞ P✐❝(−) ✭✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ r✐❣✐❞✐t②✱ s❡❡ ❬❊▼✷✸✱
▲❡♠♠❛ 7.6❪✮✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✺ ✭❈❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ KH✲t❤❡♦r② ♦❢ s❝❤❡♠❡s✮✳ ❚❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦✲
t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❤♦♠♦t♦♣② K✲t❤❡♦r② ♦❢ q❝qs s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❝❞❤❑❍(−) : ❙❝❤
q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❛s

❋✐❧⋆❝❞❤❑❍(−) :=
(
L❝❞❤❋✐❧

⋆
❧✐ss❡❑

❝♦♥♥
)
(−) =

(
L❝❞❤L❙❝❤q❝qs✱♦♣/❙♠♦♣

Z
❋✐❧⋆❝❧❛❑

)
(−).

❘❡♠❛r❦ ✹✳✷✳✻✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✮✱ t❤❡r❡ ✐s
❛ ♥❛t✉r❛❧ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ♦❢ ♣r❡s❤❡❛✈❡s

❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆❝❞❤❑❍(−)

♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s✳

✺✶



❉❡✜♥✐t✐♦♥ ✹✳✷✳✼ ✭❈❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s❝❤❡♠❡s✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ∈ Z✱ t❤❡
❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①

Z(i)❝❞❤(−) : ❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✿

Z(i)❝❞❤(−) := ❣ri❝❞❤❑❍(−)[−2i].

❆❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ r❡❢❡r t❤r♦✉❣❤♦✉t t❤❡ t❡①t t♦ ❬❇❊▼✷✹❪ ❢♦r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❝❞❤✲❧♦❝❛❧
♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❞❤✱ ✇❡ ❛❧r❡❛❞② ♠❡♥t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❛s ✐t ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽ ✭❈♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✱ ❛❢t❡r ❬❇❊▼✷✹❪✮✳ ▲❡t
d ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ s♣❡❝tr✉♠ ❋✐❧i❝❞❤❑❍(X) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+ d✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(X)✱ ❛♥❞ ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(X;Q)✱ ❛r❡ ❝♦♠♣❧❡t❡✳

✹✳✸ ❉❡✜♥✐t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ q❝qs ❞❡r✐✈❡❞
s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥s ✹✳✸✳✹ ❛♥❞ ✹✳✸✳✺✮✱ ❜② ❝♦♥str✉❝t✐♥❣ ❛ ✜❧t❡r❡❞ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛rt❡s✐❛♥
sq✉❛r❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❚♦ ❞♦ s♦✱ ✇❡ ✜rst ❞❡✜♥❡ ❛ ✜❧t❡r❡❞ ❝❞❤✲❧♦❝❛❧ ❝②❝❧♦t♦♠✐❝ tr❛❝❡ ♠❛♣
❋✐❧⋆❝❞❤❑❍(−)→ ❋✐❧⋆♠♦tL❝❞❤❚❈(−) ✭❈♦♥str✉❝t✐♦♥ ✹✳✸✳✸✮✳

❚❤❡♦r❡♠ ✹✳✸✳✶ ✭❋✐❧t❡r❡❞ ❝②❝❧♦t♦♠✐❝ tr❛❝❡ ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡✮✳ ❚❤❡ ❝②❝❧♦t♦♠✐❝ tr❛❝❡ ♠❛♣

❑(−) −→ ❚❈(−),

✈✐❡✇❡❞ ❛s ❛ ♠❛♣ ♦❢ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ❛❞♠✐ts ❛
✉♥✐q✉❡✱ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①t❡♥s✐♦♥ t♦ ❛ ♠❛♣

❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆♠♦t❚❈(−)

♦❢ ✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢ s♣❡❝tr❛✳

Pr♦♦❢✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✱ t❤❡ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❚❈(−) ❍❈−(−)

∏
p∈P❚❈(−;Zp)

∏
p∈P❍❈

−(−;Zp)

❛❞♠✐ts ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ ❡①t❡♥s✐♦♥

❋✐❧⋆♠♦t❚❈(−) ❋✐❧⋆❍❑❘❍❈
−(−)

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(−;Zp)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(−;Zp)

♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧
♠❛♣s

❑(−) −→ ❍❈−(−), ❑(−) −→ ❍❈−(−;Zp), ❛♥❞ ❑(−) −→ ❚❈(−;Zp),

✺✷



✈✐❡✇❡❞ ❛s ♠❛♣s ♦❢ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ❛❞♠✐t
✉♥✐q✉❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ ❡①t❡♥s✐♦♥s t♦ ♠❛♣s ♦❢ ✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢ s♣❡❝tr❛

❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆❍❑❘❍❈
−(−), ❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆❍❑❘❍❈

−(−;Zp), ❛♥❞

❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆❇▼❙❚❈(−;Zp)

r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♣r♦♦❢ ♦❢ ❬❊▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 4.6❪✱ ✇❤✐❝❤ ✐s st❛t❡❞ ♦✈❡r ❛ q✉❛s✐s♠♦♦t❤ ♠❛♣ ♦❢ ❝♦♠✲

♠✉t❛t✐✈❡ r✐♥❣s k0 → k s✉❝❤ t❤❛t k ✐s ❛ ✜❡❧❞✱ ❛♣♣❧✐❡s r❡❛❞✐❧② t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ k0 = k = Z✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✉s❡ ✐♥ t❤✐s ♣r♦♦❢ t❤❡ ●❡rst❡♥ ❝♦♥❥❡❝t✉r❡ ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧✲
♦❣② ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ✇❤✐❝❤ ✐s ❬●❡✐✵✹✱ ❚❤❡♦r❡♠ 1.1❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣
❑(−) → ❍❈−(−)✱ ✈✐❡✇❡❞ ❛s ❛ ♠❛♣ ♦❢ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤
Z✲s❝❤❡♠❡s✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ ❡①t❡♥s✐♦♥ t♦ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢
s♣❡❝tr❛ ❋✐❧⋆❝❧❛❑(−)→ ❋✐❧⋆❍❑❘❍❈

−(−)✳
❙✐♠✐❧❛r❧②✱ t❤❡ p✲❝♦♠♣❧❡t❡❞ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① (LR/Z)

∧
p ♦❢ ❛ s♠♦♦t❤ Z✲❛❧❣❡❜r❛ R ✐s ❝♦♥❝❡♥✲

tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② t❤❡ p✲✢❛t R✲♠♦❞✉❧❡ (Ω1
R/Z)

∧
p ✳ ❙♦ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t❤❡ ♦❜❥❡❝t ❣ri❍❑❘❍❈
−(R;Zp) ∈ D(Z) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❧❡ss t❤❛♥ −i✳

❚❤❡ ♣r♦♦❢ ♦❢ ❬❊▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 4.6❪ t❤❡♥ ❛❞❛♣ts r❡❛❞✐❧② t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣
❑(−)→ ❍❈−(−;Zp)✱ ✈✐❡✇❡❞ ❛s ❛ ♠❛♣ ♦❢ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤
Z✲s❝❤❡♠❡s✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①t❡♥s✐♦♥ t♦ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢ s♣❡❝tr❛
❋✐❧⋆❝❧❛❑(−)→ ❋✐❧⋆❍❑❘❍❈

−(−;Zp)✳
❋✐♥❛❧❧②✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑(−)→ ❚❈(−;Zp)✱ ✈✐❡✇❡❞ ❛s ❛ ♠❛♣ ♦❢ s♣❡❝tr❛✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s

♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①t❡♥s✐♦♥ t♦ ❛ ♠❛♣ ♦❢
✜❧t❡r❡❞ ♣r❡s❤❡❛✈❡s ♦❢ s♣❡❝tr❛ ❋✐❧⋆❝❧❛❑(−) → ❋✐❧⋆❇▼❙❚❈(−;Zp)✱ ❜② ❬❆❍■✷✹✱ Pr♦♣♦s✐t✐♦♥ 6.12❪✳

❘❡♠❛r❦ ✹✳✸✳✷✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp) ✐s ❞❡t❡r♠✐♥❡❞
❜② ✐ts p✲q✉❛s✐s②♥t♦♠✐❝✲❧♦❝❛❧ ✈❛❧✉❡s ✭❚❤❡♦r❡♠ ✸✳✷✳✶✶✮✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ❬❆❍■✷✹✱ ▲❡♠♠❛ 6.10❪✱
t❤❡ p✲❝♦♠♣❧❡t❡❞ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❝❧❛❑(−)✱ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s t♦
p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✱ ✐s p✲q✉❛s✐s②♥t♦♠✐❝✲❧♦❝❛❧❧② ✐❞❡♥t✐✜❡❞✱ ✈✐❛ t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② ❬❆❍■✷✹✱
Pr♦♣♦s✐t✐♦♥ 6.12❪✱ ✇✐t❤ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ r❡❝♦♥str✉❝t t❤❡
❇▼❙ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp) ♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✸✳✷✳✻✮ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❧❛❑(−) ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s ✭❉❡✜♥✐t✐♦♥ ✹✳✶✳✷✮✳ ❚❤✐s ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥
❈❤❛♣t❡r ✺ t♦ ❝♦♥str✉❝t ❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp)✳

❈♦♥str✉❝t✐♦♥ ✹✳✸✳✸ ✭❋✐❧t❡r❡❞ ❝❞❤✲❧♦❝❛❧ ❝②❝❧♦t♦♠✐❝ tr❛❝❡✮✳ ❚❤❡ ✜❧t❡r❡❞ ❝❞❤✲❧♦❝❛❧ ❝②❝❧♦t♦♠✐❝
tr❛❝❡ ♠❛♣ ✐s t❤❡ ♠❛♣

❋✐❧⋆❝❞❤❑❍(−) −→ ❋✐❧⋆♠♦tL❝❞❤❚❈(−)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ✭t❤❡ ♦♣♣♦s✐t❡ ❝❛t❡❣♦r② ♦❢✮ q❝qs s❝❤❡♠❡s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡
✜❧t❡r❡❞ s♣❡❝tr❛ ❞❡✜♥❡❞ ❛s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣♦s✐t❡

(
L❙❝❤q❝qs✱♦♣/❙♠♦♣

Z
❋✐❧⋆❝❧❛❑

)
(−) −→

(
L❙❝❤q❝qs✱♦♣/❙♠♦♣

Z
❋✐❧⋆♠♦t❚❈

)
(−) −→ ❋✐❧⋆♠♦t❚❈(−),

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② ❚❤❡♦r❡♠ ✹✳✸✳✶ ❛♥❞ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧
♠❛♣✳ ◆♦t❡ ❤❡r❡ t❤❛t s❤❡❛✜✜❝❛t✐♦♥ ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦♣❡r❛t✐♦♥✱ ❛♥❞ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡✲
t✇❡❡♥ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡s ✐s ❡♥s✉r❡❞ ❜② ❬▲✉r✶✼✱ ❈♦r♦❧❧❛r② 3.2.3.2❪
✭s❡❡ ❛❧s♦ ❬❊▼✷✸✱ 2.3.2❪✮✳

✺✸



❉❡✜♥✐t✐♦♥ ✹✳✸✳✹ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ K✲t❤❡♦r② ♦❢ s❝❤❡♠❡s✮✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ ♥♦♥✲
❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ q❝qs s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆♠♦t❑(−) : ❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❜② t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ❢✉♥❝t♦rs ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(−) ❋✐❧⋆♠♦t❚❈(−)

❋✐❧⋆❝❞❤❑❍(−) ❋✐❧⋆♠♦tL❝❞❤❚❈(−),

✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ ❈♦♥str✉❝t✐♦♥ ✹✳✸✳✸✱ ❛♥❞ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣
✐s ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✺ ✭▼♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ K✲t❤❡♦r② ♦❢ ❞❡r✐✈❡❞ s❝❤❡♠❡s✮✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥
♦♥ ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆♠♦t❑(−) : ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❜② t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ❢✉♥❝t♦rs ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(−) ❋✐❧⋆♠♦t❚❈(−)

❋✐❧⋆♠♦t❑(π0(−)) ❋✐❧⋆♠♦t❚❈(π0(−))

✇❤❡r❡ π0(−) : ❞❙❝❤ → ❙❝❤ ✐s r❡str✐❝t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❧♦❝✉s✱ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ ❑(π0(−)) ✐s
❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✱ ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥s ♦♥ ❚❈(−) ❛♥❞ ❚❈(π0(−)) ❛r❡ ❣✐✈❡♥ ❜② ❉❡✜♥✐✲
t✐♦♥ ✸✳✸✳✸✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✻ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❞❡r✐✈❡❞ s❝❤❡♠❡s✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♠♦t✐✈✐❝
❝♦♠♣❧❡①

Z(i)♠♦t : ❞❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺✿

Z(i)♠♦t(−) := ❣ri♠♦t❑(−)[−2i].

❋♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✱ ❛❧s♦ ❞❡♥♦t❡ ❜②

❍n♠♦t(X,Z(i)) := ❍n(Z(i)♠♦t(X)) n ∈ Z

t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ X✳

❘❡♠❛r❦ ✹✳✸✳✼ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s❝❤❡♠❡s✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ i ∈ Z ❜❡ ❛♥
✐♥t❡❣❡r✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Z(i)♠♦t(X) Z(i)❚❈(X)

Z(i)❝❞❤(X)
(
L❝❞❤ Z(i)

❚❈
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② ❈♦♥str✉❝✲
t✐♦♥ ✹✳✸✳✸ ❛♥❞ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥✳ ❚❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ ❝❛♥ s❡r✈❡ ❛s
❛ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ s❝❤❡♠❡ X✳

✺✹



❲❡ ♥♦✇ ❝♦♥str✉❝t✱ ❢♦r ❧❛t❡r ✉s❡✱ ❛ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ❢r♦♠ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② t♦
t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✻✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✽ ✭❋✐❧t❡r❡❞ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ❚❤❡ ✜❧t❡r❡❞ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ ♣r❡s❤❡❛✈❡s

❋✐❧⋆❝❧❛❑(−) −→ ❋✐❧⋆♠♦t❑(−)

♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛♣s ❘❡♠❛r❦ ✹✳✷✳✻ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✶✳ ◆♦t❡ ❤❡r❡ t❤❛t
t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠❛♣s ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹ ✐s ❛✉t♦♠❛t✐❝ ❜② ❈♦♥str✉❝✲
t✐♦♥ ✹✳✸✳✸✳

❉❡✜♥✐t✐♦♥ ✹✳✸✳✾ ✭❈❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❝❧❛ss✐❝❛❧✲
♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ D(Z)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s

Z(i)❝❧❛(−) −→ Z(i)♠♦t(−)

♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s ✐♥❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ it❤ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ✜❧t❡r❡❞ ♠❛♣ ♦❢
❉❡✜♥✐t✐♦♥ ✹✳✸✳✽✳

■♥ t❤❡ r❡st ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss s♦♠❡ ♦❢ t❤❡ ✜rst ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✳

❘❡♠❛r❦ ✹✳✸✳✶✵ ✭❈♦♠♣❛r✐s♦♥ t♦ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❇② ❝♦♥str✉❝t✐♦♥ ✭❉❡✜♥✐✲
t✐♦♥ ✹✳✷✳✺✮✱ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①

Z(i)❝❞❤ : ❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s ❛ ❝❞❤ s❤❡❛❢✱ s♦ t❤❡ ❝♦♠♠♦♥ ✜❜r❡ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ✐♥ t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ❘❡✲
♠❛r❦ ✹✳✸✳✼ ✐s ❛❧s♦ ❛ ❝❞❤ s❤❡❛❢✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ♦❢
t❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ ❡①❤✐❜✐ts ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❛s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣②✿

Z(i)❝❞❤(X) ≃
(
L❝❞❤ Z(i)

♠♦t
)
(X).

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r k ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆♠♦t❑(X;Z /pk) ❋✐❧⋆❇▼❙❚❈(X;Z /pk)

❋✐❧⋆❝❞❤❑❍(X;Z /pk) ❋✐❧⋆❇▼❙L❝❞❤❚❈(X;Z /pk)

♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺✳

❈♦r♦❧❧❛r② ✹✳✸✳✶✷✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs
i ∈ Z ❛♥❞ k ≥ 1✱ t❤❡r❡ ✐s ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Z /pk(i)♠♦t(X) Z /pk(i)❇▼❙(X)

Z /pk(i)❝❞❤(X)
(
L❝❞❤ Z /p

k(i)❇▼❙
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

✺✺



Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✳

❘❡♠❛r❦ ✹✳✸✳✶✸ ✭ℓ✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❛♥② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ✐♥t❡❣❡r k ≥ 1✱ t❤❡
✜❧t❡r❡❞ ♣r❡s❤❡❛❢ ❋✐❧⋆❇▼❙❚❈(−;Z /p

k) ❛♥❞ ✐ts ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ✈❛♥✐s❤ ♦♥ q❝qs Z[1p ]✲s❝❤❡♠❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② q❝qs Z[1p ]✲s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❑(X;Z /pk) −→ ❋✐❧⋆❝❞❤❑❍(X;Z /pk)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❘❡♠❛r❦ ✹✳✸✳✶✹ ✭❈♦♠♣❧❡t❡♥❡ss ❛♥❞ ❡①❤❛✉st✐✈✐t② ♦❢ ❋✐❧⋆♠♦t❑✮✳ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ♦❢
❉❡✜♥✐t✐♦♥ ✹✳✸✳✺ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ N✲✐♥❞❡①❡❞✱ ❤❡♥❝❡ ❡①❤❛✉st✐✈❡✱ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞
s❝❤❡♠❡s X ✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✮✱ ❛♥❞ ❝♦♠♣❧❡t❡ ♦♥ q❝qs s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥
✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹✮✳ ◆♦t❡ t❤❛t t❤❡s❡ r❡s✉❧ts ❝❛♥ ❛❧r❡❛❞② ❜❡ ♣r♦✈❡❞ ♠♦❞✉❧♦ ❛♥② ♣r✐♠❡ ♥✉♠❜❡r p✱
❛s ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ❛♥❞ ❈❤❛♣t❡r ✸✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ✜❧t❡r❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❉✉♥❞❛s✕●♦♦❞✇✐❧❧✐❡✕▼❝❈❛rt❤②
t❤❡♦r❡♠ ✭❬❉●▼✶✸✱ ❚❤❡♦r❡♠ 7.0.0.2❪✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✺✳ ▲❡t A → B ❜❡ ❛ ♠❛♣ ♦❢ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s s✉❝❤ t❤❛t t❤❡
✐♥❞✉❝❡❞ ♠❛♣ π0(A)→ π0(B) ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s s✉r❥❡❝t✐✈❡ ✇✐t❤ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♥✐❧♣♦t❡♥t
❦❡r♥❡❧✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❑(A) ❋✐❧⋆♠♦t❚❈(A)

❋✐❧⋆♠♦t❑(B) ❋✐❧⋆♠♦t❚❈(B)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❑(π0(A)) ❋✐❧⋆♠♦t❚❈(π0(A))

❋✐❧⋆♠♦t❑(π0(B)) ❋✐❧⋆♠♦t❚❈(π0(B))

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❋♦r ❡✈❡r② ❝❞❤ s❤❡❛❢ F ❞❡✜♥❡❞ ♦♥ q❝qs s❝❤❡♠❡s✱ t❤❡
♥❛t✉r❛❧ ♠❛♣ F (π0(A)) → F (π0(B)) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✳

✺✻



❈❤❛♣t❡r ✺

❘❛t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ t❤❛t ✇❡
✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✿ ♥❛♠❡❧②✱ t❤❛t ✐t ✐s ❛❧✇❛②s ❡①❤❛✉st✐✈❡ ❛♥❞ ✜♥✐t❛r②✱ ❛♥❞
❝♦♠♣❧❡t❡ ♦♥ s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ♠♦❞✉❧♦ ❛ ♣r✐♠❡ ♥✉♠❜❡r
p ❛r❡ ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❇▼❙ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞
t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ Pr♦✈✐♥❣ t❤❡s❡ r❡s✉❧ts ✐♥t❡❣r❛❧❧② ✇✐❧❧ ❤♦✇❡✈❡r r❡q✉✐r❡ ♠♦r❡ ✉♥✲
❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ r❛t✐♦♥❛❧ ♣❛rt ♦❢ t❤✐s ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✳ ❖✉r t✇♦ ♠❛✐♥ r❡s✉❧ts ♦♥ r❛t✐♦♥❛❧
♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❛r❡ ❛s ❢♦❧❧♦✇s✳

❚❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ r❛t✐♦♥❛❧ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✳

❚❤❡♦r❡♠ ✺✳✵✳✶ ✭❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ✐s r❛t✐♦♥❛❧❧② s♣❧✐t✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X;Q) ≃
⊕

j≥⋆

Q(j)♠♦t(X)[2j].

❆s ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✱ t❤✐s s♣❧✐tt✐♥❣ ✐s ✐♥❞✉❝❡❞ ❜② s✉✐t❛❜❧❡ ❆❞❛♠s ♦♣❡r❛t✐♦♥s✱
✇❤✐❝❤ ✇❡ ❝♦♥str✉❝t ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐♥ t❤❡ ✜rst s❡❝t✐♦♥✳

❚❤✐s r❡s✉❧t ✐s ❤♦✇❡✈❡r ♥♦t ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❡①❤❛✉st✐✈✐t②✱ ❝♦♠♣❧❡t❡♥❡ss✱ ♦r ✜♥✐t❛r✐♥❡ss
♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✳ ■♥st❡❛❞✱ t❤❡s❡ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❛❧♦♥❣ t❤❡ ✇❛② t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝♦♥❞
♠❛✐♥ r❡s✉❧t ♦♥ r❛t✐♦♥❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✳

❚❤❡♦r❡♠ ✺✳✵✳✷✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ ✜❧t❡r❡❞
s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X;Q)→ ❋✐❧⋆❝❞❤❑❍(X;Q)→ ❝♦✜❜
(
❋✐❧⋆−1❍❑❘❍❈(XQ/Q)→ ❋✐❧⋆−1❍❑❘L❝❞❤❍❈(XQ/Q)

)
[1].

❚♦ ♣r♦✈❡ t❤✐s r❡s✉❧t✱ ✇❡ ✉s❡ ❛ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥t ♦❢ ❲❡✐❜❡❧ ❛t t❤❡ ❧❡✈❡❧ ♦❢ K✲t❤❡♦r②
✭▲❡♠♠❛ ✺✳✻✳✶✮ ❛♥❞ t❤❡ r❛t✐♦♥❛❧ s♣❧✐tt✐♥❣ ❚❤❡♦r❡♠ ✺✳✵✳✶ t♦ r❡❞✉❝❡ t❤❡ st❛t❡♠❡♥t t♦ t❤❡ ❝❛s❡
♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ✇❤❡r❡ t❤❡ r❡s✉❧t ✐s ❡ss❡♥t✐❛❧❧② ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 4.10 (3)❪✳

❚❤❡ ❦❡② st❡♣ ✐♥ t❤✐s ❛r❣✉♠❡♥t✱ ✐♥ ♦r❞❡r t♦ ♣❛ss ❢r♦♠ ❛ st❛t❡♠❡♥t ❛t t❤❡ ❧❡✈❡❧ ♦❢ K✲t❤❡♦r②
t♦ ❛ ✜❧t❡r❡❞ st❛t❡♠❡♥t✱ ✐s t♦ ♣r♦✈❡ ❜❡❢♦r❡❤❛♥❞ t❤❛t t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑ ✐s N✲✐♥❞❡①❡❞
✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✮✳ ❚❤❡ str❛t❡❣② t♦ ♣r♦✈❡ t❤✐s ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ r✐❣✐❞✲
❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ✇❤♦s❡ ❣r❛❞❡❞
♣✐❡❝❡s ❛r❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥ts ♦❢ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✳ ❲❡ t❤❡♥ ❛❞❛♣t ❛ t❤❡♦r❡♠

✺✼



●♦♦❞✇✐❧❧✐❡ ✕st❛t✐♥❣ ✐♥ ♠♦❞❡r♥ ❧❛♥❣✉❛❣❡ t❤❛t ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s tr✉♥❝❛t✐♥❣ ✐♥ ❝❤❛r✲
❛❝t❡r✐st✐❝ ③❡r♦✕ t♦ t❤✐s r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❚❤✐s r✐❣✐❞✲❛♥❛❧②t✐❝
●♦♦❞✇✐❧❧✐❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s✱ ❜② t❤❡ ✇♦r❦ ♦❢ ▲❛♥❞✕❚❛♠♠❡ ♦♥ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥ts✱ t❤❛t t❤❡
r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s ❛ ❝❞❤ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s✳ ❆ ✜❧t❡r❡❞
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❝❞❤ ❞❡s❝❡♥t r❡s✉❧t t❤❡♥ ❢♦r♠❛❧❧② ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✱ ✐✳❡✳✱ t❤❛t t❤❡
♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑ ✐s N✲✐♥❞❡①❡❞✳

✺✳✶ ❆❞❛♠s ♦♣❡r❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✵✳✶✱ ✉s✐♥❣ ❆❞❛♠s ♦♣❡r❛t✐♦♥s✳
■♥ ❬❊▼✷✸✱ ❆♣♣❡♥❞✐① ❇❪✱ ❊❧♠❛♥t♦✕▼♦rr♦✇ ❝♦♥str✉❝t ❆❞❛♠s ♦♣❡r❛t✐♦♥s ψm ♦♥ t❤❡m✲♣❡r✐♦✲

❞✐❝ ✜❧t❡r❡❞ K✲t❤❡♦r② ❋✐❧⋆❝❧❛❑(X)[ 1m ] ♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s X✱ ❛❝t✐♥❣ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡
❛s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳ ❯s✐♥❣ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕▼♦rr♦✇ ❝♦♥str✉❝t t❤❡
❢♦❧❧♦✇✐♥❣ ❆❞❛♠s ♦♣❡r❛t✐♦♥s ψm ♦♥ t❤❡ ✜❧t❡r❡❞ KH✲t❤❡♦r② ♦❢ ❛r❜✐tr❛r② q❝qs s❝❤❡♠❡s X✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶ ✭❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ ✜❧t❡r❡❞ KH✲t❤❡♦r②✱ ❬❇❊▼✷✹❪✮✳ ▲❡t m ≥ 2 ❜❡ ❛♥
✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ t❤❡ ✜❧t❡r❡❞
s♣❡❝tr✉♠ ❋✐❧⋆❝❞❤❑❍(X)[ 1m ] s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ✐♥❞✉❝❡❞ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡
it❤ ❣r❛❞❡❞ ♣✐❡❝❡ Z[ 1m ](i)❝❞❤(X)[2i] ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳

❲❡ ♥♦✇ ✉s❡ t❤❡ ❆❞❛♠s ♦♣❡r❛t✐♦♥s ψm ♦♥ t❤❡ m✲♣❡r✐♦❞✐❝ ✜❧t❡r❡❞ K✲t❤❡♦r② ❋✐❧⋆❝❧❛❑(X)[ 1m ]
♦❢ s♠♦♦t❤ Z✲s❝❤❡♠❡s X ✭❬❊▼✷✸✱ ❆♣♣❡♥❞✐① B❪✮ t♦ ❝♦♥str✉❝t ❆❞❛♠s ♦♣❡r❛t✐♦♥s ψm ♦♥ t❤❡
✜❧t❡r❡❞ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❋✐❧⋆❇▼❙❚❈(X;Zp) ♦❢ q❝qs Z[ 1m ]✲s❝❤❡♠❡s X✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ✭❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ ✜❧t❡r❡❞ ❚❈(−;Zp)✮✳ ▲❡tm ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ X ❜❡ ❛
q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡
❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆❇▼❙❚❈(X;Zp) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱
t❤❡ ✐♥❞✉❝❡❞ ❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ Zp(i)

❇▼❙(X)[2i] ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳
▼♦r❡♦✈❡r✱ t❤✐s ❛✉t♦♠♦r♣❤✐s♠ ψm ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ♥❛t✉r❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t ♦♥
s♠♦♦t❤ Z[ 1m ]✲s❝❤❡♠❡s X✱ t❤❡ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆❇▼❙❚❈(X;Zp)

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆❇▼❙❚❈(X;Zp)

ψm ψm

✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ❛r❡ ✐♥❞✉❝❡❞ ❜② ❘❡♠❛r❦ ✹✳✸✳✷✱ ❛♥❞ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❞❡✜♥❡❞ ✐♥
❬❊▼✷✸✱ ❈♦♥str✉❝t✐♦♥ ❇.4❪✱ ✐s ❝♦♠♠✉t❛t✐✈❡✳

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✹✳✸✳✷✱ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp) ♦♥ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ✐s p✲q✉❛s✐s②♥✲
t♦♠✐❝✲❧♦❝❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ p✲❝♦♠♣❧❡t❡❞ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❝❧❛❑(−) ❢r♦♠
s♠♦♦t❤ Z✲❛❧❣❡❜r❛s t♦ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✳ ❚❤❡ ❢✉♥❝t♦r ❋✐❧⋆❇▼❙❚❈(−;Zp) ♦♥ p✲q✉❛s✐s②♥t♦♠✐❝
r✐♥❣s ♠♦r❡♦✈❡r s❛t✐s✜❡s p✲q✉❛s✐s②♥t♦♠✐❝ ❞❡s❝❡♥t ✭❚❤❡♦r❡♠ ✸✳✷✳✶✶ (1)✮✱ s♦ t❤❡ ❆❞❛♠s ♦♣❡r❛✲
t✐♦♥ ψm ♦♥ t❤❡ ❢✉♥❝t♦r ❋✐❧⋆❝❧❛❑(−)[ 1m ] ✭❬❊▼✷✸✱ ❆♣♣❡♥❞✐① ❇❪✮ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❛✉t♦♠♦r♣❤✐s♠
ψm ♦❢ t❤❡ ♣r❡s❤❡❛❢ ❋✐❧⋆❇▼❙❚❈(−;Zp)✱ ❛❝t✐♥❣ ❛s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡
Zp(i)

❇▼❙(−)[2i]✳ ❚❤❡ s❛♠❡ r❡s✉❧t t❤❡♥ ❛♣♣❧✐❡s t♦ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ Z[ 1m ]✲❛❧❣❡❜r❛s ❜②
❧❡❢t ❑❛♥ ❡①t❡♥❞✐♥❣ t❤❡ r❡s✉❧t ♦♥ ♣♦❧②♥♦♠✐❛❧ Z[ 1m ]✲❛❧❣❡❜r❛s ✭❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✮✱ ❛♥❞ t♦ ❣❡♥✲
❡r❛❧ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡s ❜② ❩❛r✐s❦✐ s❤❡❛✜❢②✐♥❣ t❤❡ r❡s✉❧t ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡
Z[ 1m ]✲❛❧❣❡❜r❛s✳

✺✽



❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❬❘❛❦✷✵✱ ❈♦♥str✉❝t✐♦♥ 6.4.8 ❛♥❞ Pr♦♣♦s✐t✐♦♥ 6.4.12❪✳ ◆♦t❡ t❤❛t
✐❢ X ✐s ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ t❤❡♥ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆❍❑❘❍❈

−(X) ✐s ♥❛t✉r❛❧❧②
Z[ 1m ]✲❧✐♥❡❛r✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✸ ✭❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ ✜❧t❡r❡❞ ❍❈−✱ ❬❘❛❦✷✵❪✮✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡✲
❣❡r✱ ❛♥❞ X ❜❡ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠♦r✲
♣❤✐s♠ ψm ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆❍❑❘❍❈

−(X) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ✐♥❞✉❝❡❞

❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ L̂Ω
≥i

X/Z[
1
m ]

[2i] ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳

▲❡♠♠❛ ✺✳✶✳✹✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡
♥✉♠❜❡r✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❇▼❙❚❈(X;Zp) ❋✐❧⋆❍❑❘❍❈
−(X;Zp)

❋✐❧⋆❇▼❙❚❈(X;Zp) ❋✐❧⋆❍❑❘❍❈
−(X;Zp)

ψm ψm

✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❈♦♥str✉❝t✐♦♥ ✸✳✸✳✷✱ t❤❡ ❧❡❢t ♠❛♣ ✐s t❤❡ ♠❛♣ ❞❡✜♥❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷✱ ❛♥❞ t❤❡ r✐❣❤t ♠❛♣ ✐s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✸✱ ✐s ❝♦♠♠✉t❛t✐✈❡✳

Pr♦♦❢✳ ❇② ❬❊▼✷✸✱ ▲❡♠♠❛ ❇✳8❪✱ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆❍❑❘❍❈
−(X)

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆❍❑❘❍❈
−(X)

ψm ψm

✐s ❝♦♠♠✉t❛t✐✈❡ ❢♦r ❡✈❡r② s♠♦♦t❤ Z[ 1m ]✲s❝❤❡♠❡ X✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✺✳✶✳✷✱ ✇❤❡r❡ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ✜❧t❡r❡❞ ♠❛♣s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✶✳

❈♦♥str✉❝t✐♦♥ ✺✳✶✳✺ ✭❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ ✜❧t❡r❡❞ ❚❈✮✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡
❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✳ ❚❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❚❈(X) ✐s
t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❞❡✜♥❡❞ ❜② ♣✉❧❧❜❛❝❦ ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❚❈(X) ❋✐❧⋆❍❑❘❍❈
−(X)

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Zp),

✇❤❡r❡ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ ❋✐❧⋆❍❑❘❍❈
−(X) ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✸✱

t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢
∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Zp) ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢
❋✐❧⋆❍❑❘❍❈

−(X)✱ ❛♥❞ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢
∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp) ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠

♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷✳ ◆♦t❡ ❤❡r❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ψm ❛♥❞
t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✺✳✶✳✹✳

◆♦t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t t❤❛t ✐❢ X ✐s ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ t❤❡♥ t❤❡ ✜❧t❡r❡❞
s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❚❈(X) ✐s ♥❛t✉r❛❧❧② Z[ 1m ]✲❧✐♥❡❛r✳

✺✾



❈♦r♦❧❧❛r② ✺✳✶✳✻✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ✐♥❞✉❝❡❞ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ Z(i)❚❈(X)[2i] ♦❢ t❤❡
✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❚❈(X) ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳ ▼♦r❡♦✈❡r✱ ✐❢ X ✐s s♠♦♦t❤ ♦✈❡r Z[ 1m ]✱
t❤❡♥ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆♠♦t❚❈(X)

❋✐❧⋆❝❧❛❑(X)[ 1m ] ❋✐❧⋆♠♦t❚❈(X)

ψm ψm

✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✸✳✶✱ ❛♥❞ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❞❡✜♥❡❞
✐♥ ❬❊▼✷✸✱ ❈♦♥str✉❝t✐♦♥ ❇.4❪✱ ✐s ❝♦♠♠✉t❛t✐✈❡✳

Pr♦♦❢✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦♥ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥s ✺✳✶✳✷ ❛♥❞ ✺✳✶✳✸✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛♥❛❧♦❣♦✉s
❝♦♠♣❛t✐❜✐❧✐t✐❡s ❢♦r

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp) ✭Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷✮ ❛♥❞ ❢♦r ❋✐❧⋆❍❑❘❍❈

−(X) ✭❬❊▼✷✸✱
▲❡♠♠❛ ❇✳8❪✮✱ ❛♥❞ ♦❢ ▲❡♠♠❛ ✺✳✶✳✹✳

▲❡♠♠❛ ✺✳✶✳✼✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs Z[ 1m ]✲s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧
❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❝❞❤❑❍(X)[ 1m ] ❋✐❧⋆♠♦tL❝❞❤❚❈(X)

❋✐❧⋆❝❞❤❑❍(X)[ 1m ] ❋✐❧⋆♠♦tL❝❞❤❚❈(X)

ψm ψm

✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❈♦♥str✉❝t✐♦♥ ✹✳✸✳✸✱ t❤❡ ❧❡❢t ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✺✳✶✳✶✱ ❛♥❞ t❤❡ r✐❣❤t ♠❛♣ ✐s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② ❈♦♥str✉❝t✐♦♥ ✺✳✶✳✺✱ ✐s ❝♦♠♠✉t❛t✐✈❡✳

Pr♦♦❢✳ ❚❤❡ ❧❡❢t ♠❛♣ ψm ♦❢ t❤✐s ❞✐❛❣r❛♠ ✐s ❞❡✜♥❡❞ ❜② ❝❞❤ s❤❡❛✜❢②✐♥❣ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥
❢r♦♠ s♠♦♦t❤ Z[ 1m ]✲s❝❤❡♠❡s t♦ q❝qs Z[ 1m ]✲s❝❤❡♠❡s ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦♥ ❋✐❧⋆❝❧❛❑(−)[ 1m ]
✭❬❊▼✷✸✱ ❆♣♣❡♥❞✐① ❇❪✮✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❈♦♥str✉❝t✐♦♥ ✹✳✸✳✸ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✶✳✻✳

❈♦♥str✉❝t✐♦♥ ✺✳✶✳✽ ✭❆❞❛♠s ♦♣❡r❛t✐♦♥s ♦♥ ✜❧t❡r❡❞ K✲t❤❡♦r②✮✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✳
❋♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✱ ✐❢ X ✐s ❛ q❝qs Z[ 1m ]✲s❝❤❡♠❡✱ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ t❤❡ ✜❧t❡r❡❞
s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❑(X)[ 1m ] ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❞❡✜♥❡❞ ❜② ♣✉❧❧❜❛❝❦ ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥
sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X)[ 1m ] ❋✐❧⋆♠♦t❚❈(X)

❋✐❧⋆❝❞❤❑❍(X)[ 1m ] ❋✐❧⋆♠♦tL❝❞❤❚❈(X),

✇❤❡r❡ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ ❋✐❧⋆♠♦t❚❈(X) ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❈♦♥str✉❝t✐♦♥ ✺✳✶✳✺✱
t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ ❋✐❧⋆♠♦tL❝❞❤❚❈(X) ✐s ❞❡✜♥❡❞ ❜② ❝❞❤ s❤❡❛✜❢②✐♥❣ t❤❡ ❛✉t♦♠♦r♣❤✐s♠
ψm ♦❢ ❋✐❧⋆♠♦t❚❈(−)✱ ❛♥❞ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ ❋✐❧⋆❝❞❤❑❍(X)[ 1m ] ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✳ ◆♦t❡ ❤❡r❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ψm ❛♥❞ t❤❡
❜♦tt♦♠ ♠❛♣ ✐s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✺✳✶✳✼✳

✻✵



❋♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺✱ ✐❢X ✐s ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ t❤❡
✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❑(X)[ 1m ] ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❞❡✜♥❡❞ ❜② ♣✉❧❧❜❛❝❦ ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧
❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X)[ 1m ] ❋✐❧⋆♠♦t❚❈(X)

❋✐❧⋆♠♦t❑(π0(X))[ 1m ] ❋✐❧⋆♠♦t❚❈(π0(X)),

✇❤❡r❡ t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ψm ♦❢ ❋✐❧⋆♠♦t❚❈(X) ❛♥❞ ❋✐❧⋆♠♦t❚❈(π0(X)) ❛r❡ ❞❡✜♥❡❞ ✐♥ ❈♦♥str✉❝✲
t✐♦♥ ✺✳✶✳✺✱ ❛♥❞ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ♦❢ ❋✐❧⋆♠♦t❑(π0(X))[ 1m ] ✐s t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ♣r❡✈✐✲
♦✉s ♣❛r❛❣r❛♣❤✳ ◆♦t❡ ❤❡r❡ t❤❛t t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❛✉t♦♠♦r♣❤✐s♠s ψm ✐s ❛✉t♦♠❛t✐❝
❜② ❝♦♥str✉❝t✐♦♥✳

❈♦r♦❧❧❛r② ✺✳✶✳✾✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ψm ✐♥❞✉❝❡❞ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ Z[ 1m ](i)♠♦t(X)[2i]
♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆♠♦t❑(X)[ 1m ] ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✶✳✻✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡①♣❧❛✐♥s ❤♦✇ t♦ ✉s❡ ❆❞❛♠s ♦♣❡r❛t✐♦♥s t♦ ❞❡❞✉❝❡ s♣❧✐tt✐♥❣ r❡s✉❧ts ♦♥
t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ ✜❧tr❛t✐♦♥s✳

▲❡♠♠❛ ✺✳✶✳✶✵✳ ▲❡t
❋✐❧⋆F (−) : ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❜❡ ❛ ❩❛r✐s❦✐ s❤❡❛❢ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r m ≥ 2✱ ❧❡t ψm ❜❡ ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡
❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆F (X) ♦♥ q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡s X✱ s❛t✐s❢②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ❢♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✱ t❤❡ r❛t✐♦♥❛❧✐s❡❞ ✜❧tr❛t✐♦♥ ❋✐❧⋆F (X;Q) ✐s ❝♦♠♣❧❡t❡❀

✭✐✐✮ ❢♦r ❛♥② ✐♥t❡❣❡rs i ∈ Z ❛♥❞ m ≥ 2✱ ❛♥❞ ❡✈❡r② q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡ X✱ t❤❡ ✐♥❞✉❝❡❞
❛✉t♦♠♦r♣❤✐s♠ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ ❣riF (X) ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi❀

✭✐✐✐✮ ❢♦r ❛♥② ✐♥t❡❣❡rs m,m′ ≥ 2✱ ❛♥❞ ❡✈❡r② q❝qs ❞❡r✐✈❡❞ Z[ 1
mm′ ]✲s❝❤❡♠❡ X✱ t❤❡ s♣❛❝❡ ♦❢ ♥❛t✉r❛❧

tr❛♥s❢♦r♠❛t✐♦♥s ❢r♦♠ ψm ◦ ψm
′

t♦ ψmm
′

✱ ❛s ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠
❋✐❧⋆F (X)✱ ✐s ❝♦♥tr❛❝t✐❜❧❡✳

❚❤❡♥ ❢♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✱ ❛♥❞ ❛♥② ✐♥t❡❣❡rs i, k ∈ Z s✉❝❤ t❤❛t k ≥ i✱ t❤❡r❡ ❡①✐sts
❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
( ⊕

i≤j<k

❣rjF (X;Q)
)
⊕ ❋✐❧kF (X;Q).

Pr♦♦❢✳ ❋♦r ❡✈❡r② s♣❡❝tr✉♠ C ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠❛♣ F : C → C✱ ❞❡♥♦t❡ ❜② CF t❤❡ ❤♦♠♦t♦♣②
✜❜r❡ ♦❢ t❤❡ ♠❛♣ F ✳ ▲❡t m ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✱ i, k ∈ Z ❜❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t k ≥ i✱ ❛♥❞ X ❜❡ ❛
q❝qs ❞❡r✐✈❡❞ Z[ 1m ]✲s❝❤❡♠❡✱ ❢♦r ✇❤✐❝❤ ✇❡ ✜rst ❝♦♥str✉❝t t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
( ⊕

i≤j<k

❣rjF (X;Q)
)
⊕ ❋✐❧kF (X;Q).
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❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ s♣❡❝tr✉♠
(
❋✐❧i+1F (X;Q)

)ψm−mi

✐s ③❡r♦✳ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧i+1+⋆F (X;Q)
✐♥❞✉❝❡❞ ♦♥ t❤❡ s♣❡❝tr✉♠ ❋✐❧i+1F (X;Q) ✐s ❝♦♠♣❧❡t❡ ✭❤②♣♦t❤❡s✐s (i)✮✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡
t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

ψm −mi : ❣rjF (X;Q) −→ ❣rjF (X;Q)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ i + 1✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ i + 1✱ t❤✐s
♠❛♣ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② t❤❡ ♥♦♥③❡r♦ ✐♥t❡❣❡r mi(mj−i−1) ♦♥ t❤❡ Q✲❧✐♥❡❛r
s♣❡❝tr✉♠ ❣rjF (X;Q) ✭❤②♣♦t❤❡s✐s ✭ii✮✮✱ ❛♥❞ ✐s t❤✉s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❛❦✐♥❣ t❤❡ ✜❜r❡ ♦❢ t❤❡
♥❛t✉r❛❧ ♠❛♣ ψm −mi ♦♥ t❤❡ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧i+1F (X;Q) −→ ❋✐❧iF (X;Q) −→ ❣riF (X;Q),

t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
❋✐❧iF (X;Q)

)ψm−mi

−→
(
❣riF (X;Q)

)ψm−mi

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✳ ❚❤❡ s♣❡❝tr✉♠
(
❣riF (X;Q)

)ψm−mi

❝❛♥ ❜❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ t❤❡ s♣❡❝tr✉♠ ❣riF (X;Q)⊕ ❣riF (X;Q)[−1] ✭❤②♣♦t❤❡s✐s ✭ii✮✮✱ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ❝♦♠♣♦s✐t❡
♠❛♣

❣riF (X;Q) −→
(
❣riF (X;Q)

)ψm−mi ∼
−−→

(
❋✐❧iF (X;Q)

)ψm−mi ❝❛♥
−−→ ❋✐❧iF (X;Q)

✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ s♣❧✐tt✐♥❣ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃ ❣riF (X;Q)⊕ ❋✐❧i+1F (X;Q).

❇② ✐♥❞✉❝t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ≥ i✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
( ⊕

i≤j<k

❣rjF (X;Q)
)
⊕ ❋✐❧kF (X;Q).

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ❢♦r ❛ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✳
❚❤❡ ♣r❡s❤❡❛❢ ❋✐❧⋆F (−) ❜❡✐♥❣ ❛ ❩❛r✐s❦✐ s❤❡❛❢ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✱ t❤❡ ♣r❡s❤❡❛✈❡s ❋✐❧iF (−;Q)
❛♥❞

(⊕
i≤j<k ❣r

jF (−;Q)
)
⊕ ❋✐❧kF (−;Q) ❛r❡ ❩❛r✐s❦✐ s❤❡❛✈❡s ♦❢ s♣❡❝tr❛✳ ■t t❤✉s s✉✣❝❡s t♦

❝♦♥str✉❝t ❝♦♠♣❛t✐❜❧❡ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ s♣❡❝tr❛

❋✐❧iF (X
Z[

1
m ]

;Q) ≃
( ⊕

i≤j<k

❣rjF (X
Z[

1
m ]

;Q)
)
⊕ ❋✐❧kF (X

Z[
1
m ]

;Q)

❢♦r ❛❧❧ ✐♥t❡❣❡rs m ≥ 2✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r m ≥ 2✱ ✇❤✐❝❤
❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛♣ ψm : ❋✐❧⋆F (X

Z[
1
m ]

) → ❋✐❧⋆F (X
Z[

1
m ]

)✱ ✐s t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ♣r♦♦❢✳ ▲❡t

m,m′ ≥ 2 ❜❡ ✐♥t❡❣❡rs✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❢♦r
m✱ m′✱ ❛♥❞ mm′ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡s✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ♦❢ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢
t❤❡ ♠❛♣s ψm✱ ψm

′

✱ ❛♥❞ ψmm
′

♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi✱ (m′)i✱ ❛♥❞
(mm′)i r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❝❤♦✐❝❡s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✉♣ t♦ ❤♦♠♦t♦♣② ✭❤②♣♦t❤❡s✐s ✭iii✮✮✱ ✇❤✐❝❤
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✺✳✶✳✶✶✳ ▲❡♠♠❛ ✺✳✶✳✶✵ ❝❛♥ ❛❧s♦ ❜❡ ♣r♦✈❡❞✱ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♦❢✱ ❢♦r ❩❛r✐s❦✐ s❤❡❛✈❡s ♦❢
✜❧t❡r❡❞ s♣❡❝tr❛ ❋✐❧⋆F (−) t❤❛t ❛r❡ ❞❡✜♥❡❞ ♦♥ q❝qs s❝❤❡♠❡s✱ ♦♥ q❝qs s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡
❞✐♠❡♥s✐♦♥✱ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ ♦r ♦♥ s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❛ ❣✐✈❡♥
❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳

✻✷



❘❡♠❛r❦ ✺✳✶✳✶✷✳ ❍②♣♦t❤❡s✐s ✭iii✮ ✐♥ ▲❡♠♠❛ ✺✳✶✳✶✵ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❆❞❛♠s
♦♣❡r❛t✐♦♥s ♦♥ t❤❡ ✜❧tr❛t✐♦♥s ❋✐❧⋆❝❧❛❑(−) ❛♥❞ ❋✐❧⋆❍❑❘❍❈

−(−)✱ ✇❤❡♥ t❤❡s❡ ❛r❡ ❞❡✜♥❡❞✳ ❚❤✐s
❤②♣♦t❤❡s✐s ✭iii✮ t❤❡♥ ❢♦❧❧♦✇s ❢♦r♠❛❧❧② ❢♦r ❛❧❧ t❤❡ ♦t❤❡r ✜❧tr❛t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✸✳ ▲❡t
❋✐❧⋆F (−) : ❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❜❡ ❛ ✜♥✐t❛r② ❩❛r✐s❦✐ s❤❡❛❢ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r m ≥ 2✱ ❧❡t ψm ❜❡ ❛ ♥❛t✉r❛❧ ♠✉❧✲
t✐♣❧✐❝❛t✐✈❡ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆F (X) ♦♥ q❝qs Z[ 1m ]✲s❝❤❡♠❡s X✱ s❛t✐s❢②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ X ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r d ∈ Z s✉❝❤
t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ s♣❡❝tr✉♠ ❋✐❧iF (X;Q) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t
♠♦st −i+ d❀

✭✐✐✮ ❢♦r ❛♥② ✐♥t❡❣❡rs i ∈ Z ❛♥❞ m ≥ 2✱ ❛♥❞ ❡✈❡r② q❝qs Z[ 1m ]✲s❝❤❡♠❡ X✱ t❤❡ ✐♥❞✉❝❡❞ ❛✉t♦♠♦r✲
♣❤✐s♠ ♦♥ t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ ❣riF (X) ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② mi❀

✭✐✐✐✮ ❢♦r ❛♥② ✐♥t❡❣❡rs m,m′ ≥ 2✱ ❛♥❞ ❡✈❡r② q❝qs Z[ 1
mm′ ]✲s❝❤❡♠❡ X✱ t❤❡ s♣❛❝❡ ♦❢ ♥❛t✉r❛❧

tr❛♥s❢♦r♠❛t✐♦♥s ❢r♦♠ ψm ◦ ψm
′

t♦ ψmm
′

✱ ❛s ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠
❋✐❧⋆F (X)✱ ✐s ❝♦♥tr❛❝t✐❜❧❡✳

❚❤❡♥ ❢♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞
s♣❡❝tr❛

❋✐❧⋆F (X;Q) ≃
⊕

j≥⋆

❣rjF (X;Q).

Pr♦♦❢✳ ❇② ✜♥✐t❛r✐♥❡ss✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦❢ ✜♥✐t❡ ❞✐♠❡♥✲
s✐♦♥✳ ❍②♣♦t❤❡s✐s (i) ✐♠♣❧✐❡s t❤❛t t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆F (X;Q) ✐s ❝♦♠♣❧❡t❡ ♦♥ s✉❝❤ s❝❤❡♠❡s X✳
▲❡♠♠❛ ✺✳✶✳✶✵ ❛♥❞ ❘❡♠❛r❦ ✺✳✶✳✶✶ t❤❡♥ ✐♠♣❧② t❤❛t t❤❡r❡ ❡①✐st ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
(
⊕i≤j<k ❣r

jF (X;Q)
)
⊕ ❋✐❧kF (X;Q)

❢♦r ❛❧❧ ✐♥t❡❣❡rs i, k ∈ Z s✉❝❤ t❤❛t k ≥ i✳ ❆❣❛✐♥ ✉s✐♥❣ ❝♦♠♣❧❡t❡♥❡ss✱ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ♦✈❡r
k → +∞ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
∏

j≥i

❣rjF (X;Q).

❍②♣♦t❤❡s✐s (i) t❤❡♥ ✐♠♣❧✐❡s t❤❛t✱ ❛t ❡❛❝❤ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡✱ ♦♥❧② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t❡r♠s
✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦❞✉❝t ❛r❡ ♥♦♥③❡r♦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥❝❡ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
❛s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧iF (X;Q) ≃
⊕

j≥i

❣rjF (X;Q),

✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❞❡s✐r❡❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❘❡♠❛r❦ ✺✳✶✳✶✹✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡ ❛r❣✉♠❡♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✸✱ ✇❤❡r❡
t❤❡ ♥❡❝❡ss❛r② ❤②♣♦t❤❡s❡s ❛r❡ s❛t✐s✜❡❞ ❜② ❈♦r♦❧❧❛r② ✺✳✶✳✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✽✱ ✐♠♣❧✐❡s t❤❛t
t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❚❈(X;Q) ≃
∏

j≥⋆

Q(j)❚❈(X)[2i].
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✺✳✷ ❘✐❣✐❞✲❛♥❛❧②t✐❝ ❍❑❘ ✜❧tr❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ✈❛r✐❛♥ts✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ r✐❣✐❞✲❛♥❛❧②t✐❝✱ ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s✳ ❲❡
st❛rt ❜② ❡①♣❧❛✐♥✐♥❣ t❤❡ r❡❧❡✈❛♥t ♦❜❥❡❝ts ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✳

❋♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❙1✲❡q✉✐✈❛r✐❛♥t ❛r✐t❤♠❡t✐❝ ❢r❛❝t✉r❡
sq✉❛r❡

❍❍(X) ❍❍(XQ/Q)

∏
p∈P❍❍(X;Zp)

∏′
p∈P❍❍(X;Qp)

✭✺✳✶✮

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ ✇❡ ✉s❡ ❜❛s❡ ❝❤❛♥❣❡ ❢♦r ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❢♦r t❤❡ t♦♣
r✐❣❤t ❝♦r♥❡r✱ ❛♥❞ t❤❡ ❝♦♥✈❡♥t✐♦♥ ❛❞♦♣t❡❞ ✐♥ t❤❡ ◆♦t❛t✐♦♥ ♣❛rt ❢♦r t❤❡ ❜♦tt♦♠ ❧❡❢t ❛♥❞ ❜♦tt♦♠
r✐❣❤t ❝♦r♥❡rs✳ ❆♣♣❧②✐♥❣ ❤♦♠♦t♦♣② ✜①❡❞ ♣♦✐♥ts (−)h❙

1
❢♦r t❤❡ ❙1✲❛❝t✐♦♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧

❝❛rt❡s✐❛♥ sq✉❛r❡

❍❈−(X) ❍❈−(XQ/Q)

∏
p∈P❍❈

−(X;Zp)
(∏′

p∈P❍❍(X;Qp)
)h❙1

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❛t t❛❦✐♥❣ ❤♦♠♦t♦♣② ✜①❡❞ ♣♦✐♥ts (−)h❙
1
❝♦♠✲

♠✉t❡s ✇✐t❤ ❧✐♠✐ts ❢♦r t❤❡ ❜♦tt♦♠ ❧❡❢t ❝♦r♥❡r✳ ❲❡ ❝❛❧❧ r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ ❍♦❝❤s❝❤✐❧❞
❤♦♠♦❧♦❣② ❛♥❞ ♦❢ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② t❤❡ ❜♦tt♦♠ r✐❣❤t ❝♦r♥❡rs ♦❢ t❤❡ ♣r❡✈✐♦✉s t✇♦ ❝❛rt❡✲
s✐❛♥ sq✉❛r❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s t❡r♠✐♥♦❧♦❣② s❤♦✉❧❞ ✜♥❞ s♦♠❡ ❥✉st✐✜❝❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳
❋♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ✉s❡ t❤❡ ♣r❡✈✐♦✉s ❝❛rt❡s✐❛♥ sq✉❛r❡ t♦ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❍❑❘ ✜❧tr❛t✐♦♥

♦♥ t❤✐s r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②
(∏′

p∈P❍❍(X;Qp)
)h❙1

✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲❛♥❛❧②t✐❝ ❍❈−✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲
❛♥❛❧②t✐❝ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(−;Qp)
)h❙1

: ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❜② t❤❡ ❝♦❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆❍❑❘❍❈
−(−) ❋✐❧⋆❍❑❘❍❈

−(−Q/Q)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(−;Zp) ❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(−;Qp)
)h❙1

.

❘❡♠❛r❦ ✺✳✷✳✷✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ ♦✈❡r Z(p)✳ ❚❤❡
♥❛t✉r❛❧ ♠❛♣ ∏

ℓ∈P

❋✐❧⋆❍❑❘❍❈
−(X;Zℓ) −→ ❋✐❧⋆❍❑❘❍❈

−(X;Zp)

✐s t❤❡♥ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ❛♥❞ ✇❡ t❤❡♥ ❞❡♥♦t❡ ❜② ❋✐❧⋆❍❑❘❍❍(X;Qp)
h❙1 t❤❡

✻✹



✜❧t❡r❡❞ s♣❡❝tr✉♠ ❋✐❧⋆❍❑❘
∏′
ℓ∈P❍❍(X;Qℓ)

h❙1 ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆❍❑❘❍❈
−(X) ❋✐❧⋆❍❑❘❍❈

−(XQ/Q)

❋✐❧⋆❍❑❘❍❈
−(X;Zp) ❋✐❧⋆❍❑❘❍❍(X;Qp)

h❙1

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❤♦♠♦t♦♣② ♦r❜✐ts (−)h❙1 ❢♦r t❤❡ ❙
1✲❛❝t✐♦♥ t♦ t❤❡ ❛r✐t❤♠❡t✐❝ ❢r❛❝t✉r❡

sq✉❛r❡ ❢♦r ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ✭✺✳✶✮✳ ❚❤❡ ❢✉♥❝t♦r (−)h❙1 ❞♦❡s ♥♦t ❝♦♠♠✉t❡ ✇✐t❤ ❧✐♠✐ts✱ ❜✉t
t❤❡ ❙1✲❛❝t✐♦♥ ♦♥ t❤❡ ♣r♦❞✉❝t

∏
p∈P❍❍(X;Zp) ✐s ❞✐❛❣♦♥❛❧✳ ❯s✐♥❣ t❤❡ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

❍❍(X;Zp) −→ ❍❍(X;Zp)h❙1 −→ ❍❍(X;Zp)h❙1 [2]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢✉♥❝t♦rs ❍❍(−;Zp) ❛♥❞ ❍❍(−;Zp)h❙1 ❛r❡
✐♥ ♥♦♥✲♣♦s✐t✐✈❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡
❝♦♠♣❧❡① ❍❍(X;Zp)h❙1 ∈ D(Z) ✐s ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡✱ ❤❡♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❍❈(X;Zp) −→ ❍❍(X;Zp)h❙1

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♣♣❧②✐♥❣ ❤♦♠♦t♦♣② ♦r❜✐ts (−)h❙1
t♦ t❤❡ ❛r✐t❤♠❡t✐❝ ❢r❛❝t✉r❡ sq✉❛r❡ ❢♦r ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ✭✺✳✶✮ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥
sq✉❛r❡

❍❈(X) ❍❈(XQ/Q)

∏
p∈P❍❈(X;Zp)

(∏′
p∈P❍❍(X;Qp)

)
h❙1

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❲❡ ✉s❡ t❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❑❘
✜❧tr❛t✐♦♥ ♦♥ t❤❡ ❜♦tt♦♠ r✐❣❤t ❝♦r♥❡r✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✸ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲❛♥❛❧②t✐❝ ❍❈✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲❛♥❛❧②t✐❝
❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(−;Qp)
)
h❙1

: ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❜② t❤❡ ❝♦❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆❍❑❘❍❈(−) ❋✐❧⋆❍❑❘❍❈(−Q/Q)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈(−;Zp) ❋✐❧⋆❍❑❘

(∏′
p∈P❍❍(−;Qp)

)
h❙1

.

❘❡♠❛r❦ ✺✳✷✳✹✳ ❚❛❦✐♥❣ ❤♦♠♦t♦♣② ♦r❜✐ts (−)h❙1 ❝♦♠♠✉t❡s ✇✐t❤ ❝♦❧✐♠✐ts✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘❍❈(X;Q) −→ ❋✐❧⋆❍❑❘❍❈(XQ/Q)

✻✺



✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q)✳ ❯♣♦♥ ❛♣♣❧②✐♥❣ r❛t✐♦♥❛❧✐s❛t✐♦♥ t♦
t❤❡ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆❍❑❘❍❈(X) ❋✐❧⋆❍❑❘❍❈(XQ/Q)

∏
p∈P ❋✐❧

⋆
❍❑❘❍❈(X;Zp) ❋✐❧⋆❍❑❘

(∏′
p∈P❍❍(X;Qp)

)
h❙1

,

t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣
∏

p∈P

′

❋✐❧⋆❍❑❘❍❈(X;Qp) :=
(∏

p∈P

❋✐❧⋆❍❑❘❍❈(X;Zp)
)
Q
−→ ❋✐❧⋆❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)
h❙1

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q)✳

❘❡♠❛r❦ ✺✳✷✳✺✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ ♦✈❡r Z(p)✳ ❆s ✐♥
❘❡♠❛r❦ ✺✳✷✳✷✱ ✇❡ ❞❡♥♦t❡ t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ❋✐❧⋆❍❑❘

(∏′
ℓ∈P❍❍(X;Qℓ)

)
h❙1

❜②

❋✐❧⋆❍❑❘❍❍(X;Qp)h❙1 ∈ DF(Q).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘❍❈(X;Qp) −→ ❋✐❧⋆❍❑❘❍❍(X;Qp)h❙1

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q) ❜② ❘❡♠❛r❦ ✺✳✷✳✹✳

❚❤❡ ❚❛t❡ ❝♦♥str✉❝t✐♦♥ (−)t❙
1
✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ♥♦r♠ ♠❛♣

(−)h❙1 [1]→ (−)h❙
1

.

❆♣♣❧②✐♥❣ t❤❡ ❚❛t❡ ❝♦♥str✉❝t✐♦♥ (−)t❙
1
t♦ t❤❡ ❛r✐t❤♠❡t✐❝ ❢r❛❝t✉r❡ sq✉❛r❡ ❢♦r ❍♦❝❤s❝❤✐❧❞ ❤♦✲

♠♦❧♦❣② ✭✺✳✶✮ t❤❡♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❍P(X) ❍P(XQ/Q)

∏
p∈P❍P(X;Zp)

(∏′
p∈P❍❍(X;Qp)

)t❙1

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❛♥❛❧♦❣♦✉s ❝❛rt❡s✐❛♥ sq✉❛r❡s ❢♦r ❍❈− ❛♥❞ ❍❈
t♦ ✐❞❡♥t✐❢② t❤❡ ❜♦tt♦♠ ❧❡❢t ❝♦r♥❡r✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✻ ✭❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲❛♥❛❧②t✐❝ ❍P✮✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ r✐❣✐❞✲❛♥❛❧②t✐❝
♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✐s t❤❡ ❢✉♥❝t♦r

❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(−;Qp)
)t❙1

: ❞❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

❞❡✜♥❡❞ ❜② t❤❡ ❝♦❝❛rt❡s✐❛♥ sq✉❛r❡

❋✐❧⋆❍❑❘❍P(−) ❋✐❧⋆❍❑❘❍P(−Q/Q)

∏
p∈P ❋✐❧

⋆
❍❑❘❍P(−;Zp) ❋✐❧⋆❍❑❘

(∏′
p∈P❍❍(−;Qp)

)t❙1
.

✻✻



❘❡♠❛r❦ ✺✳✷✳✼✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ ♦✈❡r Z(p)✳ ❆s ✐♥

❘❡♠❛r❦s ✺✳✷✳✷ ❛♥❞ ✺✳✷✳✺✱ ✇❡ ❞❡♥♦t❡ t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ❋✐❧⋆❍❑❘
(∏

ℓ∈P❍❍(X;Qℓ)
)t❙1

❜②

❋✐❧⋆❍❑❘❍❍(X;Qp)
t❙1 ∈ DF(Q).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆❍❑❘❍P(X) ❋✐❧⋆❍❑❘❍P(XQ/Q)

❋✐❧⋆❍❑❘❍P(X;Zp) ❋✐❧⋆❍❑❘❍❍(X;Qp)
t❙1

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

▲❡♠♠❛ ✺✳✷✳✽✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

∏′
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Qp) ❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(X;Qp)
)h❙1

∏′
p∈P ❋✐❧

⋆
❍❑❘❍P(X;Qp) ❋✐❧⋆❍❑❘

(∏′
p∈P❍❍(X;Qp)

)t❙1

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

∏′
p∈P ❋✐❧

⋆
❍❑❘❍❈

−(X;Qp)
∏′
p∈P ❋✐❧

⋆
❍❑❘❍P(X;Qp)

∏′
p∈P ❋✐❧

⋆−1
❍❑❘❍❈(X;Qp)[2]

❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(X;Qp)
)h❙1

❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(X;Qp)
)t❙1

❋✐❧⋆−1❍❑❘

(∏′
p∈P❍❍(X;Qp)

)
h❙1

[2]

✇❤❡r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜♦tt♦♠ t❡r♠s ✭❉❡✜♥✐t✐♦♥s ✺✳✷✳✶✱ ✺✳✷✳✻✱ ❛♥❞ ✺✳✷✳✸✮✱ t❤❡ ❤♦r✐③♦♥✲
t❛❧ ❧✐♥❡s ❛r❡ ✜❜r❡ s❡q✉❡♥❝❡s✳ ■♥ t❤✐s ❞✐❛❣r❛♠✱ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❘❡✲
♠❛r❦ ✺✳✷✳✹✮✱ s♦ t❤❡ ❧❡❢t sq✉❛r❡ ✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡✳

▲❡♠♠❛ ✺✳✷✳✾✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ✜❧tr❛t✐♦♥s

∏

p∈P

′(
❋✐❧⋆❍❑❘❍❍(X;Qp)

)h❙1
,

∏

p∈P

′(
❋✐❧⋆❍❑❘❍❍(X;Qp)

)
h❙1

, ❛♥❞
∏

p∈P

′(
❋✐❧⋆❍❑❘❍❍(X;Qp)

)t❙1

❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥ ❍❈−(X)✱ ❍❈(X)✱ ❛♥❞ ❍P(X) ❛r❡ ❝♦♠♣❧❡t❡ ❜② ▲❡♠♠❛ ✸✳✶✳✾✳
❚❤❡ ♣r♦❞✉❝t ♦♥ ♣r✐♠❡ ♥✉♠❜❡rs p ♦❢ t❤❡ p✲❝♦♠♣❧❡t✐♦♥s ♦❢ t❤❡s❡ ✜❧tr❛t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♠♣❧❡t❡✱
s✐♥❝❡ p✲❝♦♠♣❧❡t✐♦♥s ❛♥❞ ♣r♦❞✉❝ts ❝♦♠♠✉t❡ ✇✐t❤ ❧✐♠✐ts✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥
❍❈−(XQ/Q)✱ ❍❈(XQ/Q)✱ ❛♥❞ ❍P(XQ/Q) ❛r❡ ❝♦♠♣❧❡t❡ ❜② ❬❆♥t✶✾✱ ❚❤❡♦r❡♠ 1.1❪✳ ❚❤❡
r✐❣✐❞✲❛♥❛❧②t✐❝ ❍❑❘ ✜❧tr❛t✐♦♥s ♦♥ ❍❈−✱ ❍❈✱ ❛♥❞ ❍P ❛r❡ t❤✉s ❛❧s♦ ❝♦♠♣❧❡t❡✱ ❛s ♣✉s❤♦✉ts ♦❢
t❤r❡❡ ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥s✳

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡s❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ❍❑❘ ✜❧tr❛t✐♦♥s✱ ❜② ❛♥❛❧♦❣② ✇✐t❤
t❤❡ ❝❧❛ss✐❝❛❧ ❍❑❘ ✜❧tr❛t✐♦♥s✳

✻✼



❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✵ ✭❘✐❣✐❞✲❛♥❛❧②t✐❝ ❍♦❞❣❡✲❝♦♠♣❧❡t❡ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r②
✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❢✉♥❝t♦r

RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω
≥i

−Qp/Qp

)
: ❞❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ❞❡✜♥❡❞ ❛s t❤❡ s❤✐❢t❡❞ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥
∏′
p∈P❍❍(−;Qp)

h❙1 ✿

RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω
≥i

−Qp/Qp

)
:= ❣ri❍❑❘

(∏

p∈P

′

❍❍(−;Qp)
)h❙1

[−2i].

❘❡♠❛r❦ ✺✳✷✳✶✶✳ ▲❡tX ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✱ ❛♥❞ i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❇② ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✱
t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

RΓ❩❛r

(
X, L̂Ω

≥i

−/Z

)
RΓ❩❛r

(
X, L̂Ω

≥i

−Q/Q

)

RΓ❩❛r

(
X,

∏
p∈P

(
L̂Ω
≥i

−/Z

)∧
p

)
RΓ❩❛r

(
X,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✇❤✐❝❤ ❝❛♥ s❡r✈❡ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❜♦tt♦♠ r✐❣❤t
t❡r♠✳

❘❡♠❛r❦ ✺✳✷✳✶✷✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✱ ❛♥❞ i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ ❝♦♠♣❧❡①❡s

RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)
❛♥❞ RΓ❩❛r

(
X,

∏

p∈P

′

LΩ≤i
−Qp/Qp

)

❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✺✳✷✳✶✵✱ ✇❤❡r❡ (−)h❙
1
✐s r❡♣❧❛❝❡❞ ❜② (−)t❙

1
❛♥❞ (−)h❙1 r❡s♣❡❝t✐✈❡❧②✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(X;Qp)
)h❙1

→ ❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(X;Qp)
)t❙1
→ ❋✐❧⋆−1❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)
h❙1

[2]

✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω
≥i

−Qp/Qp

)
−→ RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)
−→ RΓ❩❛r

(
X,

∏

p∈P

′

LΩ<i
−Qp/Qp

)
,

✇❤❡r❡ t❤❡ r✐❣❤t t❡r♠ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①
(∏

p∈P

RΓ❩❛r
(
X,

(
LΩ<i
−/Z

)∧
p

))
Q
∈ D(Q)

❜② ❘❡♠❛r❦ ✺✳✷✳✹✳

❘❡♠❛r❦ ✺✳✷✳✶✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ ♦✈❡r Z(p)✱ ❛♥❞ i ∈ Z

❜❡ ❛♥ ✐♥t❡❣❡r✳ ❋♦❧❧♦✇✐♥❣ ❘❡♠❛r❦s ✺✳✷✳✷✱ ✺✳✷✳✺✱ ❛♥❞ ✺✳✷✳✼✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❝♦♠♣❧❡①❡s

RΓ❩❛r

(
X,

∏

ℓ∈P

′

L̂Ω
≥i

−Qℓ
/Qℓ

)
, RΓ❩❛r

(
X,

∏

ℓ∈P

′

L̂Ω−Qℓ
/Qℓ

)
, ❛♥❞ RΓ❩❛r

(
X,

∏

ℓ∈P

′

LΩ<i
−Qℓ

/Qℓ

)

✻✽



❜②

RΓ❩❛r
(
X, L̂Ω

≥i

−Qp/Qp

)
, RΓ❩❛r

(
X, L̂Ω−Qp/Qp

)
, ❛♥❞ RΓ❩❛r

(
X,LΩ<i

−Qp/Qp

)

r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❘❡♠❛r❦ ✺✳✷✳✶✷✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

RΓ❩❛r
(
X, L̂Ω

≥i

−Qp/Qp

)
−→ RΓ❩❛r

(
X, L̂Ω−Qp/Qp

)
−→ RΓ❩❛r

(
X,LΩ<i

−Qp/Qp

)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Qp)✱ ✇❤❡r❡ t❤❡ r✐❣❤t t❡r♠ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

RΓ❩❛r
(
X,

(
LΩ<i
−/Z

)∧
p
[1p ]

)
∈ D(Qp).

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②
♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✳✸ ✐♥ t❡r♠s ♦❢ t❤❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳
❚❤✐s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✜❧t❡r❡❞ ❛r✐t❤♠❡t✐❝ ❢r❛❝t✉r❡ sq✉❛r❡ ❢♦r t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹✳ ▲❡t X ❜❡ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❚❈(X) ❋✐❧⋆❍❑❘❍❈
−(XQ/Q)

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(X;Zp) ❋✐❧⋆❍❑❘

(∏′
p∈P❍❍(X;Qp)

)h❙1

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥s ✸✳✸✳✸ ❛♥❞ ✺✳✷✳✶✳

❈♦r♦❧❧❛r② ✺✳✷✳✶✺✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

(
L❝❞❤ ❋✐❧

⋆
♠♦t❚❈(−)

)
(X)

(
L❝❞❤ ❋✐❧

⋆
❍❑❘❍❈

−(−Q/Q)
)
(X)

(
L❝❞❤

∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(−;Zp)

)
(X)

(
L❝❞❤ ❋✐❧

⋆
❍❑❘

(∏′
p∈P❍❍(−;Qp)

)h❙1)
(X),

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹✱ ✇❤✐❝❤ ✇❡ r❡str✐❝t t♦ q❝qs s❝❤❡♠❡s ❛♥❞ t❤❡♥
s❤❡❛✜❢② ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳

❈♦r♦❧❧❛r② ✺✳✷✳✶✻✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♥❛t✉r❛❧
❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)❚❈(X) RΓ❩❛r

(
X, L̂Ω

≥i

−Q/Q

)

∏
p∈P Zp(i)

❇▼❙(X) RΓ❩❛r

(
X,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)
,

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹✳

✻✾



✺✳✸ ❆ r✐❣✐❞✲❛♥❛❧②t✐❝ ●♦♦❞✇✐❧❧✐❡ t❤❡♦r❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❡rs✐♦♥ ♦❢ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐s
❛ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t ✭❚❤❡♦r❡♠ ✺✳✸✳✾✮✳ ❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❍♦❝❤s❝❤✐❧❞✱ ❝②❝❧✐❝✱
♥❡❣❛t✐✈❡ ❝②❝❧✐❝✱ ❛♥❞ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣✐❡s ♦❢ ❛ ❣❡♥❡r❛❧ ❝②❝❧✐❝ ♦❜❥❡❝t✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳✶ ✭❈②❝❧✐❝ ♦❜❥❡❝t✮✳ ▲❡t C ❜❡ ❛ ❝❛t❡❣♦r②✱ ♦r ❛♥∞✲❝❛t❡❣♦r②✳ ❚❤❡ ❝②❝❧✐❝ ❝❛t❡❣♦r② Λ
✐s t❤❡ ❝❛t❡❣♦r② ✇✐t❤ ♦❜❥❡❝ts [n] ✐♥❞❡①❡❞ ❜② ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs n✱ ❛♥❞ ♠♦r♣❤✐s♠s [m]→ [n]
❣✐✈❡♥ ❜② ❤♦♠♦t♦♣② ❝❧❛ss❡s ♦❢ ❞❡❣r❡❡ ♦♥❡ ✐♥❝r❡❛s✐♥❣ ♠❛♣s ❢r♦♠ ❙1 t♦ ✐ts❡❧❢ t❤❛t ♠❛♣ t❤❡
s✉❜❣r♦✉♣ Z /(m + 1) t♦ Z /(n + 1)✳ ❆ ❝②❝❧✐❝ ♦❜❥❡❝t ✐♥ C ✐s t❤❡♥ ❛ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r ❢r♦♠
t❤❡ ❝②❝❧✐❝ ❝❛t❡❣♦r② Λ t♦ C✳

◆♦t❛t✐♦♥ ✺✳✸✳✷ ✭❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ♦❢ ❛ ❝②❝❧✐❝ ♦❜❥❡❝t✮✳ ▲❡t A ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ✇✐t❤
❡①❛❝t ✐♥✜♥✐t❡ ♣r♦❞✉❝ts✱ ❛♥❞ X• ❜❡ ❛ ❝②❝❧✐❝ ♦❜❥❡❝t ✐♥ A✳ ❋♦❧❧♦✇✐♥❣ ❬●♦♦✽✺✱ ❙❡❝t✐♦♥ ■■❪ ✭s❡❡ ❛❧s♦
❬▼♦r✶✽❜✱ ❙❡❝t✐♦♥ 2.2❪✮✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❍❍(X•) ♦❢ X•✱ ❛s ❛♥ ♦❜❥❡❝t
♦❢ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♥❛t✉r❛❧ ❙1✲❛❝t✐♦♥✳ ❚❤❡ ❝②❝❧✐❝✱ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝✱
❛♥❞ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣✐❡s ♦❢ t❤❡ ❝②❝❧✐❝ ♦❜❥❡❝t X• ❛r❡ t❤❡♥ ❞❡✜♥❡❞ ❜②

❍❈(X•) := ❍❍(X•)h❙1 , ❍❈
−(X•) := ❍❍(X•)

h❙1 , ❛♥❞ ❍P(X•) := ❍❍(X•)
t❙1 .

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡r❡ ✐s ♠♦r❡♦✈❡r ❛ ♥❛t✉r❛❧ ♠❛♣

s : ❍❈(X•)[−2] −→ ❍❈(X•)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✱ ❢r♦♠ ✇❤✐❝❤ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❍P(X•) ∈ D(A) ❝❛♥ ❜❡
r❡❝♦✈❡r❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

❍P(X•) ≃ lim
←−

(
· · ·

s
−−→ ❍❈(X•)[−4]

s
−−→ ❍❈(X•)[−2]

s
−−→ ❍❈(X•)

)
.

❲❡ ♥♦✇ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ t♦ ❞❡✜♥❡ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ❛♥❞ ✐ts
✈❛r✐❛♥ts ♦♥ s♦❧✐❞ ❛ss♦❝✐❛t✐✈❡ ❞❡r✐✈❡❞ ❛❧❣❡❜r❛s ♦✈❡r ❛ s♦❧✐❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳✸ ✭❙♦❧✐❞ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✮✳ ▲❡t k ❜❡ ❛ s♦❧✐❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ R ❜❡
❛ ❝♦♥♥❡❝t✐✈❡ s♦❧✐❞ k✲E1✲❛❧❣❡❜r❛✳ ❚❤❡ s✐♠♣❧✐❝✐❛❧ ♦❜❥❡❝t

· · · −→−→
−→−→ R⊗k R⊗k R −→−→

−→ R⊗k R −→−→ R

❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ♦❢ ❝②❝❧✐❝ ♦❜❥❡❝t ✐♥ t❤❡ ❞❡r✐✈❡❞ ∞✲❝❛t❡❣♦r② ♦❢ s♦❧✐❞ k✲♠♦❞✉❧❡s ✭❉❡✜✲
♥✐t✐♦♥ ✺✳✸✳✶✮✱ ✐♥❞✉❝❡❞ ❜② ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ t❡♥s♦r ❢❛❝t♦rs✳ ❲❡ ✇r✐t❡ ❍❍(R/k)✱ ❍❈(R/k)✱
❍❈−(R/k) ❛♥❞ ❍P(R/k) ❢♦r t❤❡ ❍♦❝❤s❝❤✐❧❞✱ ❝②❝❧✐❝✱ ♥❡❣❛t✐✈❡ ❝②❝❧✐❝ ❛♥❞ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦✲
♠♦❧♦❣✐❡s ♦❢ t❤✐s ❝②❝❧✐❝ ♦❜❥❡❝t ✭◆♦t❛t✐♦♥ ✺✳✸✳✷✮✳ ■❢ k = Z✱ ✇❡ s✐♠♣❧② ❞❡♥♦t❡ t❤❡s❡ ❜② ❍❍(R)✱
❍❈(R)✱ ❍❈−(R) ❛♥❞ ❍P(R)✳

❋♦r f : R → R′ ❛ ♠❛♣ ♦❢ Z✲E1✲❛❧❣❡❜r❛s ❛♥❞ F : E1 ✲❆❧❣Z → D(Z) ❛ ❢✉♥❝t♦r✱ ✇❡ ❞❡♥♦t❡
❜② F (f) ∈ D(Z) t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ♠❛♣ F (R) → F (R′)✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r f : R → R′ ❛
♠❛♣ ♦❢ s♦❧✐❞ Z✲E1✲❛❧❣❡❜r❛s ❛♥❞ F ❛ D(❙♦❧✐❞)✲✈❛❧✉❡❞ ❢✉♥❝t♦r ♦♥ s♦❧✐❞ Z✲E1✲❛❧❣❡❜r❛s✱ ❞❡♥♦t❡ ❜②
F (f) ∈ D(❙♦❧✐❞) t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ♠❛♣ F (R)→ F (R′)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❬●♦♦✽✺✱ ❚❤❡♦r❡♠ ■❱✳2.6❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤✐s r❡s✉❧t ♦❢ ●♦♦❞✇✐❧❧✐❡
✐s ❢♦r ♠❛♣s ♦❢ s✐♠♣❧✐❝✐❛❧ Z✲❛❧❣❡❜r❛s✱ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ∞✲❝❛t❡❣♦r② ♦❢ s✐♠♣❧✐❝✐❛❧ Z✲❛❧❣❡❜r❛s ✐s
♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ∞✲❝❛t❡❣♦r② ♦❢ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s✱ ❜② t❤❡ ♠♦♥♦✐❞❛❧ ❉♦❧❞✕
❑❛♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❞ ❬▲✉r✶✼✱ Pr♦♣♦s✐t✐♦♥ 7.1.4.6❪✳

✼✵



❚❤❡♦r❡♠ ✺✳✸✳✹ ✭❬●♦♦✽✺❪✮✳ ▲❡t f : R→ R′ ❜❡ ❛ 1✲❝♦♥♥❡❝t❡❞ ♠❛♣ ♦❢ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s✳
❋♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

n!sn : ❍❈∗+2n(f) −→ ❍❈∗(f)

✐s t❤❡ ③❡r♦ ♠❛♣ ❢♦r ∗ ≤ n− 1✳

●♦♦❞✇✐❧❧✐❡✬s ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳✹✱ ❛❧t❤♦✉❣❤ st❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r②
♦❢ Z✲♠♦❞✉❧❡s ✭♦r k✲♠♦❞✉❧❡s✱ ❢♦r k ❛♥ ❛r❜✐tr❛r② ❞✐s❝r❡t❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✮✱ ✐s ✈❛❧✐❞ ❢♦r ❛♥②
❛❜❡❧✐❛♥ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r② ✇✐t❤ ❡①❛❝t ✐♥✜♥✐t❡ ♣r♦❞✉❝ts ✭s❡❡ ◆♦t❛t✐♦♥ ✺✳✸✳✷ ❛♥❞
❉❡✜♥✐t✐♦♥ ✺✳✸✳✸✮✳ ❖♥❡ ❝❛♥ t❤✉s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✸✳✺✳ ▲❡t f : R → R′ ❜❡ ❛ 1✲❝♦♥♥❡❝t❡❞ ♠❛♣ ♦❢ ❝♦♥♥❡❝t✐✈❡ s♦❧✐❞ Z✲E1✲❛❧❣❡❜r❛s✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

n!sn : ❍❈(f)[−2n] −→ ❍❈(f),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✱ ✐s t❤❡ ③❡r♦ ♠❛♣ ♦♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✶ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st
−n+ 1✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r s✐♠♣❧✐❝✐❛❧ s♦❧✐❞ Z✲❛❧❣❡❜r❛s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❛❜❡❧✐❛♥
❝❛t❡❣♦r② ♦❢ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧✱ ❛♥❞ ❤❛s ❡①❛❝t ✐♥✜♥✐t❡ ♣r♦❞✉❝ts✳ ❚❤❡
✜rst ❝❧❛✐♠ ✐s ❬❈❙✶✾✱ ❚❤❡♦r❡♠ 6.2 ✭✐✮❪✳ ❚❤❡ s❡❝♦♥❞ ❝❧❛✐♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ ❝♦♥❞❡♥s❡❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s ❤❛s ❡①❛❝t ❛r❜✐tr❛r② ♣r♦❞✉❝ts ✭❬❈❙✶✾✱ ❚❤❡✲
♦r❡♠ 1.10❪✮✱ ❛♥❞ t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ❛s ❛ s✉❜❝❛t❡❣♦r② ♦❢ t❤❡ ❛❜❡❧✐❛♥
❝❛t❡❣♦r② ♦❢ ❝♦♥❞❡♥s❡❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✐s st❛❜❧❡ ✉♥❞❡r ❛❧❧ ❧✐♠✐ts ✭❬❈❙✶✾✱ ❚❤❡♦r❡♠ 5.8 (i)❪✮✳ ❲❡
♦♠✐t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❬▲✉r✶✼✱ Pr♦♣♦s✐t✐♦♥ 7.1.4.6❪ t♦ ♣❛ss ❢r♦♠ s✐♠♣❧✐❝✐❛❧ s♦❧✐❞
Z✲❛❧❣❡❜r❛s t♦ ❝♦♥♥❡❝t✐✈❡ s♦❧✐❞ Z✲E1✲❛❧❣❡❜r❛s✳

❋♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ♦❢ ❝♦♥❞❡♥s❡❞ ♠❛t❤❡♠❛t✐❝s✱ ❛
❝♦♥❞❡♥s❡❞ ♦❜❥❡❝t ✐s ❝❛❧❧❡❞ ❞✐s❝r❡t❡ ✐❢ ✐ts ❝♦♥❞❡♥s❡❞ str✉❝t✉r❡ ✐s tr✐✈✐❛❧✳ ●✐✈❡♥ ❛ ❝❧❛ss✐❝❛❧ ♦❜❥❡❝t
X✱ ✇❡ ❞❡♥♦t❡ ❜② X t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐s❝r❡t❡ ❝♦♥❞❡♥s❡❞ ♦❜❥❡❝t✳

▲❡♠♠❛ ✺✳✸✳✻✳ ▲❡t R ❜❡ ❛ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡
♥❛t✉r❛❧ ♠❛♣

❍❍(R) −→ ❍❍(R∧p ),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✱ ❡①❤✐❜✐ts t❤❡ t❛r❣❡t ❛s t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

❍❍(R)∧
p
[1p ]

∼
−−→ ❍❍(R∧p [

1
p ]/Qp)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✳

Pr♦♦❢✳ ❚❤❡ s♦❧✐❞ t❡♥s♦r ♣r♦❞✉❝t ♦❢ p✲❝♦♠♣❧❡t❡ s♦❧✐❞ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s ✐s p✲❝♦♠♣❧❡t❡✱
❛♥❞ s♦ ✐s t❤❡ t♦t❛❧✐s❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❧❡① ♦❢ p✲❝♦♠♣❧❡t❡ s♦❧✐❞ ❝♦♥♥❡❝t✐✈❡ Z✲♠♦❞✉❧❡s ✭❬❈❙✷✶❪✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣❧❡① ❍❍(R∧p )✱ ❛s ❛ t♦t❛❧✐s❛t✐♦♥ ♦❢ t❡♥s♦r ♣♦✇❡rs ♦❢ t❤❡ p✲❝♦♠♣❧❡t❡ s♦❧✐❞

✶❇② t❤✐s✱ ✇❡ ♠❡❛♥ t❤❛t ✐t ✐s t❤❡ ③❡r♦ ♠❛♣ ❛s ❛ ♠❛♣ ♦❢ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✐✳❡✳✱ t❤❛t ✐t ❢❛❝t♦rs t❤r♦✉❣❤
t❤❡ ③❡r♦ ♦❜❥❡❝t ♦❢ t❤❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ♦❢ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ◆♦t❡ t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢
❛ ♥♦♥③❡r♦ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❝❛♥ ❜❡ ③❡r♦ ✭❡✳❣✳✱ t❤❡ q✉♦t✐❡♥t ♦❢ Zp ✇✐t❤ t❤❡ p✲❛❞✐❝ t♦♣♦❧♦❣② ❜② Zp ✇✐t❤ t❤❡
❞✐s❝r❡t❡ t♦♣♦❧♦❣②✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜❡✐♥❣ ③❡r♦ ❢♦r ❛ ♠❛♣ ♦❢ s♦❧✐❞ ❛❜❡❧✐❛♥ ❣r♦✉♣s ❝❛♥♥♦t ❜❡ ❞❡t❡❝t❡❞ ♦♥ t❤❡
✉♥❞❡r❧②✐♥❣ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

✼✶



❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛ R∧p ✱ ✐s p✲❝♦♠♣❧❡t❡✳ ❇② t❤❡ ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ❧❡♠♠❛ ✭❬❙t❛✶✾✱ ✵✾✶◆❪✱
s❡❡ ❛❧s♦ ❬❈❙✷✶❪✮✱ ✐t t❤✉s s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t ♠♦❞✉❧♦ p✳ ❇② ❜❛s❡ ❝❤❛♥❣❡ ❢♦r
❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣② ✭r❡s♣✳ s♦❧✐❞ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✮✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t t❤❡
♥❛t✉r❛❧ ♠❛♣

❍❍((R/p)/Fp) −→ ❍❍((R/p)/Fp)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✳ ❚❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ✐s t❤❡♥ ❛ ❝♦♥s❡✲
q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts ❝♦♠♠✉t❡ ✇✐t❤ t❤❡ ❢✉♥❝t♦r (−)
❢r♦♠ Z✲E1✲❛❧❣❡❜r❛s t♦ s♦❧✐❞ Z✲E1✲❛❧❣❡❜r❛s✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
r❛t✐♦♥❛❧✐s❛t✐♦♥ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❢✉♥❝t♦r

(−) : D(Z) −→ D(❙♦❧✐❞),

❛♥❞ ❜❛s❡ ❝❤❛♥❣❡ ❢♦r s♦❧✐❞ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✼✳ ▲❡t R ❜❡ ❛ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡
♥❛t✉r❛❧ ♠❛♣

❍❈(R) −→ ❍❈(R∧p ),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✱ ❡①❤✐❜✐ts t❤❡ t❛r❣❡t ❛s t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

❍❈(R)∧
p
[1p ]

∼
−−→ ❍❈(R∧p [

1
p ]/Qp)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✸✳✻✱ ❛♥❞ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❬▼♦r✶✽❜✱
❉❡✜♥✐t✐♦♥ 2.19❪ ♦❢ ✭s♦❧✐❞✮ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✐♥ t❡r♠s ♦❢ t❤❡ ❝②❝❧✐❝ ♦❜❥❡❝t ❍❍(R) ✭r❡s♣✳ ❍❍(R∧p )✮
✐♥ t❤❡ st❛❜❧❡ ∞✲❝❛t❡❣♦r② D(Z) ✭r❡s♣✳ D(❙♦❧✐❞)✮✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t r❛t✐♦♥❛❧✐s❛t✐♦♥ ❝♦♠♠✉t❡s ❞✐r❡❝t s✉♠s ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✇✐t❤ t❤❡ ❢✉♥❝t♦r (−)h❙1✮ ❛♥❞ ✇✐t❤
t❤❡ ❢✉♥❝t♦r (−) ❢r♦♠ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✳

❈♦r♦❧❧❛r② ✺✳✸✳✽✳ ▲❡t f : R → R′ ❛ 1✲❝♦♥♥❡❝t❡❞ ♠❛♣ ♦❢ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r n ≥ 0✱ t❤❡ ♠❛♣

n!sn :
∏

p∈P

′

❍❈(f ;Qp)[−2n] −→
∏

p∈P

′

❍❈(f ;Qp),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✐s t❤❡ ③❡r♦ ♠❛♣ ♦♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st −n+1✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

n!sn : ❍❈(f∧
p
)[−2n] −→ ❍❈(f∧

p
),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(❙♦❧✐❞)✱ ✐s ③❡r♦ ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ❧❡❛st −n + 1 ✭❚❤❡♦✲
r❡♠ ✺✳✸✳✺✮✳ ❋♦r❣❡tt✐♥❣ t❤❡ ❝♦♥❞❡♥s❡❞ str✉❝t✉r❡ ❛♥❞ t❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦✈❡r ❛❧❧ ♣r✐♠❡s p✱ t❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

n!sn :
∏

p∈P

❍❈(f ;Zp)[−2n] −→
∏

p∈P

❍❈(f ;Zp),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✐s ③❡r♦ ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ❧❡❛st −n + 1 ✭Pr♦♣♦s✐✲
t✐♦♥ ✺✳✸✳✼✮✳ ❚❛❦✐♥❣ r❛t✐♦♥❛❧✐s❛t✐♦♥ t❤❡♥ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

✼✷



❚❤❡♦r❡♠ ✺✳✸✳✾ ✭❘✐❣✐❞✲❛♥❛❧②t✐❝ ❍P ✐s tr✉♥❝❛t✐♥❣✮✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥

R 7−→
(∏

p∈P

′

❍❍(R;Qp)
)t❙1

:=
((∏

p∈P

❍❍(R;Zp)
)
Q

)t❙1
,

❢r♦♠ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s R t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✐s tr✉♥❝❛t✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡r❡ ❡①✐sts ❛ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥t E : ❈❛t♣❡r❢∞ → D(Q) s✉❝❤ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❝♦♥str✉❝t✐♦♥ ✐s
t❤❡ ❝♦♠♣♦s✐t❡ R 7→ P❡r❢(R) 7→ E(P❡r❢(R))✳

Pr♦♦❢✳ ▲❡t f : R → R′ ❜❡ ❛ 1✲❝♦♥♥❡❝t❡❞ ♠❛♣ ♦❢ ❝♦♥♥❡❝t✐✈❡ Z✲E1✲❛❧❣❡❜r❛s✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡
t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

(∏

p∈P

′

❍❍(R;Qp)
)t❙1

−→
(∏

p∈P

′

❍❍(R′;Qp)
)t❙1

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❛t ✐ts ❤♦♠♦t♦♣② ❝♦✜❜r❡
(∏′

p∈P❍❍(f ;Qp)
)t❙1

✈❛♥✐s❤❡s ✐♥
t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

n!sn :
∏

p∈P

′

❍❈(f ;Qp)[−2n] −→
∏

p∈P

′

❍❈(f ;Qp)

✐s t❤❡ ③❡r♦ ♠❛♣ ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ❧❡❛st −n + 1 ✭❈♦r♦❧❧❛r② ✺✳✸✳✽✮✳ ❚❤✐s ♠❛♣ ✐s
Q✲❧✐♥❡❛r✱ s♦ t❤❡ ♠❛♣

sn :
∏

p∈P

′

❍❈(f ;Qp)[−2n] −→
∏

p∈P

′

❍❈(f ;Qp)

✐s ❛❧s♦ t❤❡ ③❡r♦ ♠❛♣ ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ❧❡❛st −n + 1✳ ❚❛❦✐♥❣ t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t ♦✈❡r
✐♥t❡❣❡rs n ≥ 0 ❛♥❞ ✉s✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❛t t❤❡ ❡♥❞ ♦❢ ◆♦t❛t✐♦♥ ✺✳✸✳✷ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡

❝♦♠♣❧❡①
(∏′

p∈P❍❍(f ;Qp)
)t❙1

✐s ③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

✺✳✹ ❘✐❣✐❞✲❛♥❛❧②t✐❝ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ✐s ❛ ❝❞❤ s❤❡❛❢

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❝❞❤ ❞❡s❝❡♥t r❡s✉❧t ❈♦r♦❧❧❛r② ✺✳✹✳✺✱ ✇❤✐❝❤ ✐s ❛
r✐❣✐❞✲❛♥❛❧②t✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✉s❡❞ ✐♥ ❬❊▼✷✸❪ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✵✳✷ ✐♥
❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶ ✭❬❈❍❙❲✵✽✱ ❇❛❧✷✸❪✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♣r❡s❤❡❛❢

❋✐❧i❍❑❘❍P(−Q/Q) : ❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ❛ ❝❞❤ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬▲❚✶✾✱ ❈♦r♦❧❧❛r② ❆✳6❪ ❛♥❞ ❬❇❛❧✷✸✱ ❚❤❡♦r❡♠ 1.3❪✳

❲❡ ✜rst ❡①tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❞❤ ❞❡s❝❡♥t r❡s✉❧t ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✸✳✾✳ ◆♦t❡ t❤❛t t❤✐s
❛r❣✉♠❡♥t ✉s❡s t❤❡ t❤❡♦r② ♦❢ tr✉♥❝❛t✐♥❣ ✐♥✈❛r✐❛♥ts✱ ❛s ❞❡✈❡❧♦♣❡❞ ❜② ▲❛♥❞✕❚❛♠♠❡ ❬▲❚✶✾❪✱ ✐♥ ❛
❝r✉❝✐❛❧ ✇❛②✳

✼✸



❈♦r♦❧❧❛r② ✺✳✹✳✷✳ ❚❤❡ ♣r❡s❤❡❛❢
(∏

p∈P

′

❍❍(−;Qp)
)t❙1

: ❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ❛ ❝❞❤ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✸✳✾ ❛♥❞ ❬▲❚✶✾✱ ❚❤❡♦r❡♠ ❊❪✳

❲❡ t❤❡♥ ❛❞❛♣t t❤❡ ♠❛✐♥ s♣❧✐tt✐♥❣ r❡s✉❧t ♦❢ ❬❇❛❧✷✸❪ ♦♥ ♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦✈❡r Q t♦
♦✉r r✐❣✐❞✲❛♥❛❧②t✐❝ s❡tt✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✸✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡
(∏

p∈P

′

❍❍(X;Qp)
)t❙1

≃
∏

i∈Z

RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)
[2i]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❲❡ ❛❞❛♣t t❤❡ ♣r♦♦❢ ♦❢ ❬❇❛❧✷✸✱ ❚❤❡♦r❡♠ 3.4❪✱ ✇❤✐❝❤ ♣r♦✈❡s ❛ s✐♠✐❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r
♣❡r✐♦❞✐❝ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ♦✈❡r Q✳ ❚❤❡ ❝r✉❝✐❛❧ ♣♦✐♥t t♦ ❛❞❛♣t t❤✐s ♣r♦♦❢ ✐s t♦ ♥♦t❡ t❤❛t t❤❡r❡ ✐s
❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

∏

p∈P

′

❍❍(X;Qp) ≃
⊕

i∈N

RΓ❩❛r

(
X,

(∏

p∈P

(Li−/Z)
∧
p

)
Q

)
[i]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q) ✭s❡❡ ❬❇❛❧✷✸✱ ❘❡♠❛r❦ 2.8❪✮✳ ❚❤✐s ✐s t❤❡ r✐❣✐❞✲❛♥❛❧②t✐❝ ❛♥❛❧♦❣✉❡
♦❢ ❬❇❛❧✷✸✱ Pr♦♣♦s✐t✐♦♥ 2.7❪✱ ❛♥❞ ✐t ✐s ❢♦r ✐♥st❛♥❝❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✶✳✶✵ ❛♣♣❧✐❡❞ t♦
t❤❡ N✲✐♥❞❡①❡❞ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘

∏′
p∈P❍❍(−;Qp)✳ ❇② ❬❇❛❧✷✸✱ ❚❤❡♦r❡♠ 3.2❪✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡
(
❋✐❧⋆❍RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)
⊗ ❋✐❧⋆❚

(∏

p∈P

′

Qp

)t❙1)∧ ∼
−−→ ❋✐❧⋆❚

(∏

p∈P

′

❍❍(X;Qp)
)t❙1

✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q)✱ ✇❤❡r❡ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ⊗ ✐s t❤❡ ❉❛② ❝♦♥✈♦❧✉t✐♦♥
t❡♥s♦r ♣r♦❞✉❝t✱ ❋✐❧⋆❍ ✐s t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ♦♥ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✱ ❛♥❞ (−)∧ ✐s t❤❡
❝♦♠♣❧❡t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥✳ ❇② ❛ ❞❡❣r❡❡ ❛r❣✉♠❡♥t ❡①♣❧❛✐♥❡❞ ✐♥ ❬❇❛❧✷✸✱

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 3.4❪✱ t❤❡ ✜❧t❡r❡❞ ♦❜❥❡❝t ❋✐❧⋆❚
(∏′

p∈PQp

)t❙1
❝❛rr✐❡s ❛ ❝❛♥♦♥✐❝❛❧ s♣❧✐tt✐♥❣✱ ✇❤✐❝❤

✐♥❞✉❝❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

∏

i∈Z

(
❋✐❧⋆+i❍ RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

))
[2i]

∼
−−→ ❋✐❧⋆❚

(∏

p∈P

′

❍❍(X;Qp)
)t❙1

✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(Q)✳
■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ✐s ✐♥❞❡❡❞ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❝♦❧✐♠✐t

♦✈❡r ⋆→ −∞ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉✐✈❛❧❡♥❝❡✳ ❋♦❧❧♦✇✐♥❣ ❬❇❛❧✷✸✱ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 3.4❪✱ t❤❡ r❡s✉❧t
❢♦r t❤❡ s♦✉r❝❡ ✐s ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❡st✐♠❛t❡ ❢♦r t❤❡ ❢✉♥❝t♦r

RΓ❩❛r

(
−,

∏

p∈P

′

LΩ≤i
−Qp/Qp

)

♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❘❡♠❛r❦ ✺✳✷✳✹✱ ❛♥❞ ♦❢ t❤❡
❝❧❛ss✐❝❛❧ ❝♦♥♥❡❝t✐✈✐t② ❡st✐♠❛t❡ ❢♦r t❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✽✮✳
❚❤❡ r❡s✉❧t ❢♦r t❤❡ t❛r❣❡t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ✐s ❛❧✇❛②s ❡①❤❛✉st✐✈❡
✭❬❇❛❧✷✸✱ Pr♦♣♦s✐t✐♦♥ ❇✳6❪✮✳

✼✹



❈♦r♦❧❧❛r② ✺✳✹✳✹✳ ❚❤❡ ♣r❡s❤❡❛❢

RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω−Qp/Qp

)
: ❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ❛ ❝❞❤ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥❛t✉r❛❧ s♣❧✐tt✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✸✱ ❛♥❞ ♦❢ t❤❡ ❝❞❤ ❞❡s❝❡♥t
r❡s✉❧t ❈♦r♦❧❧❛r② ✺✳✹✳✷✳

❈♦r♦❧❧❛r② ✺✳✹✳✺✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♣r❡s❤❡❛❢

❋✐❧i❍❑❘
(∏

p∈P

′

❍❍(−;Qp)
)t❙1

: ❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ❛ ❝❞❤ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤❡ ❍❑❘ ✜❧tr❛t✐♦♥ ♦♥
(∏′

p∈P❍❍(−;Qp)
)t❙1

✐s ❝♦♠♣❧❡t❡ ❜② ▲❡♠♠❛ ✺✳✷✳✾✱ s♦ ✐t s✉✣❝❡s
t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❈♦r♦❧❧❛r② ✺✳✹✳✹✳

✺✳✺ ❚❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ❈✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶ ✭❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ✐s N✲✐♥❞❡①❡❞✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≤ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧i♠♦t❑(X) −→ ❑(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ♦♥ ❑(X) ✐s
❡①❤❛✉st✐✈❡✳

Pr♦♦❢✳ ❋✐rst ❛ss✉♠❡ t❤❛tX ✐s ❛ q❝qs ❝❧❛ss✐❝❛❧ s❝❤❡♠❡✳ ❚❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(X) ✐s N✲✐♥❞❡①❡❞
❜② ❬❇❊▼✷✹❪✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆♠♦t❚❈(X) −→

(
L❝❞❤❋✐❧

⋆
♠♦t❚❈

)
(X)

)

✐s N✲✐♥❞❡①❡❞ ✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✮✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷✳✶✺✳
❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❇▼❙❚❈(−;Zp) ✐s N✲✐♥❞❡①❡❞ ♦♥ q❝qs s❝❤❡♠❡s
✭❬❇▼❙✶✾✱ ❚❤❡♦r❡♠ 7.2 (1)❪ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(∏

p∈P

❋✐❧⋆❇▼❙❚❈(X;Zp) −→
(
L❝❞❤

∏

p∈P

❋✐❧⋆❇▼❙❚❈(−;Zp)
)
(X)

)

✐s N✲✐♥❞❡①❡❞✳ ❚❤❡ ♣r❡s❤❡❛❢ ❋✐❧⋆❍❑❘❍P(−Q/Q) ✐s ❛ ❝❞❤ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s ✭Pr♦♣♦s✐✲
t✐♦♥ ✺✳✹✳✶✮✱ ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘❍❈(XQ/Q) ✐s N✲✐♥❞❡①❡❞ ❜② ❝♦♥str✉❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆❍❑❘❍❈

−(XQ/Q) −→
(
L❝❞❤❋✐❧

⋆
❍❑❘❍❈

−(−Q/Q)
)
(X)

)

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆−1❍❑❘❍❈(XQ/Q) −→

(
L❝❞❤❋✐❧

⋆−1
❍❑❘❍❈(−Q/Q)

)
(X)

)
[1],

✼✺



✇❤✐❝❤ ✐s N✲✐♥❞❡①❡❞✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♣r❡s❤❡❛❢ ❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(−;Qp)
)t❙1

✐s ❛ ❝❞❤ s❤❡❛❢ ♦♥

q❝qs s❝❤❡♠❡s ✭❈♦r♦❧❧❛r② ✺✳✹✳✺✮✱ ❛♥❞ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(−;Qp)
)
h❙1

✐s N✲✐♥❞❡①❡❞
✭❘❡♠❛r❦ ✺✳✷✳✹✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)h❙1

−→
(
L❝❞❤❋✐❧

⋆
❍❑❘

(∏

p∈P

′

❍❍(−;Qp)
)t❙1)

(X)
)

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆−1❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)
h❙1
−→

(
L❝❞❤❋✐❧

⋆−1
❍❑❘

(∏

p∈P

′

❍❍(−;Qp)
)
h❙1

)
(X)

)
[1],

✇❤✐❝❤ ✐s N✲✐♥❞❡①❡❞✳
❆ss✉♠❡ ♥♦✇ t❤❛t X ✐s ❛ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s

♣❛r❛❣r❛♣❤✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆♠♦t❚❈(X) −→ ❋✐❧⋆♠♦t❚❈(π0(X))

)

✐s N✲✐♥❞❡①❡❞✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ✜❧tr❛t✐♦♥
❋✐❧⋆❇▼❙❚❈(X;Zp) ✐s N✲✐♥❞❡①❡❞ ♦♥ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s ❜② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ❛♥❞ ❤❡♥❝❡
♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ❜② ❩❛r✐s❦✐ ❞❡s❝❡♥t ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
✜❧tr❛t✐♦♥

❝♦✜❜
(∏

p∈P

❋✐❧⋆❇▼❙❚❈(X;Zp) −→
∏

p∈P

❋✐❧⋆❇▼❙❚❈(π0(X);Zp)
)

✐s N✲✐♥❞❡①❡❞✳ ❚❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆❍❑❘❍❈

−(XQ/Q) −→ ❋✐❧⋆❍❑❘❍❈
−(π0(X)Q/Q)

)

✐s N✲✐♥❞❡①❡❞ ❜② ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 4.39❪✳ ❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✺✳✸✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✸
❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✺✳✹✳✺✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(X;Qp)
)t❙1

−→ ❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(π0(X);Qp)
)t❙1

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)h❙1

−→ ❋✐❧⋆❍❑❘
(∏

p∈P

′

❍❍(π0(X);Qp)
)h❙1)

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥

❝♦✜❜
(
❋✐❧⋆❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)
h❙1
−→ ❋✐❧⋆❍❑❘

(∏

p∈P

′

❍❍(π0(X);Qp)
)
h❙1

)
[1],

✇❤✐❝❤ ✐s N✲✐♥❞❡①❡❞ ❜② ❘❡♠❛r❦ ✺✳✷✳✹✳

❈♦r♦❧❧❛r② ✺✳✺✳✷✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i < 0✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Z(i)♠♦t(X) ∈ D(X) ✐s ③❡r♦✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳

✼✻



Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✸✳ ▲❡t d ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥
❛t ♠♦st d✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

❋✐❧i♠♦t❚❈(X) −→ ❋✐❧i♠♦tL❝❞❤❚❈(X)

✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i + d + 2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❧tr❛t✐♦♥ ❢♦r♠❡❞ ❜② t❤❡s❡
s♣❡❝tr❛ ❢♦r ❛❧❧ ✐♥t❡❣❡rs i ∈ Z✱ ❛♥❞ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ t❤✐s ✜❧tr❛t✐♦♥✱ ❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤❡ ❧❛st st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜rst✱ ❛s t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❜♦✉♥❞ ❢♦r ❛ ❣✐✈❡♥
✜❧tr❛t✐♦♥ ✐♥❞✉❝❡s t❤❡ s❛♠❡ ❝♦♥♥❡❝t✐✈✐t② ❜♦✉♥❞ ❢♦r ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥✳ ❋♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t②
❜♦✉♥❞✱ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶✹ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷✳✶✺ t♦ ❝♦♠♣❛r❡ t❤❡ s♣❡❝tr❛ ❋✐❧i♠♦t❚❈(X)
❛♥❞ ❋✐❧i♠♦tL❝❞❤❚❈(X)✳

❚❤❡ ♣r❡s❤❡❛❢
∏
p∈P ❋✐❧

i
❇▼❙❚❈(X;Zp) t❛❦❡s ✈❛❧✉❡s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+1

♦♥ ❛✣♥❡ s❝❤❡♠❡s ✭▲❡♠♠❛ ✸✳✷✳✼✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

∏

p∈P

❋✐❧i❇▼❙❚❈(X;Zp) −→
(
L❝❞❤

∏

p∈P

❋✐❧i❇▼❙❚❈(−;Zp)
)
(X)

✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i + d + 2✱ ❛s ❡❛❝❤ t❡r♠ ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t
♠♦st −i+ d+ 1 ✭❬❈▼✷✶✱ ❚❤❡♦r❡♠ 3.12❪ ❛♥❞ ❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✮✳

❇② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

❋✐❧i❍❑❘❍❈
−(XQ/Q) −→

(
L❝❞❤❋✐❧

i
❍❑❘❍❈

−(−Q/Q)
)
(X)

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

❋✐❧i−1❍❑❘❍❈(XQ/Q)[1] −→
(
L❝❞❤❋✐❧

i−1
❍❑❘❍❈(−Q/Q)[1]

)
(X).

❚❤❡ ♣r❡s❤❡❛❢ ❋✐❧i−1❍❑❘❍❈(−Q/Q) t❛❦❡s ✈❛❧✉❡s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i−1 ✭❡✳❣✳✱ ❜②
▲❡♠♠❛ ✸✳✶✳✾ ❛♥❞ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ❘❡♠❛r❦ ✸✳✶✳✼✮✱ s♦ t❤❡ ♣r❡✈✐♦✉s ✜❜r❡
✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i + d − 1 ✭❬❈▼✷✶✱ ❚❤❡♦r❡♠ 3.12❪ ❛♥❞ ❬❊❍■❑✷✶✱ ❚❤❡♦✲
r❡♠ 2.4.15❪✮✳

❙✐♠✐❧❛r❧②✱ ❜② ❈♦r♦❧❧❛r② ✺✳✹✳✺✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

❋✐❧i❍❑❘
(∏

p∈P

′

❍❍(X;Qp)
)h❙1

−→
(
L❝❞❤❋✐❧

i
❍❑❘

(∏

p∈P

′

❍❍(−;Qp)
)h❙1)

(X)

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

❋✐❧i−1❍❑❘

(∏

p∈P

′

❍❍(X;Qp)
)
h❙1

[1] −→
(
L❝❞❤❋✐❧

i−1
❍❑❘

(∏

p∈P

′

❍❍(−;Qp)
)
h❙1

[1]
)
(X)

❚❤❡ ♣r❡s❤❡❛❢ ❋✐❧i−1❍❑❘

(∏′
p∈P❍❍(−;Qp)

)
h❙1

t❛❦❡s ✈❛❧✉❡s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st−i−1
✭❘❡♠❛r❦ ✺✳✷✳✹✮✱ s♦ t❤❡ ♣r❡✈✐♦✉s ✜❜r❡ ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+ d− 1 ✭❬❈▼✷✶✱
❚❤❡♦r❡♠ 3.12❪ ❛♥❞ ❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✮✳

❚❤❡ ♣r❡✈✐♦✉s t❤r❡❡ ❝♦♥♥❡❝t✐✈✐t② r❡s✉❧ts ✐♠♣❧② t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹ ✭❈♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥✮✳ ▲❡t d ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡
❛ q❝qs s❝❤❡♠❡ ♦❢ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ s♣❡❝tr✉♠
❋✐❧i♠♦t❑(X) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+d+2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥
❋✐❧⋆♠♦t❑(X)✱ ❛♥❞ ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥ ❋✐❧⋆♠♦t❑(X;Q)✱ ❛r❡ ❝♦♠♣❧❡t❡✳

✼✼



Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✸✱ t❤❡ ❧❛st st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜rst✳
❇② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ s♣❡❝tr❛

✜❜
(
❋✐❧i♠♦t❚❈(X) −→ ❋✐❧i♠♦tL❝❞❤❚❈(X)

)
−→ ❋✐❧i♠♦t❑(X) −→ ❋✐❧⋆❝❞❤❑❍(X).

❚❤❡ ❧❡❢t t❡r♠ ♦❢ t❤✐s ✜❜r❡ s❡q✉❡♥❝❡ ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+ d+ 2 ❜② Pr♦♣♦✲
s✐t✐♦♥ ✺✳✺✳✸✱ ❛♥❞ t❤❡ r✐❣❤t t❡r♠ ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+ d ❜② ❬❇❊▼✷✹❪✱ ❤❡♥❝❡
t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❘❡♠❛r❦ ✺✳✺✳✺ ✭◆♦♥✲♥♦❡t❤❡r✐❛♥ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✈❛❧✉❛t✐✈❡
❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❡❣❛t✐✈❡
K✲❣r♦✉♣s ❑−n(X) ✈❛♥✐s❤ ❢♦r ✐♥t❡❣❡rs n > d + 2✳ ❚❤✐s ✐s ❛ ✇❡❛❦ ❢♦r♠ ♦❢ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣ ✐♥
t❤❡ ♥♦♥✲♥♦❡t❤❡r✐❛♥ ❝❛s❡✳

❘❡♠❛r❦ ✺✳✺✳✻ ✭▼♦t✐✈✐❝ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t(X) ∈ D(Z)
✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ d+ 2✳ ❲❤❡♥ X ✐s ♥♦❡t❤❡r✐❛♥ ✭✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✈❛❧✉❛t✐✈❡ ❛♥❞ ❑r✉❧❧
❞✐♠❡♥s✐♦♥s ❝♦✐♥❝✐❞❡✮✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✐t ✐s ❡✈❡♥ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ d ✭❚❤❡♦r❡♠ ✶✵✳✸✳✸✮✳

❘❡♠❛r❦ ✺✳✺✳✼✳ ❆ ♠❛♣ ♦❢ ✜♥✐t❛r② ♣r❡s❤❡❛✈❡s ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛ ♦♥ q❝qs s❝❤❡♠❡s✱ ✇❤✐❝❤ ❛r❡
✜❧tr❛t✐♦♥✲❝♦♠♣❧❡t❡ ♦♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✳ ■♥ ❧✐❣❤t ♦❢ Pr♦♣♦s✐t✐♦♥s ✺✳✺✳✶✸ ❛♥❞ ✺✳✺✳✹✱ ✇❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡
♠♦st ♦❢ ♦✉r r❡s✉❧ts ❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ❛❧t❤♦✉❣❤ t❤❡② ❝❛♥ ♦❢t❡♥ ❜❡ ♣r♦♠♦t❡❞
t♦ r❡s✉❧ts ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧t❡r❡❞ s♣❡❝tr❛✳

❈♦r♦❧❧❛r② ✺✳✺✳✽ ✭❈♦♠♣❧❡t❡♥❡ss ♦❢ ❋✐❧⋆♠♦tL❝❞❤❚❈✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡
❞✐♠❡♥s✐♦♥✳ ❚❤❡♥ t❤❡ ✜❧tr❛t✐♦♥s ❋✐❧⋆♠♦tL❝❞❤❚❈(X) ❛♥❞ ❋✐❧⋆♠♦tL❝❞❤❚❈(X;Q) ❛r❡ ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸✳✸✳✽ ❛♥❞ ✺✳✺✳✸✳

❘❡♠❛r❦ ✺✳✺✳✾✳ ❚❤❡ ✜❧tr❛t✐♦♥s ❋✐❧⋆♠♦t❚❈(X) ❛♥❞ ❋✐❧⋆♠♦tL❝❞❤❚❈(X) ❞♦ ♥♦t s❛t✐s❢② s❡♣❛r❛t❡❧②
❛ ❝♦♥♥❡❝t✐✈✐t② ❜♦✉♥❞ s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✸✳

❈♦r♦❧❧❛r② ✺✳✺✳✶✵ ✭❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳
❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ♦♥ ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❑(X) ✐♥❞✉❝❡s ❛ ♥❛t✲
✉r❛❧ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Ei,j2 = ❍i−j♠♦t(X,Z(−j)) =⇒ ❑−i−j(X).

■❢ X ✐s ❛ q❝qs ❝❧❛ss✐❝❛❧ s❝❤❡♠❡ ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥✱ t❤❡♥ t❤✐s ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤
s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✐s ❝♦♥✈❡r❣❡♥t✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X) ✐s
N✲✐♥❞❡①❡❞ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✮✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t②
❜♦✉♥❞ ❢♦r t❤✐s ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹✮✳

❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✺✳✺✳✶ ❛♥❞ ✺✳✺✳✹ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✳

❈♦r♦❧❧❛r② ✺✳✺✳✶✶✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ❡①✐sts
❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❑(X;Q) ≃
( ⊕

0≤j<i

Q(i)♠♦t(X)[2i]
)
⊕ ❋✐❧i♠♦t❑(X;Q).

✼✽



Pr♦♦❢✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X;Q) ✐s N✲✐♥❞❡①❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ❚❤❡ r❡s✉❧t ♦♥
q❝qs ❝❧❛ss✐❝❛❧ s❝❤❡♠❡s ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✶✳✶✵ ❛♥❞ ❘❡♠❛r❦ ✺✳✶✳✶✶✱ ✇❤❡r❡ t❤❡
♥❡❝❡ss❛r② ❤②♣♦t❤❡s❡s ❛r❡ s❛t✐s✜❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✶✳✾✳

❆ss✉♠❡ ♥♦✇ t❤❛t X ✐s ❛ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❆❣❛✐♥ ❜② ▲❡♠♠❛ ✺✳✶✳✶✵✱ ✇❤❡r❡
t❤❡ ♥❡❝❡ss❛r② ❤②♣♦t❤❡s❡s ❛r❡ s❛t✐s✜❡❞ ❢♦r t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(−) ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✽ ❛♥❞
❈♦r♦❧❧❛r② ✺✳✶✳✻✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛

❋✐❧0♠♦t❚❈(X;Q) ≃
( ⊕

0≤j<i

Q(j)❚❈(X)[2j]
)
⊕ ❋✐❧i♠♦t❚❈(X;Q).

❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✺ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❤❡r❡ t❤❡ ❡q✉✐✈❛✲
❧❡♥❝❡s

❋✐❧0♠♦t❑(π0(X);Q) ≃
⊕

0≤j<i

Q(j)♠♦t(π0(X))[2j]
)
⊕ ❋✐❧i♠♦t❑(π0(X);Q)

❛♥❞
❋✐❧0♠♦t❚❈(π0(X);Q) ≃

( ⊕

0≤j<i

Q(j)❚❈(π0(X))[2j]
)
⊕ ❋✐❧i♠♦t❚❈(X;Q)

❛r❡ ❝♦♠♣❛t✐❜❧❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❑(π0(X);Q) −→ ❋✐❧⋆♠♦t❚❈(π0(X);Q)

♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✹✳

▲❡♠♠❛ ✺✳✺✳✶✷✳ ▲❡t τ ❜❡ t❤❡ ❩❛r✐s❦✐✱ ◆✐s♥❡✈✐❝❤✱ ♦r ❝❞❤ t♦♣♦❧♦❣②✱ ❛♥❞ (Fi)i∈I ❜❡ ❛ ❞✐r❡❝t
s②st❡♠ ♦❢ ♣r❡s❤❡❛✈❡s✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ♣r❡s❤❡❛✈❡s

lim
−→i

Lτ Fi −→ Lτ lim
−→i

Fi

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❤❡❛✜✜❝❛t✐♦♥ ❢✉♥❝t♦r Lτ s❡♥❞s ✜♥✐t❛r② ❩❛r✐s❦✐ s❤❡❛✈❡s t♦
✜♥✐t❛r② τ s❤❡❛✈❡s✳

Pr♦♦❢✳ ❆s ❛ ❧❡❢t ❛❞❥♦✐♥t✱ t❤❡ s❤❡❛✜✜❝❛t✐♦♥ ❢✉♥❝t♦r Lτ ✱ ❢r♦♠ ♣r❡s❤❡❛✈❡s t♦ τ s❤❡❛✈❡s✱ ❝♦♠♠✉t❡s
✇✐t❤ ❛❧❧ ❝♦❧✐♠✐ts✳ ❇❡✐♥❣ ❛ s❤❡❛❢ ❢♦r t❤❡ t♦♣♦❧♦❣② τ ✐s ❞❡t❡❝t❡❞ ✉s✐♥❣ ♦♥❧② ✜♥✐t❡ ❧✐♠✐ts✱ s♦ t❤❡
✐♥❝❧✉s✐♦♥ ❢✉♥❝t♦r ❢r♦♠ τ s❤❡❛✈❡s t♦ ♣r❡s❤❡❛✈❡s ❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✳ ❈♦♠♣♦s✐♥❣
t❤❡ ♣r❡✈✐♦✉s t✇♦ ❢✉♥❝t♦rs t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t♦r Lτ ✱ ❢r♦♠ ♣r❡s❤❡❛✈❡s t♦ ♣r❡s❤❡❛✈❡s✱
❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✳

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱ ❧❡t F ❜❡ ❛ ✜♥✐t❛r② ❩❛r✐s❦✐ s❤❡❛❢✱ ❛♥❞ (Ri)i∈I ❜❡ ❛ ❞✐r❡❝t
s②st❡♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

lim
−→i

Lτ F (Ri) −→ LτF (lim
−→i

Ri)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜♥✐t❛r✐♥❡ss ♦❢ F ✱ ❛♥❞ ♦❢ t❤❡ ✜rst st❛t❡♠❡♥t ❛♣♣❧✐❡❞
t♦ t❤❡ ❞✐r❡❝t s②st❡♠ ♦❢ ♣r❡s❤❡❛✈❡s

(
F (−Ri)

)
i∈I

✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✸ ✭❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ✐s ✜♥✐t❛r②✮✳ ▲❡t i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡
♣r❡s❤❡❛❢

❋✐❧i♠♦t❑(−) : ❞❙❝❤q❝qs✱♦♣ −→ ❙♣

✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✱ ✐✳❡✳✱ ✐t s❛t✐s✜❡s ❞❡s❝❡♥t ❢♦r t❤❡ ◆✐s♥❡✈✐❝❤ t♦♣♦❧♦❣② ❛♥❞ ❝♦♠♠✉t❡s
✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts ♦❢ r✐♥❣s✳

✼✾



Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ ❛♥❞ r❛t✐♦♥❛❧❧②✳
❆❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢ ♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s ✭❬❈▼◆◆✷✵✱ Pr♦♣♦✲
s✐t✐♦♥ ❆✳15❪✮✳ ❚❤❡ ♣r❡s❤❡❛❢ ❋✐❧i♠♦t❑(−;Q) ✐s ❛ ♥❛t✉r❛❧ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ r❛t✐♦♥❛❧✐s❡❞ ❛❧✲
❣❡❜r❛✐❝ K✲t❤❡♦r② ✭❈♦r♦❧❧❛r② ✺✳✺✳✶✶✮✱ s♦ ✐t ❛❧s♦ ✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✳ ❚♦ ♣r♦✈❡ t❤❡
r❡s✉❧t ♠♦❞✉❧♦ ❛ ♣r✐♠❡ ♥✉♠❜❡r p✱ ♥♦t❡ t❤❛t t❤❡ ♣r❡s❤❡❛❢ ❋✐❧i❝❞❤❑❍(−) ✐s ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢
✭❬❇❊▼✷✹❪✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✳ ❇② ❚❤❡♦r❡♠ ✸✳✷✳✶✶✱ t❤❡ ♣r❡s❤❡❛❢
❋✐❧i❇▼❙❚❈(−;Fp) ✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✳ ❇② ▲❡♠♠❛ ✺✳✺✳✶✷✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r❡s❤❡❛❢
L❝❞❤❋✐❧

i
❇▼❙❚❈(−;Fp) ✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✱ ❛♥❞ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ✐s t❤❡♥ ❛ ❝♦♥s❡✲

q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✳

❈♦r♦❧❧❛r② ✺✳✺✳✶✹✳ ▲❡t i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡ ♣r❡s❤❡❛❢

Z(i)♠♦t(−) : ❞❙❝❤q❝qs✱♦♣ −→ D(Z)

✐s ❛ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛❢✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✵✳✶✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(−) ✐s ✜♥✐t❛r② ♦♥ q❝qs s❝❤❡♠❡s ✭Pr♦♣♦✲
s✐t✐♦♥ ✺✳✺✳✶✸✮✱ ❛♥❞✱ ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡X ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱
t❤❡ s♣❡❝tr✉♠ ❋✐❧i♠♦t❑(X;Q) ✐s ✐♥ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s ❛t ♠♦st −i+d+2 ✭Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹✮✳
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✸ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞
s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X;Q) ≃
⊕

j≥⋆

Q(j)♠♦t(X)[2j].

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ❈♦r♦❧❧❛r② ✺✳✺✳✶✶ t❤❡♥ ✐♠♣❧✐❡s t❤❡ r❡s✉❧t ❢♦r ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞
s❝❤❡♠❡s✳

❈♦r♦❧❧❛r② ✺✳✺✳✶✺✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡
♦❢ s♣❡❝tr❛

❑(X;Q) ≃
⊕

i≥0

Q(i)♠♦t(X)[2i].

Pr♦♦❢✳ ❚❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑(X;Q) ✐s N✲✐♥❞❡①❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ❚❤❡ r❡s✉❧t ✐s
t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❛t✐♦♥❛❧ s♣❧✐tt✐♥❣ ❚❤❡♦r❡♠ ✺✳✵✳✶✳

✺✳✻ ❘❛t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✵✳✷✳ ❲❡ ✜rst ✉s❡ ❛♥ ❛r❣✉♠❡♥t ♦❢ ❲❡✐❜❡❧
t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛t t❤❡ ❧❡✈❡❧ ♦❢ K✲t❤❡♦r②✳ ❲❡ t❤❡♥ ✉s❡ t❤❡ r❛t✐♦♥❛❧ s♣❧✐tt✐♥❣ ❈♦r♦❧✲
❧❛r② ✺✳✺✳✶✶ t♦ ♣r♦✈❡ ❛ ✜❧t❡r❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉❧t✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✵✳✷
t♦ t❤❡ ❝❛s❡ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳

▲❡♠♠❛ ✺✳✻✳✶✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑(X;Q) ❑(XQ;Q)

❑❍(X;Q) ❑❍(XQ;Q)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛✳

✽✵



Pr♦♦❢✳ ❇② ❩❛r✐s❦✐ ❞❡s❝❡♥t✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❛✣♥❡ s❝❤❡♠❡s X = ❙♣❡❝(R)✳ ❋♦r
❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ ❧❡t

◆❑n(R) := ❝♦❦❡r
(
❑n(R) −→ ❑n(R[T ])

)

❜❡ t❤❡ nt❤ NK✲❣r♦✉♣ ♦❢ R✳ ❇② ❬❲❡✐✽✶✱ ❈♦r♦❧❧❛r② 6.4❪ ✭s❡❡ ❛❧s♦ ❬❚❚✾✵✱ ❊①❡r❝✐s❡ 9.12❪✱ ✇❤❡r❡
s♦♠❡ ✉♥♥❡❝❡ss❛r② ❤②♣♦t❤❡s❡s ✐♥ ❲❡✐❜❡❧✬s r❡s✉❧t ❛r❡ r❡♠♦✈❡❞✮✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠
♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

◆❑n(R)⊗Z Q
∼=
−−→ ◆❑n(R⊗Z Q)

❢♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z ❛♥❞ ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✳ ❋♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ t❤❡
❤♦♠♦t♦♣② ❣r♦✉♣s ♦❢ t❤❡ ✜❜r❡ ❑❲(R) ♦❢ t❤❡ ♠❛♣ ♦❢ s♣❡❝tr❛ ❑(R) → ❑❍(R) ❤❛✈❡ ❛ ♥❛t✉r❛❧
❡①❤❛✉st✐✈❡ ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥ ✇✐t❤ ❣r❛❞❡❞ ♣✐❡❝❡s ❣✐✈❡♥ ❜② t❤❡ ✐t❡r❛t❡❞ NK✲❣r♦✉♣s ♦❢ R✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z ❛♥❞ ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑❲(R;Q) −→ ❑❲(R⊗Z Q;Q)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❈♦r♦❧❧❛r② ✺✳✻✳✷✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑(X;Q) ❍❈−(XQ/Q)

❑❍(X;Q) L❝❞❤❍❈
−(−Q/Q)(X)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦r q❝qs Q✲s❝❤❡♠❡s X ✐s ❞✉❡ t♦ ❈♦rt✐ñ❛s✕❍❛❡s❡♠❡②❡r✕❙❝❤❧✐❝❤t✐♥❣✕❲❡✐❜❡❧
❬❈❍❙❲✵✽✱ ❈❍❲✵✽❪ ✭s❡❡ ❛❧s♦ ❚❤❡♦r❡♠ ✷✳✶✳✶✮✳ ❚❤❡ ❣❡♥❡r❛❧ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
▲❡♠♠❛ ✺✳✻✳✶✳

❲❡ r❡❝♦r❞ ❢♦r ❝♦♠♣❧❡t❡♥❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✐s ✇❡❧❧✲❦♥♦✇♥ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦
✭❬❈❍❙❲✵✽✱ ❈❍❲✵✽❪✮✳

❈♦r♦❧❧❛r② ✺✳✻✳✸✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ s♣❡❝tr❛

❑(X;Q) −→ ❑❍(X;Q) −→ ❝♦✜❜
(
❍❈(XQ/Q) −→ L❝❞❤❍❈(−Q/Q)(X)

)
[1].

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✳✶ ❛♥❞ ▲❡♠♠❛ ✺✳✻✳✶✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑(X;Q) ❍❈−(XQ/Q)

❑❍(X;Q) L❝❞❤❍❈
−(−Q/Q)(X)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ s♣❡❝tr❛✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡r❡ ✐s ♠♦r❡♦✈❡r ❛ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠ ♦❢ s♣❡❝tr❛

❍❈−(XQ/Q) ❍P(XQ/Q) ❍❈(XQ/Q)[2]

L❝❞❤❍❈
−(−Q/Q)(X) L❝❞❤❍P(−Q/Q)(X) L❝❞❤❍❈(−Q/Q)(X)[2],

✽✶



✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s ❛r❡ ✜❜r❡ s❡q✉❡♥❝❡s✳ ❚❤❡ ♠✐❞❞❧❡ ✈❡rt✐❝❛❧ ❧✐♥❡ ♦❢ t❤✐s ❞✐❛❣r❛♠ ✐s ❛♥
❡q✉✐✈❛❧❡♥❝❡ ✭❬❈❍❙❲✵✽✱ ❈♦r♦❧❧❛r② 3.13❪✱ s❡❡ ❛❧s♦ ❬▲❚✶✾✱ ❈♦r♦❧❧❛r② ❆✳6❪✮✱ s♦ t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡
❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s♣❡❝tr✉♠

❝♦✜❜
(
❍❈(XQ/Q) −→ L❝❞❤❍❈(−Q/Q)(X)

)
[1].

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ✜❧t❡r❡❞ r❡✜♥❡♠❡♥t ♦❢ ▲❡♠♠❛ ✺✳✻✳✶✳

❈♦r♦❧❧❛r② ✺✳✻✳✹✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❑(X;Q) ❋✐❧⋆♠♦t❑(XQ;Q)

❋✐❧⋆❝❞❤❑❍(X;Q) ❋✐❧⋆❝❞❤❑❍(XQ;Q)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✺✳✺✳✶✶✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ s♣❡❝tr✉♠ ❋✐❧i♠♦t❑(X;Q) ✐s ♥❛t✉r❛❧❧②
❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ t❤❡ s♣❡❝tr✉♠ ❑(X;Q)✳ ❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ t❤❡ ♦t❤❡r t❤r❡❡ ✜❧tr❛t✐♦♥s
♦❢ t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡✱ ❜② ♥♦t✐♥❣ t❤❛t t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆❝❞❤❑❍(−) ❛❧s♦ ✐s N✲✐♥❞❡①❡❞
✭❬❇❊▼✷✹❪✮✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ s❡✈❡r❛❧ ✜❧tr❛t✐♦♥s ✐s ❛✉t♦♠❛t✐❝ ❢r♦♠ t❤❡ ❝♦♥str✉❝✲
t✐♦♥ ♦❢ t❤❡ s♣❧✐tt✐♥❣s✳ ❙♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✻✳✶✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ✜❧t❡r❡❞ r❡✜♥❡♠❡♥t ♦❢ ❈♦r♦❧❧❛r② ✺✳✻✳✷✳

❚❤❡♦r❡♠ ✺✳✻✳✺✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❑(X;Q) ❋✐❧⋆❍❑❘❍❈
−(XQ/Q)

❋✐❧⋆❝❞❤❑❍(X;Q) L❝❞❤❋✐❧
⋆
❍❑❘❍❈

−(−Q/Q)(X)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✺✳✻✳✹✱ ✇❤❡r❡ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❚❈(−) ♦❢ q❝qs
Q✲s❝❤❡♠❡s ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆❍❑❘❍❈

−(−/Q) ✭❘❡♠❛r❦ ✸✳✸✳✹✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s t❤❡ r❛t✐♦♥❛❧ ♣❛rt ♦❢ ❚❤❡♦r❡♠ ❇✳

❈♦r♦❧❧❛r② ✺✳✻✳✻✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉✲
t❛t✐✈❡ ❞✐❛❣r❛♠

Q(i)♠♦t(X) RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

Q(i)❝❞❤(X) RΓ❝❞❤
(
X, L̂Ω

≥i

−Q/Q

)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✻✳✺✳

✽✷



Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✵✳✷✳ ❇② ❚❤❡♦r❡♠ ✺✳✻✳✺✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧⋆♠♦t❑(X;Q) ❋✐❧⋆❍❑❘❍❈
−(XQ/Q)

❋✐❧⋆❝❞❤❑❍(X;Q) L❝❞❤❋✐❧
⋆
❍❑❘❍❈

−(−Q/Q)(X)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✶✳✻ ❛♥❞ ❘❡♠❛r❦ ✸✳✶✳✶✵✱ t❤❡r❡ ✐s ❛
♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆❍❑❘❍❈
−(XQ/Q) ❋✐❧⋆❍❑❘❍P(XQ/Q) ❋✐❧⋆−1❍❑❘❍❈(XQ/Q)[2]

L❝❞❤❋✐❧
⋆
❍❑❘❍❈

−(−Q/Q)(X) L❝❞❤❋✐❧
⋆
❍❑❘❍P(−Q/Q)(X) L❝❞❤❋✐❧

⋆−1
❍❑❘❍❈(−Q/Q)(X)[2]

✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s ❛r❡ ✜❜r❡ s❡q✉❡♥❝❡s✳ ❚❤❡ ♠✐❞❞❧❡ ✈❡rt✐❝❛❧ ♠❛♣ ♦❢ t❤✐s ❞✐❛❣r❛♠ ✐s ❛♥
❡q✉✐✈❛❧❡♥❝❡ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✮✱ s♦ t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠

❝♦✜❜
(
❋✐❧⋆−1❍❑❘❍❈(XQ/Q) −→ L❝❞❤❋✐❧

⋆−1
❍❑❘❍❈(−Q/Q)(X)

)
[1].

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❛s ♣r♦✈❡❞ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❊▼✷✸❪ ❢♦r q❝qs s❝❤❡♠❡s X ♦✈❡r Q✳

❈♦r♦❧❧❛r② ✺✳✻✳✼ ✭❘❛t✐♦♥❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t X ❜❡ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

Q(i)♠♦t(X) −→ Q(i)❝❞❤(X) −→ ❝♦✜❜
(
RΓ❩❛r

(
X,LΩ<i

−Q/Q

)
−→ RΓ❝❞❤

(
X,Ω<i

−Q/Q

))
[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V ♦❢ Q✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

LΩ<iV/Q −→ Ω<iV/Q

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q) ❜② r❡s✉❧ts ♦❢ ●❛❜❜❡r✕❘❛♠❡r♦ ✭❬●❘✵✸✱ ❚❤❡♦✲
r❡♠ 6.5.8 (ii) ❛♥❞ ❈♦r♦❧❧❛r② 6.5.21❪✮✳ ❚❤❡ ♣r❡s❤❡❛✈❡s RΓ❝❞❤(−,LΩ<i−Q/Q

) ❛♥❞ RΓ❝❞❤(−,Ω<i−Q/Q
)

❛r❡ ✜♥✐t❛r② ❝❞❤ s❤❡❛✈❡s ♦♥ q❝qs s❝❤❡♠❡s✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣

RΓ❝❞❤
(
−,LΩ<i

−Q/Q

)
−→ RΓ❝❞❤

(
−,Ω<i

−Q/Q

)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❬❊❍■❑✷✶✱ ❈♦r♦❧❧❛r② 2.4.19❪✮✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✵✳✷✳

❊①❛♠♣❧❡ ✺✳✻✳✽ ✭❲❡✐❣❤t ③❡r♦ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧
♠❛♣

Z(0)♠♦t(X) −→ Z(0)❝❞❤(X) ≃ RΓ❝❞❤(X,Z),

✇❤❡r❡ t❤❡ ❧❛st ✐❞❡♥✜❝❛t✐♦♥ ✐s ❬❇❊▼✷✹❪✱ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■♥❞❡❡❞✱
✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❚❤❡ r❡s✉❧t
r❛t✐♦♥❛❧❧② ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✺✳✻✳✼✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♣r❡s❤❡❛❢ Fp(0)❇▼❙

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♣r❡s❤❡❛❢ RΓét(−,Fp) ✭❬❇▼❙✶✾✱ Pr♦♣♦s✐t✐♦♥ 7.16❪✮ ✇❤✐❝❤ ✐s ❛
❝❞❤ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s ✭❬❇▼✷✶✱ ❚❤❡♦r❡♠ 5.4❪✮✱ s♦ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❈♦r♦❧❧❛r② ✹✳✸✳✶✷✳

✽✸



✺✳✼ ❆ ❣❧♦❜❛❧ ❇❡✐❧✐♥s♦♥ ✜❜r❡ sq✉❛r❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✼✳✸✱ ✇❤✐❝❤ ✐s ❛ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ❇❡✐❧✐♥s♦♥ ✜❜r❡ sq✉❛r❡ ♦❢
❆♥t✐❡❛✉✕▼❛t❤❡✇✕▼♦rr♦✇✕◆✐❦♦❧❛✉s ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 6.17❪ ✐♥ t❡r♠s ♦❢ t❤❡ r✐❣✐❞✲❛♥❛❧②t✐❝
❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ♦❢ ❙❡❝t✐♦♥ ✺✳✷✳ ◆♦t❡ t❤❛t ♦✉r st❛t❡♠❡♥ts ❛r❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡
❣❡♥❡r❛❧✐t② ♦❢ ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❛♥❞ t❤❛t t❤❡ ❢✉♥❝t♦r −Fp ✐s t❤❡♥ t❤❡ ❞❡r✐✈❡❞ ❜❛s❡ ❝❤❛♥❣❡ ❢r♦♠ Z

t♦ Fp✳ ❚❤❡ r❡s✉❧ts ✐♥ ❬❆▼▼◆✷✷❪ ❛r❡ st❛t❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ p✲t♦rs✐♦♥❢r❡❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱
♦♥ ✇❤✐❝❤ ❞❡r✐✈❡❞ ❛♥❞ ❝❧❛ss✐❝❛❧ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ❝♦✐♥❝✐❞❡✳

❈♦♥str✉❝t✐♦♥ ✺✳✼✳✶ ✭❚❤❡ ♠❛♣ χ✮✳ ▲❡t i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❋♦❧❧♦✇✐♥❣ ❬❆▼▼◆✷✷❪✱ ✇❡
❝♦♥str✉❝t ❢♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡ X ❛ ♥❛t✉r❛❧ ♠❛♣

χ :
(∏

p∈P

Zp(i)
❇▼❙(XFp)

)
Q
−→

(∏

p∈P

RΓ❩❛r
(
X, (LΩ−/Z)

∧
p

))
Q

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

✭✶✮ ✭p ≤ i + 1✮ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❇② ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 6.17❪✱ t❤❡r❡ ❡①✐sts ❛♥
✐♥t❡❣❡r N ≥ 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ i ❛♥❞ ❛ ♥❛t✉r❛❧ ♠❛♣

χ : Zp(i)
❇▼❙(R/p) −→

1

pN
(
LΩR/Z

)∧
p

♦♥ p✲t♦rs✐♦♥❢r❡❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s R✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s R✳
❚❤❡ ❢✉♥❝t♦rs Zp(i)❇▼❙(−/p) ❛♥❞ 1

pN
(LΩ−/Z)

∧
p ✱ ❛s ❢✉♥❝t♦rs ❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡

r✐♥❣s t♦ p✲❝♦♠♣❧❡t❡ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ❛r❡ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠
♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s ✭❈♦r♦❧❧❛r② ✸✳✷✳✶✷ (2) ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✮✳ ▲❡❢t ❑❛♥
❡①t❡♥❞✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♠❛♣ t❤❡♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

χ : Zp(i)
❇▼❙(R/p) −→

1

pN
(
LΩR/Z

)∧
p

♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s R✱ ✇❤❡r❡ t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ✐s t❤❡ ❞❡r✐✈❡❞ ♦♥❡✳
■♥✈❡rt✐♥❣ p ❛♥❞ ❩❛r✐s❦✐ s❤❡❛✜❢②✐♥❣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

χ : Qp(i)
❇▼❙(XFp) −→ RΓ❩❛r

(
X, (LΩ−/Z)

∧
p [

1
p ]
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s X✳

✭✷✮ ✭p ≥ i+2✮ ❋♦r ♣r✐♠❡ ♥✉♠❜❡rs p s✉❝❤ t❤❛t p ≥ i+2✱ t❤❡r❡ ❛❝t✉❛❧❧② ❡①✐sts ❛ ♥❛t✉r❛❧ ♠❛♣

χ : Zp(i)
❇▼❙(R/p) −→

(
LΩR/Z

)∧
p

♦♥ p✲t♦rs✐♦♥❢r❡❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s R ✭❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 6.17❪✮✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r
♦♥ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s R✳ ▲❡❢t ❑❛♥ ❡①t❡♥❞✐♥❣ t❤✐s ♠❛♣ ❛❣❛✐♥ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

χ : Zp(i)
❇▼❙(R/p) −→

(
LΩR/Z

)∧
p

♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s R✳ ❚❛❦✐♥❣ t❤❡ ♣r♦❞✉❝t ♦✈❡r ❛❧❧ ♣r✐♠❡s p ≥ i + 2✱ ❛♥❞
t❤❡♥ r❛t✐♦♥❛❧✐s❛t✐♦♥ ❛♥❞ ❩❛r✐s❦✐ s❤❡❛✜✜❝❛t✐♦♥✱ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

χ :
( ∏

p∈P≥i+2

Zp(i)
❇▼❙(XFp)

)
Q
−→

( ∏

p∈P≥i+2

RΓ❩❛r
(
X, (LΩ−/Z)

∧
p

))
Q

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ♦♥ ❣❡♥❡r❛❧ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s X✳

✽✹



✭✸✮ ✭❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥✮ ❋♦r ❡✈❡r② q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡X✱ ❞❡✜♥❡ t❤❡ ❞❡s✐r❡❞ ♥❛t✉r❛❧ ♠❛♣ χ
❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♠❛♣ χ ♦❢ (2) ✇✐t❤ t❤❡ ✜♥✐t❡ ♣r♦❞✉❝t ♦✈❡r ♣r✐♠❡ ♥✉♠❜❡rs p ≤ i+1
♦❢ t❤❡ ♠❛♣ χ ♦❢ (1)✳

❚❤❡♦r❡♠ ✺✳✼✳✷ ✭❇❡✐❧✐♥s♦♥ ✜❜r❡ sq✉❛r❡✱ ❛❢t❡r ❬❆▼▼◆✷✷❪✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠

(∏
p∈P Zp(i)

❇▼❙(X)
)
Q

(∏
p∈PRΓ❩❛r

(
X, (LΩ≥i

−/Z)
∧
p

))
Q

(∏
p∈P Zp(i)

❇▼❙(XFp)
)
Q

(∏
p∈PRΓ❩❛r

(
X, (LΩ−/Z)

∧
p

))
Q

χ

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q) ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✇✐t❤ t♦t❛❧ ❝♦✜❜r❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡
❝♦♠♣❧❡① (∏

p∈P

RΓ❩❛r
(
X,LΩ<i

−Fp/Z

))
Q
∈ D(Q).

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦♥str✉❝t✐♦♥ ✺✳✼✳✶ ❛♥❞ ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 6.17❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ t❤❡ ♠❛♣ χ̂ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡ ♦❢ t❤❡ ♠❛♣ χ ♦❢ ❈♦♥str✉❝✲
t✐♦♥ ✺✳✼✳✶ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♠❛♣s
(∏

p∈P

RΓ❩❛r
(
X, (LΩ−/Z)

∧
p

))
Q
→

(∏

p∈P

RΓ❩❛r
(
X, (L̂Ω−/Z)

∧
p

))
Q
→ RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)

✐♥❞✉❝❡❞ ❜② ❍♦❞❣❡✲❝♦♠♣❧❡t✐♦♥ ❛♥❞ ❘❡♠❛r❦ ✺✳✷✳✶✶✳

❚❤❡♦r❡♠ ✺✳✼✳✸✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ❡①✐sts
❛ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ sq✉❛r❡

Q(i)❚❈(X) RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

(∏
p∈P Zp(i)

❇▼❙(XFp)
)
Q

RΓ❩❛r
(
X,

∏′
p∈P L̂Ω−Qp/Qp

)χ̂

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✇❤♦s❡ t♦t❛❧ ❝♦✜❜r❡ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①
(∏

p∈P

RΓ❩❛r
(
X,LΩ<i

−Fp/Z

))
Q
∈ D(Q).

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Q(i)❚❈(X) RΓ❩❛r
(
X, (L̂Ω

≥i

−/Z)Q
)

RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

(∏
p∈P Zp(i)

❇▼❙(X)
)
Q

(∏
p∈PRΓ❩❛r

(
X, (L̂Ω

≥i

−/Z)
∧
p

))
Q

RΓ❩❛r
(
X,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)

(∏
p∈P Zp(i)

❇▼❙(XFp)
)
Q

(∏
p∈PRΓ❩❛r

(
X, (L̂Ω−/Z)

∧
p

))
Q

RΓ❩❛r
(
X,

∏′
p∈P L̂Ω−Qp/Qp

)

✽✺



✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✇❤❡r❡ ❛❧❧ t❤❡ ✐♥♥❡r sq✉❛r❡s ❛r❡ ❝❛rt❡s✐❛♥ ❡①♣❡❝t t❤❡ ❧❡❢t ❜♦tt♦♠
♦♥❡✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ❢♦r t❤❡ ❧❡❢t ❜♦tt♦♠ sq✉❛r❡ ✐s ♣❛rt ♦❢ ❚❤❡♦r❡♠ ✺✳✼✳✷✳ ❚❤❡
❞❡s✐r❡❞ t♦t❛❧ ❝♦✜❜r❡ ✐s t❤❡♥ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ t♦t❛❧ ❝♦✜❜r❡ ♦❢ t❤❡ ❧❡❢t ❜♦tt♦♠ sq✉❛r❡✱
❛♥❞ t❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✼✳✷✳

❚❤❡♦r❡♠ ✺✳✼✳✸ ♠❡❛♥s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❝♦♠♣❧❡① Q(i)❚❈(X) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ♣✉r❡❧②
✐♥ t❡r♠s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥❞ r✐❣✐❞✲❛♥❛❧②t✐❝ ✐♥❢♦r♠❛t✐♦♥✳

❈♦r♦❧❧❛r② ✺✳✼✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ Z(p)✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Q(i)❚❈(X) RΓ❩❛r
(
X, L̂Ω

≥i

−Q/Q

)

Qp(i)
❇▼❙(XFp) RΓ❩❛r

(
X, L̂Ω−Qp/Qp

)χ̂

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❚❤❡ ❜❛s❡ ❝❤❛♥❣❡ XFℓ
✐s ③❡r♦ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r ℓ ❞✐✛❡r❡♥t ❢r♦♠ p✳ ❚❤❡ ❝♦♠✲

♣❧❡① LΩ<iXFp/Z
✐s Fp✲❧✐♥❡❛r✱ s♦ ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥ ✈❛♥✐s❤❡s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

❚❤❡♦r❡♠ ✺✳✼✳✸ ❛♥❞ ❘❡♠❛r❦ ✺✳✷✳✼✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✼✳✸ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts✳

❚❤❡♦r❡♠ ✺✳✼✳✺✳ ▲❡t X ❜❡ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡
sq✉❛r❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❚❈(X;Q) ❋✐❧⋆❍❑❘❍❈
−(XQ/Q)

(∏
p∈P ❋✐❧

⋆
❇▼❙❚❈(XFp)

)
Q

❋✐❧⋆❍❑❘
(∏′

p∈P❍❍(X;Qp)
)t❙1

,
χ̂

✇❤♦s❡ t♦t❛❧ ❝♦✜❜r❡ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠
(∏

p∈P ❋✐❧
⋆−1
❍❑❘❍❈(XFp)

)
Q
[2]✳

Pr♦♦❢✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❛♣ χ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❆▼▼◆✷✷✱ ❚❤❡♦r❡♠ 6.17❪ ❛❞❛♣ts r❡❛❞✐❧②
t♦ ❞❡✜♥❡ ❛ ♠❛♣ ❛t t❤❡ ✜❧t❡r❡❞ ❧❡✈❡❧ ✐♥st❡❛❞ ♦❢ ❣r❛❞❡❞ ♣✐❡❝❡s✳ ❚❤❡ ♣r♦♦❢ ✐s t❤❡♥ t❤❡ s❛♠❡ ❛s ✐♥
❈♦♥str✉❝t✐♦♥ ✺✳✼✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✼✳✸✳

◗✉❡st✐♦♥ ✺✳✼✳✻✳ ●✐✈❡♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❈♦r♦❧❧❛r② ✺✳✹✳✺
❛♥❞ ❚❤❡♦r❡♠ ✺✳✼✳✺✱ ✐t ✐s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✕t♦ ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❛♥s✇❡r✕ t♦ ❛s❦
✇❤❡t❤❡r t❤❡ ♣r❡s❤❡❛❢

(∏

p∈P

❋✐❧⋆❇▼❙❚❈(−Fp)
)
Q
: ❙❝❤q❝qs✱♦♣ −→ ❋✐❧❙♣

✐s ❛ ❝❞❤ s❤❡❛❢✱ ✇❤❡r❡ −Fp ❛❣❛✐♥ ♠❡❛♥s ❞❡r✐✈❡❞ ❜❛s❡ ❝❤❛♥❣❡ ❢r♦♠ Z t♦ Fp✳

✽✻



❈❤❛♣t❡r ✻

p✲❛❞✐❝ str✉❝t✉r❡ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❡r♠s
♦❢ ❇❤❛tt✕▲✉r✐❡✬s s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✻✳✷✳✹✮✳

✻✳✶ ❈♦♠♣❛r✐s♦♥ t♦ ét❛❧❡ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❛ ♥❛t✉r❛❧ ❝♦♠♣❛r✐s♦♥ ♠❛♣✱ ❝❛❧❧❡❞ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠
❝♦♠♣❛r✐s♦♥ ♠❛♣✱ ❢r♦♠ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❛ s❝❤❡♠❡ t♦ t❤❡ ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ♦❢ ✐ts
❣❡♥❡r✐❝ ✜❜r❡ ✭❉❡✜♥✐t✐♦♥ ✻✳✶✳✸✮✳ ❲❡ t❤❡♥ ✉s❡ t❤✐s ❝♦♠♣❛r✐s♦♥ ♠❛♣ t♦ ❡st❛❜❧✐s❤ ❛ ❝♦♠♣❧❡t❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ℓ✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❡r♠s ♦❢ ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✻✳✶✳✺✮✳

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡s✉❧t ♦❢ ❉❡❧✐❣♥❡ t♦ ❝♦♥str✉❝t t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠
❝♦♠♣❛r✐s♦♥ ♠❛♣✳

❚❤❡♦r❡♠ ✻✳✶✳✶ ✭❬❇▼✷✶❪✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢

RΓét(−[
1
p ], µ

⊗i
pk
) : ❙❝❤q❝qs✱♦♣ −→ D(Z /pk)

✐s ❛ ❝❞❤ s❤❡❛❢✳

Pr♦♦❢✳ ❇② ❬❇▼✷✶✱ ❚❤❡♦r❡♠ 5.4❪✱ t❤❡ ♣r❡s❤❡❛❢ RΓét(−[
1
p ], µ

⊗i
pk
) ✐s ❛♥ ❛r❝ s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s✱

❛♥❞ t❤❡ ❛r❝ t♦♣♦❧♦❣② ✐s ✜♥❡r t❤❛♥ t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳✶

❉❡✜♥✐t✐♦♥ ✻✳✶✳✷ ✭❈❞❤✲❧♦❝❛❧ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡
♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝❞❤✲❧♦❝❛❧ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣

Z /pk(i)❝❞❤(−) −→ RΓét(−[
1
p ], µ

⊗i
pk
)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ✭t❤❡ ♦♣♣♦s✐t❡ ❝❛t❡❣♦r② ♦❢✮ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②
D(Z /pk) ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡

Z /pk(i)❝❞❤(−) −→ Z /pk(i)❝❞❤(−[1p ]) ≃
(
L❝❞❤τ

≤iRΓét(−, µ
⊗i
pk
)
)
(−[1p ]) −→ RΓét(−[

1
p ], µ

⊗i
pk
)

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② ❜❛s❡ ❝❤❛♥❣❡ ❢r♦♠ Z t♦ Z[1p ]✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❬❇❊▼✷✹❪✱

❛♥❞ t❤❡ ❧❛st ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ τ≤i → ✐❞ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✶✳✶✳
✶▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❛r❝ t♦♣♦❧♦❣② ✐s ✜♥❡r t❤❛♥ t❤❡ v t♦♣♦❧♦❣②✱ ✇❤✐❝❤ ✐s ✜♥❡r t❤❛♥ t❤❡ ❤ t♦♣♦❧♦❣②✱ ✇❤✐❝❤ ✐s

✜♥❡r t❤❛♥ t❤❡ ❝❞❤ t♦♣♦❧♦❣② ✭s❡❡ ❬❇▼✷✶✱ ❊❍■❑✷✶❪✮✳

✽✼



❉❡✜♥✐t✐♦♥ ✻✳✶✳✸ ✭❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞
k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭♦r
♠♦t✐✈✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮ ✐s t❤❡ ♠❛♣

Z /pk(i)♠♦t(−) −→ RΓét(−[
1
p ], µ

⊗i
pk
)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ✭t❤❡ ♦♣♣♦s✐t❡ ❝❛t❡❣♦r② ♦❢✮ q❝qs s❝❤❡♠❡s t♦ t❤❡ ❝❛t❡❣♦r② D(Z /pk) ❞❡✜♥❡❞ ❛s
t❤❡ ❝♦♠♣♦s✐t❡

Z /pk(i)♠♦t(−) −→ Z /pk(i)❝❞❤(−) −→ RΓét(−[
1
p ], µ

⊗i
pk
)

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s t❤❡ ❝❞❤✲❧♦❝❛❧ ❇❡✐❧✐♥s♦♥✕
▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶✳✷✳

❘❡♠❛r❦ ✻✳✶✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✱ R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞
Rhp ❜❡ t❤❡ p✲❤❡♥s❡❧✐s❛t✐♦♥ ♦❢ R✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠

Z /pk(i)♠♦t(❙♣❡❝(R)) Z /pk(i)❝❞❤(❙♣❡❝(R)) RΓét
(
❙♣❡❝(R[1p ]), µ

⊗i
pk

)

Z /pk(i)♠♦t(❙♣❡❝(Rhp)) Z /pk(i)❝❞❤(❙♣❡❝(Rhp)) RΓét
(
❙♣❡❝(Rhp [

1
p ]), µ

⊗i
pk

)

Z /pk(i)❇▼❙(❙♣❡❝(Rhp))
(
L❝❞❤ Z /p

k(i)❇▼❙
)
(❙♣❡❝(Rhp)) RΓét

(
❙♣❡❝(Rhp [

1
p ]), µ

⊗i
pk

)
,

✐❞

✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✇❤❡r❡ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ r✐❣❤t ♠❛♣
❛♥❞ t❤❡ ♠✐❞❞❧❡ ❤♦r✐③♦♥t❛❧ r✐❣❤t ♠❛♣ ❛r❡ ❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✻✳✶✳✷✱ ❛♥❞ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧
r✐❣❤t ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② ❬❇▲✷✷✱ ❚❤❡♦r❡♠ 8.3.1❪✳ ❚❤✐s st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
♥❛t✉r❛❧✐t② ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥s✱ ❡①❝❡♣t ❢♦r t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❜♦tt♦♠ r✐❣❤t sq✉❛r❡✱
✇❤✐❝❤ ✐s ♣r♦✈❡❞ ✐♥ ❬❇❊▼✷✹❪✳

❚❤❡♦r❡♠ ✻✳✶✳✺ ✭ℓ✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ X ❜❡ ❛ q❝qs s❝❤❡♠❡
♦✈❡r Z[1p ]✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠
❝♦♠♣❛r✐s♦♥ ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)♠♦t(X) ≃
(
L❝❞❤τ

≤iRΓét(−, µ
⊗i
pk
)
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡① Z /pk(i)❇▼❙ ❛♥❞ ✐ts ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ L❝❞❤ Z /pk(i)❇▼❙ ✈❛♥✐s❤
♦♥ q❝qs ❞❡r✐✈❡❞ Z[1p ]✲s❝❤❡♠❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)♠♦t(X) −→ Z /pk(i)❝❞❤(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✮✳ ❚❤❡ ❇❡✐❧✐♥s♦♥✕
▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)❝❞❤(X)
∼
←−−

(
L❝❞❤τ

≤iRΓét(−, µ
⊗i
pk
)
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✭❬❇❊▼✷✹❪✮✳ ❚❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ✐s t❤❡ ❝♦♠♣♦s✐t❡ ♦❢ t❤❡
♣r❡✈✐♦✉s t✇♦ ❡q✉✐✈❛❧❡♥❝❡s✳

✽✽



❈♦r♦❧❧❛r② ✻✳✶✳✻✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ X ❜❡ ❛ q❝qs Z[1p ]✲s❝❤❡♠❡✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

τ≤i Z /pk(i)♠♦t(X) ≃ τ≤iRΓét(X,µ
⊗i
pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤❡ ♥❛t✉r❛❧ ♠❛♣

τ≤i
(
L❝❞❤τ

≤iRΓét(−, µ
⊗i
pk
)
)
(X) −→ τ≤i

(
L❝❞❤RΓét(−, µ

⊗i
pk
)
)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❚❤❡♦r❡♠s ✻✳✶✳✶ ❛♥❞ ✻✳✶✳✺✳

✻✳✷ ❈♦♠♣❛r✐s♦♥ t♦ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts✳ ❖✉r ♠❛✐♥ r❡s✉❧t ✐s ❛
❝♦♠♣✉t❛t✐♦♥ ♦❢ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❡r♠s ♦❢ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✻✳✷✳✹✮✳

◆♦t❛t✐♦♥ ✻✳✷✳✶ ✭❙②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❞❡r✐✈❡❞ s❝❤❡♠❡✱ ❛❢t❡r ❇❤❛tt✕▲✉r✐❡ ❬❇▲✷✷❪✮✳ ▲❡t X
❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✱ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ i ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❲❡ ❞❡♥♦t❡ ❜②

Zp(i)
s②♥(X) ∈ D(Zp)

t❤❡ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ X✱ ❛s ❞❡✜♥❡❞ ✐♥ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 8.4❪✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r k ≥ 1✱ ✇❡
❛❧s♦ ❞❡♥♦t❡ ❜② Z /pk(i)s②♥(X) t❤❡ ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ pk ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣❧❡①✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r❡s❤❡❛❢ Z /pk(i)s②♥ ✐s ❛ ❩❛r✐s❦✐ s❤❡❛❢✱ ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛✲
t✐✈❡ r✐♥❣s ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✱ ❛♥❞ s✉❝❤ t❤❛t ♦♥ ❝❧❛ss✐❝❛❧ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s R✱ t❤❡r❡ ✐s✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

Z /pk(i)s②♥(❙♣❡❝(R)) RΓét(❙♣❡❝(R[1p ]), µ
⊗i
pk
)

Z /pk(i)❇▼❙(❙♣❡❝(Rhp)) RΓét(❙♣❡❝(Rhp [
1
p ]), µ

⊗i
pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✇❤❡r❡ Rhp ✐s t❤❡ p✲❤❡♥s❡❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱
❛♥❞ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s t❤❡ ♠❛♣ ♦❢ ❬❇▲✷✷✱ ❚❤❡♦r❡♠ 8.3.1❪✳

❈♦♥str✉❝t✐♦♥ ✻✳✷✳✷ ✭▼♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞
k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❋♦r ❛♥② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣

Z /pk(i)♠♦t(−) −→ Z /pk(i)s②♥(−)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ✭t❤❡ ♦♣♣♦s✐t❡ ❝❛t❡❣♦r② ♦❢✮ q❝qs s❝❤❡♠❡s t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)
❞❡✜♥❡❞ ❛s t❤❡ ❩❛r✐s❦✐ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ♠❛♣ ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s R ✐♥❞✉❝❡❞ ❜② t❤❡ ♥❛t✉r❛❧
❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z /pk(i)♠♦t(❙♣❡❝(R)) RΓét
(
❙♣❡❝(R[1p ]), µ

⊗i
pk

)

Z /pk(i)❇▼❙(❙♣❡❝(Rhp)) RΓét
(
❙♣❡❝(Rhp [

1
p ]), µ

⊗i
pk

)

♦❢ ❘❡♠❛r❦ ✻✳✶✳✹✳

✽✾



❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛rt❡s✐❛♥ sq✉❛r❡✱ ✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✇❛s ❞❡s❝r✐❜❡❞ ✐♥❞❡♣❡♥✲
❞❡♥t❧② ✐♥ ❬❇❊▼✷✹❪✱ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢
q❝qs s❝❤❡♠❡s ✭s❡❡ ❈♦r♦❧❧❛r② ✹✳✸✳✶✷✮✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✸✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z /pk(i)♠♦t(X) Z /pk(i)s②♥(X)

Z /pk(i)❝❞❤(X)
(
L❝❞❤ Z /p

k(i)s②♥
)
(X)

✇❤❡r❡ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ♦❢ ❈♦♥str✉❝t✐♦♥ ✻✳✷✳✷
❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ♠❛♣s ❛r❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥✱ ✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②
D(Z /pk)✳

Pr♦♦❢✳ ❇② ❬❇▲✷✷✱ ❘❡♠❛r❦ 8.4.4❪✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

RΓét(X, j!µ
⊗i
pk
) −→ Z /pk(i)s②♥(X) −→ Z /pk(i)❇▼❙(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ ✜rst t❡r♠ ♦❢ t❤✐s ✜❜r❡ s❡q✉❡♥❝❡ s❛t✐s✜❡s ❛r❝ ❞❡s❝❡♥t ❜②
❬❇▼✷✶✱ ❚❤❡♦r❡♠ 5.4❪✱ ❤❡♥❝❡ ✐♥ ♣❛rt✐❝✉❧❛r ❝❞❤ ❞❡s❝❡♥t✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
❈♦r♦❧❧❛r② ✹✳✸✳✶✷✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇✬s ❢✉♥✲
❞❛♠❡♥t❛❧ ✜❜r❡ s❡q✉❡♥❝❡ ❢♦r ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p s❝❤❡♠❡s ✭❬❊▼✷✸✱ ❈♦r♦❧✲
❧❛r② 4.32❪✮✳

❚❤❡♦r❡♠ ✻✳✷✳✹ ✭p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱
❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

Z /pk(i)♠♦t(X) −→ Z /pk(i)s②♥(X) −→
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥
♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2✳

Pr♦♦❢✳ ❇② ❬❇❊▼✷✹❪✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)❝❞❤(X) ≃
(
L❝❞❤τ

≤i Z /pk(i)s②♥
)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳✸✳

❈♦r♦❧❧❛r② ✻✳✷✳✺✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥
❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

τ≤i Z /pk(i)♠♦t(X)
∼
−−→ τ≤i Z /pk(i)s②♥(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✷✳✹✳

✾✵



❆❧❣❡❜r❛✐❝ K✲t❤❡♦r② ❜❡✐♥❣ A1✲✐♥✈❛r✐❛♥t ♦♥ r❡❣✉❧❛r s❝❤❡♠❡s✱ ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t t❤❡ ❝❧❛ss✐✲
❝❛❧ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② t♦ ❜❡ ❛ ❣♦♦❞ t❤❡♦r② ❢♦r ❣❡♥❡r❛❧ r❡❣✉❧❛r s❝❤❡♠❡s✱ ♥♦t
♦♥❧② s❝❤❡♠❡s t❤❛t ❛r❡ s♠♦♦t❤ ♦✈❡r ❛ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳ ❍♦✇❡✈❡r✱ ♠♦st ♦❢ t❤❡ r❡s✉❧ts ♦♥
❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛r❡ ♣r♦✈❡❞ ♦♥❧② ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡✱
❛s ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ●❡rst❡♥ ❝♦♥❥❡❝t✉r❡ ♣r♦✈❡❞ ❜② ●❡✐ss❡r ❬●❡✐✵✹❪✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r
t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♥❥❡❝t✉r❡✱ ✇❤✐❝❤ ❝♦♠♣❛r❡s ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✇✐t❤ ✜♥✐t❡ ❝♦❡❢✲
✜❝✐❡♥ts t♦ ét❛❧❡ ❝♦❤♦♠♦❧♦❣②✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ❚❤❡♦r❡♠ ❉ (6)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①t❡♥❞s t❤❡
❛♥❛❧♦❣♦✉s r❡s✉❧t ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② t♦ t❤❡ r❡❣✉❧❛r ❝❛s❡✳

❈♦r♦❧❧❛r② ✻✳✷✳✻ ✭❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♥❥❡❝t✉r❡ ❢♦r F ✲s♠♦♦t❤ s❝❤❡♠❡s✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡
♥✉♠❜❡r✱ X ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡ ✭❡✳❣✳✱ ❛ r❡❣✉❧❛r s❝❤❡♠❡ ✢❛t ♦✈❡r Z✮✱ ❛♥❞ k ≥ 1
❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥
♠❛♣

Z /pk(i)♠♦t(X) −→ RΓét
(
X[1p ], µ

⊗i
pk

)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳

Pr♦♦❢✳ ❇② ❬❇▼✷✸✱ ❚❤❡♦r❡♠ 1.8❪✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)s②♥(X) −→ RΓét
(
X[1p ], µ

⊗i
pk

)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✷✳✹✳

❈♦r♦❧❧❛r② ✻✳✷✳✼✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ X ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡✱ ❛♥❞ k ≥ 1
❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)♠♦t(X) −→ Z /pk(i)♠♦t
(
X[1p ]

)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)♠♦t(X) −→ RΓét
(
X[1p ], µ

⊗i
pk

)

♥❛t✉r❛❧❧② ❢❛❝t♦rs ❛s t❤❡ ❝♦♠♣♦s✐t❡

Z /pk(i)♠♦t(X) −→ Z /pk(i)♠♦t
(
X[1p ]

)
−→ RΓét

(
X[1p ], µ

⊗i
pk

)
.

❚❤❡ ✜❜r❡ ♦❢ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i + 1 ❜② ❈♦r♦❧❧❛r② ✻✳✶✳✻✱ ❛♥❞ t❤❡ ✜❜r❡ ♦❢
t❤❡ ❝♦♠♣♦s✐t❡ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1 ❜② ❈♦r♦❧❧❛r② ✻✳✷✳✻✱ s♦ t❤❡ ✜❜r❡ ♦❢ t❤❡ ✜rst ♠❛♣ ✐s ✐♥
❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳

✾✶



✾✷



❈❤❛♣t❡r ✼

❈♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣②

❋♦r s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❛ ✜❡❧❞✱ ❊❧♠❛♥t♦✕▼♦rr♦✇ ♣r♦✈❡❞ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s
Z(i)♠♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ✭❬❊▼✷✸✱ ❈♦r♦❧❧❛r② 6.4❪✮✳ ❚❤❡✐r
♣r♦♦❢ ✉s❡s ●❡rst❡♥ ✐♥❥❡❝t✐✈✐t② ❛♥❞ t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛ t♦ r❡❞✉❝❡ t❤❡ st❛t❡♠❡♥t t♦
t❤❡ ❝❛s❡ ♦❢ ✜❡❧❞s✱ ❛♥❞ r❡❧✐❡s ♦♥ ●❛❜❜❡r✬s ♣r❡s❡♥t❛t✐♦♥ ❧❡♠♠❛ ✭❬❈❚❍❑✾✼✱ ❚❤❡♦r❡♠ 3.1.1❪✮✱
✇❤✐❝❤ ✐s ✉♥❦♥♦✇♥ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ ♣❛rt✐❛❧ r❡s✉❧ts ❝♦♠♣❛r✐♥❣
t❤❡ ❝♦♠♣❧❡①❡s Z(i)♠♦t ❛♥❞ Z(i)❝❧❛ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳

✼✳✶ ❈♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ ❧♦✇ ❞❡❣r❡❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ Z(i)❝❧❛ → Z(i)♠♦t

✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✾✮ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ r❛t✐♦♥❛❧ ♦r ℓ✲❛❞✐❝ ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ ✐♥t❡❣r❛❧❧② ✐♥ ❞❡❣r❡❡s
❛t ♠♦st i+ 1✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✶✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ B ❜❡ ❛ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ s✉❝❤ t❤❛t ❡✈❡r②
❝❤❛r❛❝t❡r✐st✐❝ p r❡s✐❞✉❡ ✜❡❧❞ ♦❢ B ✐s ♣❡r❢❡❝t✱ ❛♥❞ X ❜❡ ❛ s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r B✳ ❚❤❡♥ ❢♦r ❛♥②
✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)❝❧❛(X) −→ Z /pk(i)♠♦t(X)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2 ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ■❢ p ✐s ♠♦r❡♦✈❡r ✐♥✈❡rt✐❜❧❡ ✐♥ X✱
t❤❡♥ t❤✐s ✜❜r❡ ✈❛♥✐s❤❡s✱ ✐✳❡✳✱ t❤❡ ♣r❡✈✐♦✉s ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

Pr♦♦❢✳ ■❢ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ s❝❤❡♠❡ X✱ t❤❡♥ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛♣

Z /pk(i)❝❧❛(X) −→ Z /pk(i)♠♦t(X) −→ Z /pk(i)❝❞❤(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ❜② ❬❇❊▼✷✹❪✳ ❚❤❡ r✐❣❤t ♠❛♣ ✐s ❛❧s♦ ❛♥
❡q✉✐✈❛❧❡♥❝❡ ❜② ❘❡♠❛r❦ ✹✳✸✳✶✸✱ s♦ t❤❡ ❧❡❢t ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ■♥ ❣❡♥❡r❛❧✱ ❝♦♥s✐❞❡r t❤❡
♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z /pk(i)❝❧❛(X)
(
L◆✐sτ

≤i Z /pk(i)s②♥
)
(X)

Z /pk(i)♠♦t(X) Z /pk(i)s②♥(X)

✾✸



✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② ❬●❡✐✵✹✱ ❚❤❡♦✲
r❡♠s 1.2 (2) ❛♥❞ 1.3❪ ❛♥❞ ❬❇▼✷✸✱ ❚❤❡♦r❡♠ 5.8❪✳ ❚❤❡ ✜❜r❡ ♦❢ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ♥❛t✉r❛❧❧②
✐❞❡♥t✐✜❡❞ ✇✐t❤

(
L◆✐sτ

>i Z /pk(i)s②♥)(X)[−1]✱ ❛♥❞ ✐s t❤✉s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+2✳ ❚❤❡ ✜❜r❡ ♦❢
t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i + 2 ❜② ❚❤❡♦r❡♠ ✻✳✷✳✹✳ ❙♦ t❤❡ ✜❜r❡ ♦❢ t❤❡
❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✷✳ ▲❡t B ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ ❛♥❞ X ❜❡ ❛ s♠♦♦t❤
s❝❤❡♠❡ ♦✈❡r B✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Q(i)❝❧❛(X) −→ Q(i)♠♦t(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❛t✐♦♥❛❧ s♣❧✐tt✐♥❣ ♦❢ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐♥❞✉❝❡❞ ❜② ❆❞❛♠s
♦♣❡r❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✉s❡ t❤❡ s♣❧✐tt✐♥❣ ✐♥❞✉❝❡❞ ❜② ▲❡♠♠❛ ✺✳✶✳✶✵ ❢♦r t❤❡ ✜❧tr❛t✐♦♥s
❋✐❧⋆❝❧❛❑(−;Q) ✭✇❤✐❝❤ ✐s N✲✐♥❞❡①❡❞ ❜② ❝♦♥str✉❝t✐♦♥✮ ❛♥❞ ❋✐❧⋆♠♦t❑(−;Q) ✭✇❤✐❝❤ ✐s N✲✐♥❞❡①❡❞ ❜②
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✮✳ ❚❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥
♠❛♣ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❆❞❛♠s ♦♣❡r❛t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✶✮✳

❚❤❡♦r❡♠ ✼✳✶✳✸ ✭❈♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t B ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✲
✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ s✉❝❤ t❤❛t ❡✈❡r② r❡s✐❞✉❡ ✜❡❧❞ ♦❢ B ✐s ♣❡r❢❡❝t✱ ❛♥❞ X ❜❡ ❛ s♠♦♦t❤ s❝❤❡♠❡
♦✈❡r B✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z(i)❝❧❛(X) −→ Z(i)♠♦t(X)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 3✳

Pr♦♦❢✳ ▲❡t F (X) ∈ D(Z) ❜❡ t❤❡ ✜❜r❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z(i)❝❧❛(X) −→ Z(i)♠♦t(X).

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ≤ i + 2✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍k(F (X)) ✐s ③❡r♦✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✷✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍k(F (X)) ✐s t♦rs✐♦♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ∈ Z✳ ❋♦r ❡✈❡r②
♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r k ∈ Z✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥
❣r♦✉♣s

0 −→ ❍k(F (X))/p −→ ❍k(F (X)/p) −→ ❍k+1(F (X))[p] −→ 0.

❇② Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✶✱ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍k(F (X)/p) ✐s ③❡r♦ ✐❢
k ≤ i + 1✱ ❤❡♥❝❡ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍k(F (X))[p] ✐s ③❡r♦ ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ≤ i + 2✳ ❚❤✐s
✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❈♦r♦❧❧❛r② ✼✳✶✳✹✳ ▲❡t B ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ s✉❝❤ t❤❛t ❡✈❡r② r❡s✐❞✉❡
✜❡❧❞ ♦❢ B ✐s ♣❡r❢❡❝t✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣
✐♥❞✉❝❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ D(Z)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s

Z(i)❝❧❛(−) −→
(
L❩❛rτ

≤i Z(i)♠♦t
)
(−)

♦♥ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ B✲s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)❝❧❛ ✐s ❛ ❩❛r✐s❦✐ s❤❡❛❢ ✇❤✐❝❤ ✐s ❧♦❝❛❧❧② s✉♣♣♦rt❡❞ ✐♥
❞❡❣r❡❡s ❛t ♠♦st i ✭❬●❡✐✵✹✱ ❈♦r♦❧❧❛r② 4.4❪✮✱ s♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✸✳

✾✹



✼✳✷ ❈♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ ❧♦✇ ❞✐♠❡♥✲

s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ❞❡❢❡❝t ❢♦r t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣
t♦ ❜❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❚❤❡♦r❡♠ ✼✳✷✳✺✮✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤✐s ❞❡❢❡❝t ✈❛♥✐s❤❡s ♦♥ s♠♦♦t❤ s❝❤❡♠❡s
♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡ ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ ✭❈♦r♦❧❧❛r② ✼✳✷✳✻✮✳

▲❡♠♠❛ ✼✳✷✳✶✳ ▲❡t B ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ π ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ B✱ C ❜❡ ❛ ♣r❡s❡♥t❛❜❧❡ ∞✲
❝❛t❡❣♦r②✱ ❛♥❞ F : ❆❧❣B → C ❜❡ ❛ ✜♥✐t❛r② ❛♥❞ r✐❣✐❞ ❢✉♥❝t♦r✳ ■❢ t❤❡ ❢✉♥❝t♦r F ✐s ③❡r♦ ♦♥
B[ 1π ]✲❛❧❣❡❜❛s✱ t❤❡♥ ❢♦r ❡✈❡r② q❝qs B✲s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
L❝❞❤F

)
(X) −→

(
L❝❞❤F

)
(XB/π)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ∞✲❝❛t❡❣♦r② C✳

Pr♦♦❢✳ ❈♦✈❡rs ✐♥ ❛ s✐t❡ ❛r❡ st❛❜❧❡ ✉♥❞❡r ❜❛s❡ ❝❤❛♥❣❡✱ ❛♥❞ t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ❛ ✜♥✐t❛r②
♣r❡s❤❡❛❢ ✐s ✜♥✐t❛r②✱ s♦ t❤❡ ♣r❡s❤❡❛❢

(L❝❞❤F )(−B/π)

✐s ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢ ♦♥ q❝qs B✲s❝❤❡♠❡s✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥
✈❛❧✉❛t✐♦♥ r✐♥❣ V ✇❤✐❝❤ ✐s ❛ B✲❛❧❣❡❜r❛✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

F (V ) −→
(
L❝❞❤F

)
(V/π)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ∞✲❝❛t❡❣♦r② C✳ ❚❤❡ ♣r❡s❤❡❛❢ L❝❞❤F ✐s ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢✱ s♦ ✐t ✐s
✐♥✈❛r✐❛♥t ✉♥❞❡r ♥✐❧♣♦t❡♥t ❡①t❡♥s✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
L❝❞❤F

)
(V/π) −→

(
L❝❞❤F

)
(V/

√
(π))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ∞✲❝❛t❡❣♦r② C✳ ❚❤❡ q✉♦t✐❡♥t ♦❢ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❜② ♦♥❡ ♦❢
✐ts ♣r✐♠❡ ✐❞❡❛❧s ✐s ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ s♦ t❤❡ t❛r❣❡t ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❛♣ ✐s ♥❛t✉r❛❧❧②
✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♦❜❥❡❝t F (V/

√
(π)) ∈ C✳ ❲❡ ✜♥❛❧❧② ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

F (V ) −→ F (V/
√
(π))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡∞✲❝❛t❡❣♦r② C✳ ■❢ π ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡♥
❜♦t❤ t❡r♠s ❛r❡ ③❡r♦ ❜② ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❢✉♥❝t♦r F ✳ ❆♥❞ ✐❢ π ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ✐♥ V ✱ t❤❡♥ ✐♥
♣❛rt✐❝✉❧❛r t❤❡ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣ V ✐s π✲❤❡♥s❡❧✐❛♥✱ ❛♥❞ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ r✐❣✐❞✐t②
❢♦r t❤❡ ❢✉♥❝t♦r F ✳

❈♦r♦❧❧❛r② ✼✳✷✳✷✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ B ❜❡ ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✲
✐st✐❝ (0, p)✱ π ❜❡ ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ B✱ ❛♥❞ X ❜❡ ❛ q❝qs B✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0
❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(X) −→

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(XB/π)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤❡ ❢✉♥❝t♦r
τ>i Z /pk(i)❇▼❙ : ❆❧❣B −→ D(Z /p

k)

✐s ✜♥✐t❛r② ✭❚❤❡♦r❡♠ ✸✳✷✳✶✶ (2)✮ ❛♥❞ r✐❣✐❞ ✭❚❤❡♦r❡♠ ✸✳✷✳✶✸✮✳ ❚❤❡ ❢✉♥❝t♦r Z /pk(i)❇▼❙ ✐s ♠♦r❡✲
♦✈❡r ③❡r♦ ♦♥ Z[1p ]✲❛❧❣❡❜r❛s ✭❘❡♠❛r❦ ✸✳✷✳✷✮✱ s♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✼✳✷✳✶✳

✾✺



❘❡♠❛r❦ ✼✳✷✳✸✳ ❖♥❡ ❝❛♥ ♣r♦✈❡ s✐♠✐❧❛r❧② t❤❛t ❈♦r♦❧❧❛r② ✼✳✷✳✷ ❤♦❧❞s ❢♦r B ❛ ❣❡♥❡r❛❧ ✈❛❧✉❛t✐♦♥
r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✱ ✇❤❡r❡ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ p ✜❡❧❞ B/π ✐s
r❡♣❧❛❝❡❞ ❜② t❤❡ ❜❛s❡ ❝❤❛♥❣❡ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ p ✈❛❧✉❛t✐♦♥ r✐♥❣ B/

√
(p)✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ B ❜❡ ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r✲
❛❝t❡r✐st✐❝ (0, p)✱ ❛♥❞ R ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ B✲❛❧❣❡❜r❛ ♦❢ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝ p✳
❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

τ>i Z /pk(i)❇▼❙(R) −→
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(R)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ▲❡t π ❜❡ ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ B✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠

τ>i Z /pk(i)❇▼❙(R)
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(R)

τ>i Z /pk(i)❇▼❙(R/π)
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(R/π)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s p✲❤❡♥s❡❧✐❛♥✱ ❤❡♥❝❡ π✲❤❡♥s❡❧✐❛♥✱
s♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✸✳ ❚❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s
❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② ❈♦r♦❧❧❛r② ✼✳✷✳✷✳ ❲❡ ♣r♦✈❡ ♥♦✇ t❤❛t t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥
❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R/π ✐s ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ ❛❧❣❡❜r❛ ♦✈❡r t❤❡
✜❡❧❞ B/π✱ s♦ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)❝❧❛(R/π) −→ Z /pk(i)♠♦t(R/π)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✭❬❊▼✷✸✱ ❈♦r♦❧❧❛r② 6.4❪✮✳ ❚❤❡ ❝♦♠♣❧❡①
Z /pk(i)❝❧❛(R) ∈ D(Z /pk) ✐s ♠♦r❡♦✈❡r ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i s✐♥❝❡ t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s
❤❡♥s❡❧✐❛♥ ❧♦❝❛❧✱ s♦ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

τ>i Z /pk(i)❇▼❙(R/π) −→
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(R/π)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ D(Z /pk) ✭❚❤❡♦r❡♠ ✻✳✷✳✹✮✳

❚❤❡♦r❡♠ ✼✳✷✳✺✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ B ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ s✉❝❤
t❤❛t ❡✈❡r② ❝❤❛r❛❝t❡r✐st✐❝ p r❡s✐❞✉❡ ✜❡❧❞ ♦❢ B ✐s ♣❡r❢❡❝t✱ ❛♥❞ R ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤
B✲❛❧❣❡❜r❛ ♦❢ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝ p✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ✜❜r❡ ♦❢ t❤❡
❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)❝❧❛(R) −→ Z /pk(i)♠♦t(R)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2✱ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❧❡①

(
L❝❞❤τ

≤iRΓét(−, j!µ
⊗i
pk
)
)
(R)[−1] ∈ D(Z /pk).

Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ✜❜r❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st
i+2 ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✶✳ ❚❤❡ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣ R ✐s ❧♦❝❛❧ ❢♦r t❤❡ ◆✐s♥❡✈✐❝❤
t♦♣♦❧♦❣②✱ s♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✶ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♠♣❧❡① Z /pk(i)❝❧❛(R) ∈ D(Z /pk)
✐s ♠♦r❡♦✈❡r ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❛♥❞ t❤✐s ✜❜r❡ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

✾✻



(
τ>i Z /pk(i)♠♦t(R)

)
[−1] ∈ D(Z /pk)✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✹✱ t❤✐s ❝♦♠♣❧❡① ✐s ✐♥ t✉r♥ ♥❛t✉r❛❧❧②

✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

✜❜
(
τ>i Z /pk(i)s②♥(R) −→

(
L❝❞❤τ

>i Z /pk(i)s②♥(R)
)
[−1] ∈ D(Z /pk).

❈♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

τ>i Z /pk(i)s②♥(R)
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(R)

τ>i Z /pk(i)❇▼❙(R)
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(R)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s p✲❤❡♥s❡❧✐❛♥✱ s♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧
♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭◆♦t❛t✐♦♥ ✻✳✷✳✶✮✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s ❧♦❝❛❧✱ s♦ t❤❡r❡ ❡①✐sts ❛
♣r✐♠❡ ✐❞❡❛❧ p ♦❢ t❤❡ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ B s✉❝❤ t❤❛t p ∈ p ❛♥❞ R ✐s ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ ♦✈❡r
t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ Bp✳ ❚❤❡ ❧♦❝❛❧ r✐♥❣ Bp ✐s ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
(0, p)✱ s♦ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭Pr♦♣♦s✐t✐♦♥ ✼✳✷✳✹✮✳ ❚❤❡ ✜❜r❡ ♦❢ t❤❡
t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡♥ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ (−1)✲❝♦❤♦♠♦❧♦❣✐❝❛❧ s❤✐❢t ♦❢ t❤❡ ✜❜r❡
♦❢ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣✳ ❇② ▲❡♠♠❛ ✾✳✷✳✷ ✭❛♣♣❧✐❡❞ ❢♦r j = i ❛♥❞ ❛❢t❡r ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥✮✱ t❤✐s
✜❜r❡ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(R) ∈ D(Z /pk).

❚❤❡ ❢✉♥❝t♦r RΓét(−, j!µ
⊗i
pk
) ✐s r✐❣✐❞ ✭❬●❛❜✾✹❪✱ s❡❡ ❛❧s♦ ❬❇▼✷✶✱ ❈♦r♦❧❧❛r② 1.18 (1)❪✮ ❛♥❞ s❛t✐s✜❡s

❝❞❤ ❞❡s❝❡♥t ✭❬❇▼✷✶✱ ❚❤❡♦r❡♠ 5.4❪✮✱ s♦ t❤❡ ♦❜❥❡❝t

(
L❝❞❤RΓét(−, j!µ

⊗i
pk
)
)
(R)

✐s ③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ❢♦r t❤❡ p✲❤❡♥s❡❧✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(R) ≃

(
L❝❞❤τ

≤iRΓét(−, j!µ
⊗i
pk
)
)
(R)[1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡✳

❈♦r♦❧❧❛r② ✼✳✷✳✻✳ ▲❡t B ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ s✉❝❤ t❤❛t ❡✈❡r② r❡s✐❞✉❡
✜❡❧❞ ♦❢ B ✐s ♣❡r❢❡❝t✱ ❛♥❞ X ❜❡ ❛ s♠♦♦t❤ B✲s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡ ♦✈❡r B✳ ❚❤❡♥
❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z(i)❝❧❛(X) −→ Z(i)♠♦t(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛✈❡s Z(i)❝❧❛ ❛♥❞ Z(i)♠♦t ❛r❡ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛✈❡s✱ ❤❡♥❝❡ ✐t s✉✣❝❡s t♦
♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ t❤❡ ❤❡♥s❡❧✐s❛t✐♦♥ ♦❢ ❡✈❡r② ❧♦❝❛❧ r✐♥❣ ♦❢ t❤❡ s❝❤❡♠❡ X✳ ▲❡t R ❜❡ s✉❝❤ ❛
❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣✱ ✇❤✐❝❤ ✐s t❤❡♥ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ B✲❛❧❣❡❜r❛ ♦❢ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥
❛t ♠♦st 3✳ ❚❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧② ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✷✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡
t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✱ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ■❢ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥
t❤❡ ❧♦❝❛❧ r✐♥❣ R✱ t❤✐s ✐s Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✶✳ ❆ss✉♠❡ ♥♦✇ t❤❛t p ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ❤❡♥s❡❧✐❛♥

✾✼



❧♦❝❛❧ r✐♥❣ R✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ r✐♥❣ R ✐s p✲❤❡♥s❡❧✐❛♥✳ ❇② ❚❤❡♦r❡♠ ✼✳✷✳✺✱ t❤❡ ✜❜r❡ ♦❢
t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Fp(i)
❝❧❛(R) −→ Fp(i)

♠♦t(R)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2✱ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❧❡①

(
L❝❞❤τ

≤iRΓét(−, j!µ
⊗i
p )

)
(R)[−1] ∈ D(Fp).

❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s ❛ ♥♦❡t❤❡r✐❛♥ r✐♥❣ ♦❢ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st 2✱ ❤❡♥❝❡ ♦❢ ✈❛❧✲
✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st 2✳ ❙♦ t❤✐s ❝♦♠♣❧❡① ✐s ❛❧s♦ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i + 3 ✭❬❊❍■❑✷✶✱
❚❤❡♦r❡♠ 2.4.15❪✮✱ ❛♥❞ ✐t ✐s t❤✉s ♦♥❧② ✐♥ ❞❡❣r❡❡s i + 2 ❛♥❞ i + 3✳ ❚❤❡ ❝♦♠♣❧❡①❡s Fp(i)

❝❧❛(R)
❛♥❞ Fp(i)

♠♦t(R) ✭❢♦r i ≥ 0✮ ❛r❡ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡ N✲✐♥❞❡①❡❞ ❝♦♠♣❧❡t❡ ✜❧tr❛t✐♦♥s
❋✐❧⋆❝❧❛❑(R;Fp) ❛♥❞ ❋✐❧⋆♠♦t❑(X;Fp) ♦♥ t❤❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ R✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s
♥❛t✉r❛❧ s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Ei,j2 = ❍i−j
((
L❝❞❤τ

≤−jRΓét(−, j!µ
⊗(−j)
p )

)
(R)

)
=⇒ 0.

❚❤❡ ♣r❡✈✐♦✉s ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❜♦✉♥❞ ✐♠♣❧✐❡s t❤❛t ❛❧❧ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ✐♥ t❤✐s s♣❡❝tr❛❧ s❡q✉❡♥❝❡
❛r❡ ③❡r♦✱ s♦ t❤✐s s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❞❡❣❡♥❡r❛t❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡✳

✾✽



❈❤❛♣t❡r ✽

❈♦♠♣❛r✐s♦♥ t♦ ▼✐❧♥♦r K✲t❤❡♦r② ❛♥❞
❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ♦♥ ❧♦❝❛❧ r✐♥❣s✳ ❲❡ ♣r♦✈❡ t❤❛t
t❤❡s❡ ❛r❡ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞✱ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❢r♦♠ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s
✭❚❤❡♦r❡♠ ✽✳✶✳✶✶✮✳ ❱✐❛ t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡
✭❚❤❡♦r❡♠ ✼✳✶✳✸✮✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ❛r❡ ❝♦♥tr♦❧❧❡❞✱ ✉♣ t♦ ❞❡❣r❡❡ i✱
❜② ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❈♦r♦❧❧❛r② ✽✳✶✳✶✷✮✳ ❲❡ ✉s❡ t❤❡ ❧❛tt❡r r❡s✉❧t t♦ ❝♦♥str✉❝t ❛
❝♦♠♣❛r✐s♦♥ ♠❛♣ ❢r♦♠ t❤❡ it❤ ✭✐♠♣r♦✈❡❞✮ ▼✐❧♥♦r K✲❣r♦✉♣ ♦❢ ❛ ❣❡♥❡r❛❧ ❧♦❝❛❧ r✐♥❣ A t♦ t❤❡
♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i♠♦t(A,Z(i))✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤✐s ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤
✜♥✐t❡ ❝♦❡✣❝✐❡♥ts ✭❚❤❡♦r❡♠ ✽✳✷✳✻✮✳

✽✳✶ ❈♦♠♣❛r✐s♦♥ t♦ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❧✐ss❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ♦♥ ❣❡♥❡r❛❧ ❧♦❝❛❧ r✐♥❣s ✭❈♦r♦❧❧❛r② ✽✳✶✳✶✷✮✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐s❡s t♦ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
t❤❡ ❛♥❛❧♦❣♦✉s ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇ ♦✈❡r ❛ ✜❡❧❞ ✭❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.7❪✮✳ ❚♦
❞♦ s♦✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✐s♦♥ ♠❛♣✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳✶ ✭▲✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t❤❡ ♠❛♣

Z(i)❧✐ss❡(−) −→ Z(i)♠♦t(−)

♦❢ ❢✉♥❝t♦rs ❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ❞❡✜♥❡❞ ❛s t❤❡
❝♦♠♣♦s✐t❡

(
L❆♥✐❘✐♥❣s/❙♠Z

Z(i)❝❧❛
)
(−) −→

(
L❆♥✐❘✐♥❣s/❙♠Z

Z(i)♠♦t
)
(−) −→ Z(i)♠♦t(−),

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✹✳✸✳✾ ❛♥❞ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧
♠❛♣✳

▲❡♠♠❛ ✽✳✶✳✷✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❢✉♥❝t♦r

τ≤2iQ(i)♠♦t(−) : ❆♥✐❘✐♥❣s −→ D(Q)

✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

✾✾



Pr♦♦❢✳ ❇② ❬❊❍❑+✷✵✱ ❊①❛♠♣❧❡ 1.0.6❪✱ ❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②

τ≤0❑(−;Q) : ❆♥✐❘✐♥❣s −→ D(Q)

✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳ ❇② ❈♦r♦❧❧❛r② ✺✳✺✳✶✶✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t♦r

⊕

i≥0

τ≤0
(
Q(i)♠♦t(−)[2i]

)
: ❆♥✐❘✐♥❣s −→ D(Q)

✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❈♦r♦❧❧❛r② ✽✳✶✳✸✳ ▲❡t R ❜❡ ❛♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡
❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Q(i)❧✐ss❡(R)
∼
−−→ τ≤2iQ(i)♠♦t(R)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ■❢ R ✐s ❛ s♠♦♦t❤ Z✲❛❧❣❡❜r❛✱ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✷ ❛♥❞ t❤❡
❢❛❝t t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)❝❧❛(R) ∈ D(Z) ✐s ✐♥ ❞❡❣r❡❡s ❛t
♠♦st 2i✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✽✳✶✳✷✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✹✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Q(i)❧✐ss❡(R) −→ τ≤iQ(i)♠♦t(R)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍j♠♦t(R,Q(i)) ✐s ③❡r♦
❢♦r i < j ≤ 2i✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)❝❧❛(−) ✐s ❩❛r✐s❦✐✲❧♦❝❛❧❧② ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i ✭❬●❡✐✵✹✱
❈♦r♦❧❧❛r② 4.4❪✮✳ ❇② t❛❦✐♥❣ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Z(i)❧✐ss❡(−) ✐s ❛❧s♦ ❩❛r✐s❦✐✲❧♦❝❛❧❧② ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Q(i)❧✐ss❡(R) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✽✳✶✳✸✳

❘❡♠❛r❦ ✽✳✶✳✺✳ ❇② ❉r✐♥❢❡❧❞✬s t❤❡♦r❡♠ ✭❬❉r✐✵✻✱ ❚❤❡♦r❡♠ 3.7❪✮✱ t❤❡ K✲❣r♦✉♣ ❑−1(R) ✈❛♥✐s❤❡s
❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣ R✳ ❇② ❈♦r♦❧❧❛r② ✺✳✺✳✶✶✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱
t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍2i+1

♠♦t (R,Q(i)) ✐s ③❡r♦✱ ✐✳❡✳✱ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣
❍2i+1

♠♦t (R,Z(i)) ✐s t♦rs✐♦♥✳

❈♦r♦❧❧❛r② ✽✳✶✳✻✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❢✉♥❝t♦r τ≤iQ(i)♠♦t✱ ❢r♦♠ ❧♦❝❛❧ r✐♥❣s t♦ t❤❡
❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✽✳✶✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✹✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✼✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡✲
❣❡r i ≥ 0✱ t❤❡ ❢✉♥❝t♦r

τ≤i Z /pk(i)♠♦t(−) : ❘✐♥❣s −→ D(Z /pk)

✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

✶✵✵



Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✹✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢✉♥❝t♦r τ≤i Z /pk(i)s②♥(−) ♦♥
❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳ ❚❤❡ ❢✉♥❝t♦r Z /pk(i)s②♥(−)
✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲❛❧❣❡❜r❛s ✭◆♦t❛t✐♦♥ ✻✳✷✳✶✮✱ s♦ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t
t❤❛t t❤❡ ❢✉♥❝t♦r τ>i Z /pk(i)s②♥(−) ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ s♠♦♦t❤ Z✲
❛❧❣❡❜r❛s✳ ❇② ❬❊▼✷✸✱ ▲❡♠♠❛ 7.6❪✱ ✐t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❢✉♥❝t♦r τ>i Z /pk(i)s②♥(−)
✐s r✐❣✐❞✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ D(Z /pk)✲✈❛❧✉❡❞ ❢✉♥❝t♦rs

RΓét(−, j!µ
⊗i
pk
) −→ Z /pk(i)s②♥(−) −→ Z /pk(i)❇▼❙(−)

♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✭❬❇▲✷✷✱ ❘❡♠❛r❦ 8.4.4❪✮✳ ❇② r✐❣✐❞✐t② ❢♦r ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ✭❬●❛❜✾✹❪✱ s❡❡
❛❧s♦ ❬❇▼✷✶✱ ❈♦r♦❧❧❛r② 1.18 (1)❪✮✱ t❤❡ ✜rst t❡r♠ ♦❢ t❤✐s ✜❜r❡ s❡q✉❡♥❝❡ ✐s r✐❣✐❞✳ ❚❤❡ ❞❡s✐r❡❞
r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✸✳

❈♦r♦❧❧❛r② ✽✳✶✳✽✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡✲
❣❡r i ≥ 0✱ t❤❡ ❢✉♥❝t♦r τ≤i Z /pk(i)♠♦t✱ ❢r♦♠ ❧♦❝❛❧ r✐♥❣s t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✐s ❧❡❢t
❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✼✳

▲❡♠♠❛ ✽✳✶✳✾✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✱ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ k ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥
❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i♠♦t(R,Z(i)) −→ ❍i♠♦t(R,Z /p
k(i))

✐s s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ▲❡t P → R ❜❡ ❛ ❤❡♥s❡❧✐❛♥ s✉r❥❡❝t✐♦♥✱ ✇❤❡r❡ P ✐s ❛ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ Z✲❛❧❣❡❜r❛✳ ❇②
❈♦r♦❧❧❛r② ✽✳✶✳✽✱ t❤❡ ❢✉♥❝t♦r τ≤i Z /pk(i)♠♦t ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ♦♥ ❧♦❝❛❧ r✐♥❣s ❢r♦♠ ❧♦❝❛❧
❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i♠♦t(P,Z /p
k(i)) −→ ❍i♠♦t(R,Z /p

k(i))

✐s s✉r❥❡❝t✐✈❡✳ ❚❤❛t ✐s✱ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i♠♦t(P,Z(i)) ❍i♠♦t(P,Z /p
k(i))

❍i♠♦t(R,Z(i)) ❍i♠♦t(R,Z /p
k(i))

✐s s✉r❥❡❝t✐✈❡✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s s✉r❥❡❝t✐✈❡✱ ✐t t❤✉s s✉✣❝❡s t♦ ♣r♦✈❡
t❤❛t t❤❡ t♦♣ ✈❡rt✐❝❛❧ ♠❛♣ ✐s s✉r❥❡❝t✐✈❡✳ ❚❤❡ ❧♦❝❛❧ r✐♥❣ P ✐s ❛ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧②
s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤✐s t♦♣ ✈❡rt✐❝❛❧ ♠❛♣ ✐s s✉r❥❡❝t✐✈❡ ❢♦r ❧♦❝❛❧
❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Z(i)♠♦t(−) ✐s ③❡r♦ ✐♥ ❞❡❣r❡❡ i+1 ♦♥ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦♠♣❧❡① Z(i)❝❧❛(−) ✐s ❩❛r✐s❦✐✲❧♦❝❛❧❧② ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i ✭❬●❡✐✵✹✱ ❈♦r♦❧❧❛r② 4.4❪✮✱ s♦ t❤✐s ✐s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✸✳

❈♦r♦❧❧❛r② ✽✳✶✳✶✵✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧✲
♦❣② ❣r♦✉♣ ❍i+1

♠♦t(R,Z(i)) ✐s ③❡r♦✳ ■❢ t❤❡ ❧♦❝❛❧ r✐♥❣ R ✐s ♠♦r❡♦✈❡r ❤❡♥s❡❧✐❛♥✱ t❤❡♥ t❤❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍1

♠♦t(R,Z(0)) ✐s ③❡r♦✳

✶✵✶



Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✽✳✶✳✾ ❛♥❞ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

0 −→ ❍i♠♦t(R,Z(i))/p −→ ❍i♠♦t(R,Fp(i)) −→ ❍i+1
♠♦t(R,Z(i))[p] −→ 0

❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍i+1
♠♦t(R,Z(i)) ✐s t♦rs✐♦♥✲

❢r❡❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✹ ✐❢ i ≥ 1✱ ❛♥❞ ❜② ❘❡♠❛r❦ ✽✳✶✳✺ ✐❢ i = 0 ❛♥❞ R ✐s ❤❡♥s❡❧✐❛♥✱ ✐t ✐s ❛❧s♦
t♦rs✐♦♥✱ s♦ ✐t ✐s ③❡r♦✳

❚❤❡♦r❡♠ ✽✳✶✳✶✶✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❢✉♥❝t♦r τ≤i Z(i)♠♦t✱ ❢r♦♠ ❧♦❝❛❧ r✐♥❣s t♦ t❤❡
❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❚❤❡
r❡s✉❧t r❛t✐♦♥❛❧❧② ✐s ❈♦r♦❧❧❛r② ✽✳✶✳✻✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❋♦r ❡✈❡r② ❧♦❝❛❧ r✐♥❣ R✱ t❤❡
♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i♠♦t(R,Z(i)) −→ ❍i♠♦t(R,Fp(i))

✐s s✉r❥❡❝t✐✈❡ ❜② ▲❡♠♠❛ ✽✳✶✳✾✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
τ≤i Z(i)♠♦t(R)

)
/p −→ τ≤i Fp(i)

♠♦t(R)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳ ❚❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ✐s t❤❡♥ ❈♦r♦❧❧❛r② ✽✳✶✳✽✳

◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✳✶✶ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇ ✐♥
❡q✉✐❝❤❛r❛❝t❡r✐st✐❝✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✉s❡s t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ ❝❧❛ss✐❝❛❧ ♠♦✲
t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❚❤❡♦r❡♠ ✼✳✶✳✸✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛tt❡r✱ ✐♥ ❛♥② ❝❤❛r❛❝t❡r✐st✐❝✱ ✐s s♦♠❡❤♦✇
s✐♠♣❧❡r t❤❛♥ t❤❡ ♣r♦♦❢ ♦❢ ❊❧♠❛♥t♦✕▼♦rr♦✇✬s ✭str♦♥❣❡r✮ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣②✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❞♦❡s ♥♦t ✉s❡ ❛ ♣r❡s❡♥t❛t✐♦♥ ❧❡♠♠❛✱ ♦r t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡
❢♦r♠✉❧❛✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✽✳✶✳✶✷ t❤❡♥ ♣r♦✈✐❞❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛r❣✉♠❡♥t t♦ t❤❡ ♣r♦♦❢ ♦❢
❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.7❪✳

❈♦r♦❧❧❛r② ✽✳✶✳✶✷ ✭❈♦♠♣❛r✐s♦♥ t♦ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)❧✐ss❡(R)
∼
−−→ τ≤i Z(i)♠♦t(R)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)❝❧❛(−) ✐s ❩❛r✐s❦✐✲❧♦❝❛❧❧② ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i ✭❬●❡✐✵✹✱
❈♦r♦❧❧❛r② 4.4❪✮✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✼✳✶✳✸ ❛♥❞ ✽✳✶✳✶✶✳

■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣s✱ ✐♥ ♦r❞❡r t♦
❞❡s❝r✐❜❡ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍2

♠♦t(−,Z(1))✳

▲❡♠♠❛ ✽✳✶✳✶✸✳ ▲❡t R ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥②
✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i+1

♠♦t(R,Z /p
k(i)) ✐s ③❡r♦✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✹✱ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i+1
♠♦t(R,Z /p

k(i)) ✐s ♥❛t✉r❛❧❧② ✐❞❡♥✲
t✐✜❡❞ ✇✐t❤ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i+1(Z /pk(i)s②♥(R)) −→ ❍i+1((L❝❞❤τ
>i Z /pk(i)s②♥)(R))

✶✵✷



❢♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✳ ■❢ R ✐s ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧✱ ❧❡t m ❜❡ ✐ts ♠❛①✐♠❛❧ ✐❞❡❛❧✱ ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❍i+1(Z /pk(i)s②♥(R)) ❍i+1((L❝❞❤τ
>i Z /pk(i)s②♥)(R))

❍i+1(Z /pk(i)s②♥(R/m)) ❍i+1((L❝❞❤τ
>i Z /pk(i)s②♥)(R/m))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡ ❢✉♥❝t♦r τ>i Z /pk(i)s②♥ ✐s r✐❣✐❞ ✭♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✼✮✱ s♦ t❤❡
❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ ✜❡❧❞ R/m ✐s ❛ ❧♦❝❛❧ r✐♥❣ ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✱
s♦ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s
✐♥❥❡❝t✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✶✹✳ ▲❡t R ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ t❤❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i+2

♠♦t(R,Z(i)) ✐s ③❡r♦✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✽✳✶✳✶✸ ❛♥❞ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

0 −→ ❍i+1
♠♦t(R,Z(i))/p −→ ❍i+1

♠♦t(R,Fp(i)) −→ ❍i+2
♠♦t(R,Z(i))[p] −→ 0

❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍i+2
♠♦t(R,Z(i)) ✐s t♦rs✐♦♥❢r❡❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✽✳✶✳✹

✐❢ i ≥ 2✱ ❛♥❞ ❜② ❘❡♠❛r❦ ✽✳✶✳✺ ✐❢ i = 1✱ ✐t ✐s ❛❧s♦ t♦rs✐♦♥✱ s♦ ✐t ✐s ③❡r♦✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❊①❛♠♣❧❡ ✹✳✷✳✹✱ ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✱ ❛♥❞ Pr♦♣♦s✐✲
t✐♦♥ ✽✳✶✳✶✹✳

❊①❛♠♣❧❡ ✽✳✶✳✶✺✳ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

RΓ◆✐s(X,Gm)[−1] −→ Z(1)♠♦t(X),

❞❡✜♥❡❞ ❛s t❤❡ ◆✐s♥❡✈✐❝❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭s❡❡ ❛❧s♦ ❉❡✜✲
♥✐t✐♦♥ ✾✳✶✳✶✮✱ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st t❤r❡❡✳ ❚❤❛t ✐s✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Z(1)♠♦t(X) ✈❛♥✐s❤❡s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st ③❡r♦✱ ❛♥❞ t❤❡r❡ ❛r❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s ♦❢ ❛❜❡❧✐❛♥
❣r♦✉♣s

❍1
♠♦t(X,Z(1))

∼= O(X)×, ❍2
♠♦t(X,Z(1))

∼= P✐❝(X), ❍3
♠♦t(X,Z(1))

∼= ❍2
◆✐s(X,Gm).

✽✳✷ ❈♦♠♣❛r✐s♦♥ t♦ ▼✐❧♥♦r K✲t❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ ❛ s②♠❜♦❧ ♠❛♣

❑▼
i (A) −→ ❍i♠♦t(A,Z(i))

❢♦r ❧♦❝❛❧ r✐♥❣s A ✭❉❡✜♥✐t✐♦♥ ✽✳✷✳✸✮✱ t❤r♦✉❣❤ ✇❤✐❝❤ ✇❡ ❝♦♠♣❛r❡ t❤❡ ▼✐❧♥♦r K✲❣r♦✉♣s t♦ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✽✳✷✳✻✮✳ ◆♦t❡ t❤❛t t❤❡ ❛r❣✉♠❡♥ts ✐♥ ▲❡♠♠❛s ✽✳✷✳✷ ❛♥❞ ✽✳✷✳✹ ❛r❡ ✈❡r②
s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❬❊▼✷✸✱ ❙❡❝t✐♦♥ 7❪✱ ❡①❝❡♣t ❢♦r t❤❡ ●❡rst❡♥ ✐♥❥❡❝t✐✈✐t② ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣②✱ ✇❤✐❝❤ ✐s ✉♥❦♥♦✇♥ ✐♥t❡❣r❛❧❧② ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳

❋♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ A✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❉❡✜♥✐t✐♦♥ ✽✳✶✳✶ ❛♥❞
❊①❛♠♣❧❡ ✹✳✷✳✹✮ ✐♥❞✉❝❡s ♦♥ ❍1 ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

A×
∼=
−−→ ❍1

♠♦t(A,Z(1)).

❇② ♠✉❧t✐♣❧✐❝❛t✐✈✐t② ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s✱ t❤✐s ✐♥❞✉❝❡s✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ ❛ s②♠❜♦❧
♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

(A×)⊗i −→ ❍i♠♦t(A,Z(i)).

✶✵✸



▲❡♠♠❛ ✽✳✷✳✶✳ ❋♦r ❡✈❡r② ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛ A✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❍2
♠♦t(A,Z(2))

∼= ❑2(A)

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✼✳✶✳✸✱ t❤❡ ❝❧❛ss✐❝❛❧✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

❍2
❝❧❛(A,Z(2)) −→ ❍2

♠♦t(A,Z(2))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤
s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❘❡♠❛r❦ ✹✳✶✳✸✮✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❛t t❤❡
❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(1)❝❧❛(A) ∈ D(Z) ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ♦♥❡ ✭❊①❛♠♣❧❡ ✹✳✶✳✺ ❛♥❞
❬●❡✐✵✹✱ ❈♦r♦❧❧❛r② 4.4❪✮✳

▲❡♠♠❛ ✽✳✷✳✷✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥
❣r♦✉♣s

(A×)⊗i −→ ❍i♠♦t(A,Z(i))

✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ▼✐❧♥♦r K✲❣r♦✉♣ ❑▼
i (A)✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼✐❧♥♦r K✲❣r♦✉♣s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ s②♠❜♦❧ ♠❛♣ r❡s♣❡❝ts
t❤❡ ❙t❡✐♥❜❡r❣ r❡❧❛t✐♦♥s✳ ▲❡t a ∈ A ❜❡ ❛♥ ❡❧❡♠❡♥t s✉❝❤ t❤❛t a ❛♥❞ 1 − a ❛r❡ ✉♥✐ts ✐♥ A✳ ❇②
♠✉❧t✐♣❧✐❝❛t✐✈✐t② ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ i = 2 ❛♥❞ t♦ ♣r♦✈❡
t❤❛t a⊗ (1− a) ✐s s❡♥t t♦ ③❡r♦ ✈✐❛ t❤❡ s②♠❜♦❧ ♠❛♣✳ ▲❡t Z[t]→ A ❜❡ t❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠
s❡♥❞✐♥❣ t t♦ a✱ ❛♥❞ ❧❡t p ⊂ Z[t] ❜❡ t❤❡ ♣r✐♠❡ ✐❞❡❛❧ ❞❡✜♥❡❞ ❛s t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠❛①✐♠❛❧
✐❞❡❛❧ ♦❢ A ✈✐❛ t❤✐s r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠✳ ❇② ♥❛t✉r❛❧✐t② ♦❢ t❤❡ s②♠❜♦❧ ♠❛♣✱ t❤❡ ❞✐❛❣r❛♠ ♦❢
❛❜❡❧✐❛♥ ❣r♦✉♣s

(Z[t]p)
× ⊗Z (Z[t]p)

× ❍2
♠♦t(Z[t]p,Z(2))

A× ⊗Z A
× ❍2

♠♦t(A,Z(2))

✐s ❝♦♠♠✉t❛t✐✈❡✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ❛rr♦✇ ♦❢ t❤✐s ❞✐❛❣r❛♠ s❡♥❞s
t⊗ (1− t) t♦ ③❡r♦✳ ❚❤❡ ❧♦❝❛❧ r✐♥❣ Z[t]p ✐s ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ ♦✈❡r Z✱ s♦ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣
♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

(Z[t]p)
× ⊗Z (Z[t]p)

× ❍2
♠♦t(Z[t]p,Z(2))

(❋r❛❝(Z[t]p))× ⊗Z (❋r❛❝(Z[t]p))× ❍2
♠♦t(❋r❛❝(Z[t]p),Z(2))

✐s ✐♥❥❡❝t✐✈❡✳ ■♥❞❡❡❞✱ ❜② ▲❡♠♠❛ ✽✳✷✳✶ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑2(A) −→ ❑2(❋r❛❝(A))

✐s ✐♥❥❡❝t✐✈❡✱ ❛♥❞ t❤✐s ✐s t❤❡ ●❡rst❡♥ ✐♥❥❡❝t✐✈✐t② ❢♦r ❑2 ✭❬●▲✽✼✱ ❈♦r♦❧❧❛r② 6❪ ❛♥❞ ❬❉❙✼✺✱ ❚❤❡✲
♦r❡♠ 2.2❪✮✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ♦❢ t❤✐s ❞✐❛❣r❛♠ s❡♥❞s
t⊗ (1− t) t♦ ③❡r♦✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ s②♠❜♦❧ ♠❛♣ t♦ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② r❡s♣❡❝ts t❤❡ ❙t❡✐♥❜❡r❣ r❡❧❛t✐♦♥ ❢♦r ✜❡❧❞s ✭❬◆❙✽✾❪✱ s❡❡ ❛❧s♦ ❬❚♦t✾✷❪✮✳

✶✵✹



❉❡✜♥✐t✐♦♥ ✽✳✷✳✸ ✭❙②♠❜♦❧ ♠❛♣✮✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ s②♠❜♦❧
♠❛♣

❑▼
✐ (A) −→ ❍i♠♦t(A,Z(i))

✐s t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s ♦❢ ▲❡♠♠❛ ✽✳✷✳✷✳

❋♦❧❧♦✇✐♥❣ ❬❑❡r✶✵❪✱ ❢♦r A ❛ ❧♦❝❛❧ r✐♥❣ ❛♥❞ i ≥ 0 ❛♥ ✐♥t❡❣❡r✱ ✇❡ ❞❡♥♦t❡ ❜② ❑̂▼
i (A) t❤❡ it❤

✐♠♣r♦✈❡❞ ▼✐❧♥♦r K✲❣r♦✉♣ ♦❢ A✳

▲❡♠♠❛ ✽✳✷✳✹✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ s②♠❜♦❧ ♠❛♣

❑▼
i (A) −→ ❍i♠♦t(A,Z(i))

❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ✐♠♣r♦✈❡❞ ▼✐❧♥♦r K✲❣r♦✉♣ ❑̂▼
i (A)✳

Pr♦♦❢✳ ▲❡t Mi ≥ 1 ❜❡ t❤❡ ✐♥t❡❣❡r ❞❡✜♥❡❞ ✐♥ ❬❑❡r✶✵❪✳ ■❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A
❤❛s ❛t ❧❡❛st Mi ❡❧❡♠❡♥ts✱ t❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑▼
i (A) −→ ❑̂▼

i (A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✭❬❑❡r✶✵✱ Pr♦♣♦s✐t✐♦♥ 10 (5)❪✮✳ ❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡ r❡s✐❞✉❡
✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A ❤❛s ❧❡ss t❤❛♥ Mi ❡❧❡♠❡♥ts✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ s②♠❜♦❧ ♠❛♣

❑▼
i (A) −→ ❍i♠♦t(A,Z(i))

❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ s✉r❥❡❝t✐✈❡ ♠❛♣ ❑▼
i (A) → ❑̂▼

i (A)✱ ✐✳❡✳✱ t❤❛t ❡✈❡r② ❡❧❡♠❡♥t ♦❢ t❤❡ ❛❜❡❧✐❛♥
❣r♦✉♣ ❦❡r(❑▼

i (A) → ❑̂▼
i (A)) ✐s s❡♥t t♦ ③❡r♦ ❜② t❤❡ ♣r❡✈✐♦✉s s②♠❜♦❧ ♠❛♣✳ ▲❡t m ❜❡ t❤❡

♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A✱ ❛♥❞ p ❜❡ ✐ts r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝✳ ❚❤❡ r❡s✐❞✉❡ ✜❡❧❞ A/m ♦❢
t❤❡ ❧♦❝❛❧ r✐♥❣ A ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ Fq ♦❢ Fp✳ ▲❡t ℓ ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r ✇❤✐❝❤ ✐s
❝♦♣r✐♠❡ t♦ t❤❡ ❞❡❣r❡❡ ♦❢ t❤✐s ❡①t❡♥s✐♦♥✱ ❛♥❞ s✉❝❤ t❤❛t pℓ ≥Mi✳ ❆s ❛ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ✜♥✐t❡
✜❡❧❞ ❡①t❡♥s✐♦♥s ♦❢ ❝♦♣r✐♠❡ ❞❡❣r❡❡✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ Fq ⊗Fp Fpℓ ✐s ❛ ✜❡❧❞✳ ▲❡t V ❜❡ t❤❡
✜♥✐t❡ ét❛❧❡ ❡①t❡♥s✐♦♥ ♦❢ Z(p) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✜❡❧❞ ❡①t❡♥s✐♦♥ Fpℓ ♦❢ Fp✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣ A′ := A⊗Z(p)

V ✐s ✜♥✐t❡ ♦✈❡r t❤❡ ❧♦❝❛❧ r✐♥❣ A✱ ❛♥❞ t❤❡ q✉♦t✐❡♥t A′/mA′ ✐s ❛ ✜❡❧❞✱ s♦ t❤❡
❝♦♠♠✉t❛t✐✈❡ r✐♥❣ A′ ✐s ❛ ❧♦❝❛❧ A✲❛❧❣❡❜r❛✱ ✇❤♦s❡ r❡s✐❞✉❡ ✜❡❧❞ ❤❛s ❛t ❧❡❛st Mi ❡❧❡♠❡♥ts✳

▲❡t P• → A ❜❡ ❛ s✐♠♣❧✐❝✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A ✇❤❡r❡ ❡❛❝❤ t❡r♠ Pm ✐s ❛ ❧♦❝❛❧
✐♥❞✲s♠♦♦t❤ Z✲❛❧❣❡❜r❛✱ ❛♥❞ ❡❛❝❤ ❢❛❝❡ ♠❛♣ Pm+1 → Pm ✐s ❛ ❤❡♥s❡❧✐❛♥ s✉r❥❡❝t✐♦♥✳ ❇② ❚❤❡♦✲
r❡♠ ✽✳✶✳✶✶✱ t❤❡r❡ ✐s t❤❡♥ ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

❝♦❧✐♠
m

τ≤i Z(i)♠♦t(Pm)
∼
−−→ τ≤i Z(i)♠♦t(A)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❝♦❡q
(
❍i♠♦t(P1,Z(i)) −→−→ ❍i♠♦t(P0,Z(i))

) ∼=
−−→ ❍i♠♦t(A,Z(i))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✇❤❡r❡ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ✐♥ t❤❡ ❧❡❢t t❡r♠ ❛r❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❜② ❚❤❡♦r❡♠ ✼✳✶✳✸✳ ❙✐♠✐❧❛r❧②✱ P• ⊗Z(p)

V → A′ ✐s
❛ s✐♠♣❧✐❝✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A′ ✇❤❡r❡ ❡❛❝❤ t❡r♠ Pm ⊗Z(p)

V ✐s ❛♥ ✐♥❞✲s♠♦♦t❤
V ✲❛❧❣❡❜r❛✱ ❛♥❞ ❡❛❝❤ ❢❛❝❡ ♠❛♣ Pm+1 ⊗Z(p)

V → Pm ⊗Z(p)
V ✐s ❛ ❤❡♥s❡❧✐❛♥ s✉r❥❡❝t✐♦♥✱ s♦ t❤❡r❡

✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❝♦❡q
(
❍i♠♦t(P1 ⊗Z(p)

V,Z(i)) −→−→ ❍i♠♦t(P0 ⊗Z(p)
V,Z(i))

) ∼=
−−→ ❍i♠♦t(A

′,Z(i))

✶✵✺



♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✇❤❡r❡ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ❧❡❢t t❡r♠ ❛r❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✳ ❈❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s
♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ ❛❞♠✐ts ❢✉♥❝t♦r✐❛❧ tr❛♥s❢❡r ♠❛♣s ❛❧♦♥❣ ✜♥✐t❡ ét❛❧❡
♠♦r♣❤✐s♠s✱ s♦ t❤❡ ♣r❡✈✐♦✉s t✇♦ ✐s♦♠♦r♣❤✐s♠s ✐♥❞✉❝❡ ❛ tr❛♥s❢❡r ♠❛♣

Nℓ : ❍
i
♠♦t(A

′,Z(i)) −→ ❍i♠♦t(A,Z(i))

s✉❝❤ t❤❛t ♣r❡✲❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❍i♠♦t(A,Z(i)) → ❍i♠♦t(A
′,Z(i)) ✐s ♠✉❧t✐♣❧✐✲

❝❛t✐♦♥ ❜② ℓ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❍i♠♦t(A,Z(i)) → ❍i♠♦t(A
′,Z(i)) ✐s

ℓ✲t♦rs✐♦♥✳
❈♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑▼
i (A) ❑▼

i (A′)

❍i♠♦t(A,Z(i)) ❍i♠♦t(A
′,Z(i))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ❛♥❞ ❧❡t x ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❦❡r(❑▼
i (A) → ❑̂▼

i (A))✳ ❚❤❡
r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣A′ ❤❛s ❛t ❧❡❛stMi ❡❧❡♠❡♥ts✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑▼i (A′)→ ❑̂▼

i (A′)
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✭❬❑❡r✶✵✱ Pr♦♣♦s✐t✐♦♥ 10 (5)❪✮✱ ❛♥❞ x ✐s s❡♥t t♦ ③❡r♦ ❜② t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧
♠❛♣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♠❛❣❡ ♦❢ x ❜② t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❜♦tt♦♠
❤♦r✐③♦♥t❛❧ ♠❛♣✱ ❛♥❞ ✐s t❤✉s ℓ✲t♦rs✐♦♥ ❜② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✳ ▲❡t ℓ′ ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r
✇❤✐❝❤ ✐s ❝♦♣r✐♠❡ t♦ ℓ ❛♥❞ t♦ t❤❡ ❞❡❣r❡❡ ♦❢ Fq ♦✈❡r Fp✱ ❛♥❞ s✉❝❤ t❤❛t pℓ

′

≥ Mi✳ ❚❤❡ ♣r❡✈✐♦✉s
❛r❣✉♠❡♥t ❢♦r t❤✐s ✐♥t❡❣❡r ℓ′ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ x ❜② t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛❧s♦ ℓ′✲t♦rs✐♦♥✱
❤❡♥❝❡ ✐t ✐s ③❡r♦✳

❈♦♥❥❡❝t✉r❡ ✽✳✷✳✺✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑̂▼
i (A) −→ ❍i♠♦t(A,Z(i))

✐♥❞✉❝❡❞ ❜② ▲❡♠♠❛ ✽✳✷✳✹ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

❚❤❡ ♣r❡✈✐♦✉s ❝♦♥❥❡❝t✉r❡ ✇❛s ♣r♦✈❡❞ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇ ❢♦r ❡q✉✐❝❤❛r❛❝t❡r✐st✐❝ ❧♦❝❛❧ r✐♥❣s
✭❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.12❪✮✳ ❚❤❡✐r ♣r♦♦❢ ✉s❡s ❛s ❛♥ ✐♥♣✉t t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡
❢♦r ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ✇❤✐❝❤ ✐s ✉♥❦♥♦✇♥ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✭s❡❡ ❘❡♠❛r❦ ✽✳✷✳✼✮✳

❚❤❡♦r❡♠ ✽✳✷✳✻ ✭❙✐♥❣✉❧❛r ◆❡st❡r❡♥❦♦✕❙✉s❧✐♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts✮✳ ▲❡t A ❜❡
❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ n ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑̂▼
i (A)/n −→ ❍i♠♦t(A,Z(i))/n

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

Pr♦♦❢✳ ■❢ t❤❡ ❧♦❝❛❧ r✐♥❣ A ❝♦♥t❛✐♥s ❛ ✜❡❧❞✱ t❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑̂▼
i (A) −→ ❍i♠♦t(A,Z(i))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✭❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.12❪✮✳ ❖t❤❡r✇✐s❡✱ A ✐s ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧
r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p) ❢♦r s♦♠❡ ♣r✐♠❡ ♥✉♠❜❡r p✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧♦❝❛❧ r✐♥❣ A ✐s
p✲❤❡♥s❡❧✐❛♥✳ ■❢ p ❞♦❡s ♥♦t ❞✐✈✐❞❡ t❤❡ ✐♥t❡❣❡r n✱ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑̂▼
i (A)/n ❍i♠♦t(A,Z(i))/n

❑̂▼
i (A/p)/n ❍i♠♦t(A/p,Z(i))/n

✶✵✻



♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ❬❑❡r✶✵✱ Pr♦♣♦s✐t✐♦♥ 10 (7)❪✳
❇② ▲❡♠♠❛ ✽✳✶✳✾ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✶✳✻✱ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡
♥❛t✉r❛❧ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍iét(A, µ
⊗i
n ) −→ ❍iét(A/p, µ

⊗i
n ),

✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② r✐❣✐❞✐t② ♦❢ ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ✭❬●❛❜✾✹❪✱ s❡❡ ❛❧s♦ ❬❇▼✷✶✱ ❈♦r♦❧✲
❧❛r② 1.18 (1)❪✮✳ ❚❤❡ ❧♦❝❛❧ r✐♥❣ A/p ✐s ❛♥ Fp✲❛❧❣❡❜r❛✱ s♦ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ✭❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.12❪✮✱ ❛♥❞ t❤❡ r❡s✉❧t ✐s tr✉❡ ✐♥ t❤✐s ❝❛s❡✳ ■t t❤❡♥ s✉✣❝❡s t♦
♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑̂▼
i (A)/pk −→ ❍i♠♦t(A,Z(i))/p

k

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❇② ▲❡♠♠❛ ✽✳✶✳✾ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✷✳✺✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❍i♠♦t(A,Z(i))/p
k −→ ❍i(Z /pk(i)❇▼❙(A))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❇② ❬▲▼✷✸✱ ❚❤❡♦r❡♠ 3.1❪✱ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛♣

❑̂▼
i (A)/pk −→ ❍i♠♦t(A,Z(i))/p

k −→ ❍i(Z /pk(i)❇▼❙(A))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ❤❡♥❝❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❘❡♠❛r❦ ✽✳✷✳✼✳ ■❢ ❈♦♥❥❡❝t✉r❡ ✽✳✷✳✺ ✐s tr✉❡ ❢♦r ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ Z✲❛❧❣❡❜r❛s✱ t❤❡♥ t❤❡ ❧❡❢t ❑❛♥
❡①t❡♥s✐♦♥ ♣r♦♣❡rt✐❡s ❬▲▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 1.17❪ ❛♥❞ ❚❤❡♦r❡♠ ✽✳✶✳✶✶ ✐♠♣❧② t❤❛t ❈♦♥❥❡❝t✉r❡ ✽✳✷✳✺
✐s tr✉❡ ❢♦r ❛❧❧ ❧♦❝❛❧ r✐♥❣s✳ ❙❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.12❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❘❡♠❛r❦ ✽✳✷✳✽✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ ❡ss❡♥t✐❛❧❧② s♠♦♦t❤ Z✲❛❧❣❡❜r❛✱ i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞
❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❑̂▼
i (A) ❍i♠♦t(A,Z(i))

❑̂▼
i (❋r❛❝(A)) ❍i♠♦t(❋r❛❝(A),Z(i))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ ◆❡st❡r❡♥❦♦✕❙✉s❧✐♥ ✐s♦✲
♠♦r♣❤✐s♠ ❢♦r ✜❡❧❞s ✭❬◆❙✽✾❪✱ s❡❡ ❛❧s♦ ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 7.12❪✮✳ ❚❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ❜❡✐♥❣ ✐♥❥❡❝t✐✈❡
t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡✳ ❚❤❛t ✐s✱ t❤❡ ●❡rst❡♥ ✐♥❥❡❝t✐✈✐t② ❝♦♥❥❡❝✲
t✉r❡ ❢♦r t❤❡ ✐♠♣r♦✈❡❞ ▼✐❧♥♦r K✲❣r♦✉♣s ✇♦✉❧❞ ✐♠♣❧② t❤❡ ✐♥❥❡❝t✐✈✐t② ♣❛rt ♦❢ ❈♦♥❥❡❝t✉r❡ ✽✳✷✳✺✳
❑♥♦✇✐♥❣ t❤❡ ●❡rst❡♥ ✐♥❥❡❝t✐✈✐t② ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i♠♦t(−,Z(i))
✇♦✉❧❞ ✐♠♣❧② t❤❛t t❤❡s❡ t✇♦ ❢❛❝ts ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❙❡❡ ❬▲ü❞✷✷❪ ❢♦r r❡❧❛t❡❞ r❡s✉❧ts ♦♥ t❤❡ ●❡rst❡♥
❝♦♥❥❡❝t✉r❡ ❢♦r ✐♠♣r♦✈❡❞ ▼✐❧♥♦r K✲❣r♦✉♣s✳

✶✵✼
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❈❤❛♣t❡r ✾

❚❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t s❛t✐s❢② t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡
❢♦r♠✉❧❛ ✭❚❤❡♦r❡♠ ✾✳✸✳✷✮ ❛♥❞ r❡❣✉❧❛r ❜❧♦✇✉♣ ❡①❝✐s✐♦♥ ✭❚❤❡♦r❡♠ ✾✳✸✳✶✮✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛r✲
t✐❝✉❧❛r t❤❛t t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t ✜t ✇✐t❤✐♥ t❤❡ r❡❝❡♥t t❤❡♦r② ♦❢ ♥♦♥✲A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈❡s ♦❢
❆♥♥❛❧❛✕■✇❛s❛ ❬❆■✷✸❪ ❛♥❞ ❆♥♥❛❧❛✕❍♦②♦✐s✕■✇❛s❛ ❬❆❍■✷✸✱ ❆❍■✷✹❪✳

✾✳✶ ❋✐rst ❈❤❡r♥ ❝❧❛ss❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t t❤❡ ♠♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss ✭❉❡✜♥✐t✐♦♥ ✾✳✶✳✶✮ ✐♥ ♦r❞❡r t♦
❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✭❚❤❡♦r❡♠ ✾✳✸✳✷✮✳

❉❡✜♥✐t✐♦♥ ✾✳✶✳✶ ✭▼♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss✮✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡ ♠♦t✐✈✐❝
✜rst ❈❤❡r♥ ❝❧❛ss ✐s t❤❡ ♥❛t✉r❛❧ ♠❛♣

c♠♦t
1 : RΓ◆✐s(X,Gm)[−1] −→ Z(1)♠♦t(X),

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ ❞❡✜♥❡❞ ❛s t❤❡ ◆✐s♥❡✈✐❝❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢
♣r❡s❤❡❛✈❡s (

τ≤1RΓ❩❛r(−,Gm)
)
[−1] −→ Z(1)♠♦t(−)

✐♥❞✉❝❡❞ ❜② ❉❡✜♥✐t✐♦♥ ✽✳✶✳✶ ❛♥❞ ❊①❛♠♣❧❡ ✹✳✷✳✹✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜②

c♠♦t
1 : P✐❝(X) −→ ❍2

♠♦t(X,Z(1))

t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ♦♥ ❍2✳

❘❡♠❛r❦ ✾✳✶✳✷✳ ❚❤❡ ♠♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss ♦❢ ❉❡✜♥✐t✐♦♥ ✾✳✶✳✶ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts
♥❛t✉r❛❧✐t②✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛♣ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✸✳✾ ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s✳

❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ O(1) ∈ P✐❝(P1
X)✱ ✈✐❛ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡

♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t✱ ✐♥❞✉❝❡s✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ ❛ ♥❛t✉r❛❧ ♠❛♣

c♠♦t
1 (O(1)) : Z(i− 1)♠♦t(P1

X)[−2] −→ Z(i)♠♦t(P1
X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■❢ π : P1
X → X ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ♠❛♣✱ t❤✐s ✐♥ t✉r♥

✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

π∗ ⊕ c♠♦t
1 (O(1))π∗ : Z(i)♠♦t(X)⊕ Z(i− 1)♠♦t(X)[−2] −→ Z(i)♠♦t(P1

X) ✭✾✳✶✮

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t t❤✐s ♠❛♣ ✐s ❛♥
❡q✉✐✈❛❧❡♥❝❡ ✭❚❤❡♦r❡♠ ✾✳✷✳✶✮✳ ❚♦ ♣r♦✈❡ s✉❝❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❝♦♠♣❛t✐❜✐❧✐t✐❡s ✇✐t❤
♦t❤❡r ✜rst ❈❤❡r♥ ❝❧❛ss❡s✳

✶✵✾



❈♦♥str✉❝t✐♦♥ ✾✳✶✳✸ ✭P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥ts✮✳ ❋♦❧❧♦✇✐♥❣ ❬❊▼✷✸✱ ❙❡❝✲
t✐♦♥ 5.1❪✱ ❡✈❡r② ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥t E ♦❢ Z✲❧✐♥❡❛r ∞✲❝❛t❡❣♦r✐❡s ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❍❙❙✶✼✱ ❉❡✜✲
♥✐t✐♦♥ 5.11❪ ❛❞♠✐ts ❛ ♥❛t✉r❛❧ ✜rst ❈❤❡r♥ ❝❧❛ss✱ ✐♥❞✉❝✐♥❣ ❛ ♥❛t✉r❛❧ ♠❛♣ ♦❢ s♣❡❝tr❛

π∗ ⊕ (1− c1)(O(−1))π
∗ : E(X)⊕ E(X) −→ E(P1

X).

❋♦r ❡✈❡r② ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥t ♦❢ Z✲❧✐♥❡❛r ∞✲❝❛t❡❣♦r✐❡s✱ t❤✐s ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❬❊▼✷✸✱
▲❡♠♠❛ 5.6❪✮✳

❘❡♠❛r❦ ✾✳✶✳✹ ✭❈♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ✜❧tr❛t✐♦♥s✮✳ ■❢ t❤❡ ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥t E ♦❢ Z✲❧✐♥❡❛r ∞✲
❝❛t❡❣♦r✐❡s✱ s❡❡♥ ❛s ❛ ♣r❡s❤❡❛❢ ♦❢ s♣❡❝tr❛ ♦♥ q❝qs s❝❤❡♠❡s✱ ❛❞♠✐ts ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞
r❡✜♥❡♠❡♥t ❋✐❧⋆E ✇❤✐❝❤ ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ ♠♦❞✉❧❡ ♦✈❡r t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥
❋✐❧⋆❧✐ss❡❑

❝♦♥♥ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✳✷✮✱✶ t❤❡♥ t❤✐s ♠❛♣ ❤❛s ❛ ♥❛t✉r❛❧ ✜❧t❡r❡❞ r❡✜♥❡♠❡♥t

π∗ ⊕ (1− c1)(O(−1))π
∗ : ❋✐❧⋆E(X)⊕ ❋✐❧⋆−1E(X) −→ ❋✐❧⋆E(P1

X)

❜② ❬❊▼✷✸✱ ❈♦♥str✉❝t✐♦♥ 5.11 ❛♥❞ ▲❡♠♠❛ 5.12❪✳ ■❢ E ✐s ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ ❡q✉✐♣♣❡❞ ✇✐t❤
t❤❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑ ✭❉❡✜♥✐t✐♦♥ ✹✳✸✳✻✮✱ t❤❡ ❛r❣✉♠❡♥t ♦❢ ❬❊▼✷✸✱ ▲❡♠♠❛ 5.12❪ ❛♥❞
❘❡♠❛r❦ ✾✳✶✳✷ ✐♠♣❧② t❤❛t t❤✐s ♠❛♣ r❡❝♦✈❡rs✱ ✉♣ t♦ ❛ s❤✐❢t✱ t❤❡ ♠❛♣ (9.1) ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✳

❊①❛♠♣❧❡ ✾✳✶✳✺ ✭❈♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧tr❛✲
t✐♦♥ ❋✐❧⋆❝❞❤❑❍ ✭❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✮ ✐s ♥❛t✉r❛❧❧② ❛ ♠♦❞✉❧❡ ♦✈❡r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧tr❛t✐♦♥ ❋✐❧⋆♠♦t❑
✭❡✳❣✳✱ ❜❡❝❛✉s❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♣r❡s❡r✈❡s ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡s✮✱ s♦ t❤❡ ✜rst ❈❤❡r♥ ❝❧❛ss
♦♥ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s ♦❢ ❬❇❊▼✷✹❪ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss ♦❢
❉❡✜♥✐t✐♦♥ ✾✳✶✳✶✳

❊①❛♠♣❧❡ ✾✳✶✳✻ ✭❈♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞
p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❇② ❬❇❊▼✷✹❪✱ t❤❡ s②♥t♦♠✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss ♦❢ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 7❪ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠♦t✐✈✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss ♦❢ ❉❡✜♥✐t✐♦♥ ✾✳✶✳✶ ✈✐❛ t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❈♦♥str✉❝t✐♦♥ ✻✳✷✳✷✮✳ ◆♦t❡ ❤❡r❡ t❤❛t t❤❡ ♠♦t✐✈✐❝✲s②♥t♦♠✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣
❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s ❢r♦♠ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠❛♣ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X;Zp) −→ ❋✐❧⋆♠♦t❑
❙❡❧(X;Zp),

✇❤❡r❡ t❤❡ t❛r❣❡t ✐s t❤❡ ✜❧tr❛t✐♦♥ ♦♥ p✲❝♦♠♣❧❡t❡❞ ❙❡❧♠❡r K✲t❤❡♦r② ✭❬❇▲✷✷✱ ❘❡♠❛r❦ 8.4.3❪✮✳
❚❤❡s❡ ♠♦t✐✈✐❝ ❛♥❞ s②♥t♦♠✐❝ ✜rst ❈❤❡r♥ ❝❧❛ss❡s t❤❡♥ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✜rst ❈❤❡r♥ ❝❧❛ss❡s
❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥ts ❑(−;Zp) ❛♥❞ ❑❙❡❧(−;Zp) ✭❘❡♠❛r❦ ✾✳✶✳✹✮✳

✾✳✷ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t s❛t✐s❢② t❤❡ P1✲❜✉♥❞❧❡ ❢♦r✲
♠✉❧❛ ♦♥ q❝qs s❝❤❡♠❡s ✭❚❤❡♦r❡♠ ✾✳✷✳✶✮✳ ◆♦t❡ t❤❛t t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✐s ✉♥❦♥♦✇♥ ❢♦r
t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❞❤ ♦♥ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s✳✷ ❚❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢
❘❡♠❛r❦ ✹✳✸✳✼ t❤✉s ❝❛♥♥♦t ❜❡ ✉s❡❞ ❞✐r❡❝t❧② t♦ ♣r♦✈❡ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠♦t✐✈✐❝

✶❚❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆❧✐ss❡❑
❝♦♥♥ ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ♦♥❧② ♦♥ ❛✣♥❡ s❝❤❡♠❡s✳ ❍❡r❡ t❤❡ ❛r❣✉♠❡♥t ✇♦r❦s

✐❢ ❋✐❧⋆E ✐s ❛ ❩❛r✐s❦✐ s❤❡❛❢ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛ ♦♥ q❝qs s❝❤❡♠❡s✱ ❛♥❞ ✐❢ ✐ts r❡str✐❝t✐♦♥ t♦ ❛✣♥❡ s❝❤❡♠❡s ✐s ❛
♠✉❧t✐♣❧✐❝❛t✐✈❡ ✜❧t❡r❡❞ ♠♦❞✉❧❡ ♦✈❡r t❤❡ ❧✐ss❡ ♠♦t✐✈✐❝ ✜❧tr❛t✐♦♥ ❋✐❧⋆❧✐ss❡❑

❝♦♥♥✳
✷▼♦r❡ ♣r❡❝✐s❡❧②✱ ❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕▼♦rr♦✇ ♣r♦✈❡❞ ✐♥ ❬❇❊▼✷✹❪ t❤❛t ✐❢ ❛ q❝qs s❝❤❡♠❡ X s❛t✐s✜❡s t❤❡ ❝♦♥✲

❞✐t✐♦♥ ❱❛❧(X)✱ t❤❡♥ t❤❡ ❝❞❤✲❧♦❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❞❤ s❛t✐s❢② t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❛t X✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✐s ❦♥♦✇♥ ❢♦r t❤❡s❡ ❝♦♠♣❧❡①❡s ♦✈❡r ❛ ✜❡❧❞✱ ❛♥❞ ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ♣❡r❢❡❝t♦✐❞
✈❛❧✉❛t✐♦♥ r✐♥❣ ❜② t❤❡ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✶✶ ✭s❡❡ ❛❧s♦ ❬❇♦✉✷✸❪✮✱ ❜✉t ♥♦t ♦♥ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s✳

✶✶✵



❝♦♠♣❧❡①❡s Z(i)♠♦t✱ ❛s ✇❛s ❞♦♥❡ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇ ✐♥ ❡q✉✐❝❤❛r❛❝t❡r✐st✐❝ ✭❬❊▼✷✸✱ ❙❡❝t✐♦♥ 5❪✮✳
■♥st❡❛❞✱ ✇❡ ✉s❡ ✐♥ ❛ ❝r✉❝✐❛❧ ✇❛② ♦✉r ♠❛✐♥ r❡s✉❧t ♦♥ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✻✳✷✳✹✮✱
❛♥❞ ❛ ❞❡❣❡♥❡r❛t✐♦♥ ❛r❣✉♠❡♥t ✉s✐♥❣ ❙❡❧♠❡r K✲t❤❡♦r②✳

❚❤❡♦r❡♠ ✾✳✷✳✶ ✭P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ π : P1
X → X ❜❡ t❤❡

❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ♠❛♣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

π∗ ⊕ c♠♦t1 (O(1))π∗ : Z(i)♠♦t(X)⊕ Z(i− 1)♠♦t(X)[−2] −→ Z(i)♠♦t(P1
X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❯s✐♥❣ ❚❤❡♦r❡♠ ✻✳✷✳✹✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✷✳✶ ✇✐❧❧ r❡❞✉❝❡ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❛ s✐♠✐❧❛r
❡q✉✐✈❛❧❡♥❝❡ ❢♦r t❤❡ ❝❞❤ s❤❡❛✈❡s

(
L❝❞❤τ

>i Fp(i)
s②♥

)
(−) ✭Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✽✮✳ ▼♦st ♦❢ t❤✐s s❡❝t✐♦♥

✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡s❡ ❝❞❤ s❤❡❛✈❡s✳

▲❡♠♠❛ ✾✳✷✳✷✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i, j ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧
s❡q✉❡♥❝❡

L◆✐sτ
>jRΓét(−, j!µ

⊗i
pk
) −→

(
L◆✐sτ

>j Z /pk(i)s②♥
)
(−) −→

(
L◆✐sτ

>j Z /pk(i)❇▼❙
)
(−)

✐s ❛ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ D(Z /pk)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ q❝qs s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤❡ t❤r❡❡ ♣r❡s❤❡❛✈❡s ❛r❡ ✜♥✐t❛r② ◆✐s♥❡✈✐❝❤ s❤❡❛✈❡s✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥
❤❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣s ✭❬❈▼✷✶✱ ❈♦r♦❧❧❛r② 3.27 ❛♥❞ ❊①❛♠♣❧❡ 4.31❪✮✳ ▲❡t A ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ❧♦❝❛❧
r✐♥❣✳ ❇② ❬❇▲✷✷✱ ❘❡♠❛r❦ 8.4.4❪✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

RΓét(A, j!µ
⊗i
pk
) −→ Z /pk(i)s②♥(A) −→ Z /pk(i)❇▼❙(A)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)s②♥(A) −→ Z /pk(i)❇▼❙(A)

✐s s✉r❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ j✳ ■❢ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ A✱ t❤❡ t❛r❣❡t ♦❢ t❤✐s
♠❛♣ ✐s ③❡r♦✳ ■❢ p ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ✐♥ A✱ t❤❡♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ A ✐s p✲❤❡♥s❡❧✐❛♥✱ ❛♥❞ t❤✐s ♠❛♣
✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭◆♦t❛t✐♦♥ ✻✳✷✳✶✮✳

▲❡♠♠❛ ✾✳✷✳✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ V ❜❡ ❛ r❛♥❦ ♦♥❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢
♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ❝♦♠♣❧❡①

(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V ) ∈ D(Z /p

k)

✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ i+ 1✳✸

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ L❝❞❤τ>iRΓét(−, j!µ
⊗i
pk
) ✐s t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ❛ ♣r❡s❤❡❛❢ t❛❦✐♥❣ ✈❛❧✉❡s

✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+1✱ s♦ ✐t t❛❦❡s ✈❛❧✉❡s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+1✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣❧❡①
(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V ) ∈ D(Z /p

k)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ 1✱ ❝♦♥s✐❞❡r t❤❡ ✜❜r❡ s❡q✉❡♥❝❡
(
L❝❞❤τ

≤iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V ) −→ RΓét(P

1
V , j!µ

⊗i
pk
) −→

(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V )

✸❲❡ ✇✐❧❧ ♣r♦✈❡✱ ❛t t❤❡ ❡♥❞ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✻✱ t❤❛t t❤✐s ❝♦♠♣❧❡① ✐s ❛❝t✉❛❧❧② ③❡r♦✳

✶✶✶



✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛r❝ ❞❡s❝❡♥t ❢♦r t❤❡ ♣r❡s❤❡❛❢
RΓét(−, j!µ

⊗i
pk
) ✭❬❇▼✷✶✱ ❚❤❡♦r❡♠ 1.8❪✮✳ ❚❤❡ s❝❤❡♠❡ P1

V ❤❛s ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ t✇♦✱ s♦ t❤❡
❝♦♠♣❧❡① (

L❝❞❤τ
≤iRΓét(−, j!µ

⊗i
pk
)
)
(P1
V ) ∈ D(Z /p

k)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i + 2 ✭❬❊❍■❑✷✶✱ ❚❤❡♦r❡♠ 2.4.15❪✮✳ ❇② t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r t❤❡
♣r❡s❤❡❛✈❡s RΓét(−, j!µ

⊗i
pk
) ✭❬❇▲✷✷✱ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 9.1.1❪✮✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

RΓét(V, j!µ
⊗i
pk
)⊕RΓét(V, j!µ

⊗(i−1)

pk
)[−2] −→ RΓét(P

1
V , j!µ

⊗i
pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ ❢✉♥❝t♦rs RΓét(−, j!µ
⊗i
pk
) ❛♥❞ RΓét(−, j!µ

⊗(i−1)

pk
) ❛r❡

♠♦r❡♦✈❡r r✐❣✐❞ ✭❬●❛❜✾✹❪✱ s❡❡ ❛❧s♦ ❬❇▼✷✶✱ ❈♦r♦❧❧❛r② 1.18 (1)❪✮ ❛♥❞ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s
p✲❤❡♥s❡❧✐❛♥✱ s♦ t❤❡ ❝♦♠♣❧❡① RΓét(P

1
V , j!µ

⊗i
pk
) ∈ D(Z /pk) ✐s ③❡r♦✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♠♣❧❡①(

L❝❞❤τ
>iRΓét(−, j!µ

⊗i
pk
)
)
(P1
V ) ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

(
L❝❞❤τ

≤iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V )[1] ∈ D(Z /p

k),

❛♥❞ ✐s t❤✉s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ 1✳

❋♦❧❧♦✇✐♥❣ ❬❊❍■❑✷✶❪✱ ✇❡ s❛② t❤❛t ❛ D(Z)✲✈❛❧✉❡❞ ♣r❡s❤❡❛❢ ♦♥ q❝qs s❝❤❡♠❡s s❛t✐s✜❡s ❤❡♥s❡❧✐❛♥
v✲❡①❝✐s✐♦♥ ✐❢ ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ❛♥❞ ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ V ✱ t❤✐s ♣r❡s❤❡❛❢
s❡♥❞s t❤❡ ❜✐❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s

V Vp

V/p Vp/pVp

t♦ ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❜✐❝❛rt❡s✐❛♥ sq✉❛r❡✱ ❛❧❧ t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s
❛r❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❜② ❬❊❍■❑✷✶✱ ▲❡♠♠❛ 3.3.5❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡①♣❧❛✐♥s ❤♦✇
t♦ ✉s❡ ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥ t♦ ♣r♦✈❡ t❤❛t ❛ ♠❛♣ ♦❢ ❝❞❤ s❤❡❛✈❡s ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

▲❡♠♠❛ ✾✳✷✳✹✳ ▲❡t S ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥✱ C ❜❡ ❛ ∞✲❝❛t❡❣♦r②
✇❤✐❝❤ ✐s ❝♦♠♣❛❝t❧② ❣❡♥❡r❛t❡❞ ❜② ❝♦tr✉♥❝❛t❡❞ ♦❜❥❡❝ts✱ ❛♥❞ F,G : ❙❝❤q❝qs✱♦♣S → C ❜❡ ✜♥✐t❛r② ❝❞❤
s❤❡❛✈❡s s❛t✐s❢②✐♥❣ ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✳ ❚❤❡♥ ❛ ♠❛♣ ♦❢ ♣r❡s❤❡❛✈❡s F → G ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡
♦❢ ♣r❡s❤❡❛✈❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠❛♣ F (V )→ G(V ) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ C ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥
✈❛❧✉❛t✐♦♥ r✐♥❣ V ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡ ✇✐t❤ ❛ ♠❛♣ ❙♣❡❝(V )→ S✳

Pr♦♦❢✳ ❇② ❬❊❍■❑✷✶✱ Pr♦♣♦s✐t✐♦♥ 3.1.8 (2)❪✱ ❛ ♠❛♣ F → G ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♣r❡s❤❡❛✈❡s ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦✈❡r S✳ ❚❤❡ ♣r❡s❤❡❛✈❡s F ❛♥❞ G ❜❡✐♥❣
✜♥✐t❛r②✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢
✜♥✐t❡ r❛♥❦ ♦✈❡r S✳ ❇② ✐♥❞✉❝t✐♦♥✱ ❛♥❞ ✉s✐♥❣ ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✱ t❤✐s ✐s ✐♥ t✉r♥ ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡ ♦✈❡r S✳

▲❡♠♠❛ ✾✳✷✳✺✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡
D(Z /pk)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(−) ❛♥❞

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
−) ❛r❡ ✜♥✐✲

t❛r② ❝❞❤ s❤❡❛✈❡s ♦♥ q❝qs s❝❤❡♠❡s✱ ❛♥❞ s❛t✐s❢② ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✳

✶✶✷



Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ Z /pk(i)s②♥ ✐s ✜♥✐t❛r②✱ ❛♥❞ t❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ♦❢ ❛ ✜♥✐t❛r② ♣r❡s❤❡❛❢ ✐s
❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢ ✭▲❡♠♠❛ ✺✳✺✳✶✷✮✱ s♦ t❤❡ ♣r❡s❤❡❛❢

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(−) ✐s ❛ ✜♥✐t❛r② ❝❞❤

s❤❡❛❢✳ ❈♦✈❡rs ✐♥ ❛ s✐t❡ ❛r❡ st❛❜❧❡ ✉♥❞❡r ❜❛s❡ ❝❤❛♥❣❡✱ s♦ t❤❡ ♣r❡s❤❡❛❢
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
−)

✐s ❛❧s♦ ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢✳ ❍❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❧♦❝❛❧ r✐♥❣s ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✱ ❛♥❞
t❤❡ ♣r❡s❤❡❛✈❡s τ>iRΓét(−, j!µ

⊗i
pk
) ❛♥❞ τ>i Z /pk(i)❇▼❙ ❛r❡ r✐❣✐❞ ✭❬●❛❜✾✹❪ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✷✳✶✸✮✱

s♦ t❤❡ ♣r❡s❤❡❛✈❡s
(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(−) ❛♥❞

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(−)

s❛t✐s❢② ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✳ ❇② ▲❡♠♠❛ ✾✳✷✳✷ ✭❛♣♣❧✐❡❞ ❢♦r j = i ❛♥❞ ❛❢t❡r ❝❞❤ s❤❡❛✜✜❝❛✲
t✐♦♥✮✱ t❤❡ ♣r❡s❤❡❛❢

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(−) t❤❡♥ s❛t✐s✜❡s ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡

♣r❡s❤❡❛❢
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
−) s❛t✐s✜❡s ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❊❍■❑✷✶✱

▲❡♠♠❛ 3.3.7❪✱ ❛♥❞ ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥ ❢♦r t❤❡ ♣r❡s❤❡❛❢
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(−)✳

❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡ ♠♦t✐✈✐❝ ❛♥❞ s②♥t♦♠✐❝ ✜rst ❈❤❡r♥
❝❧❛ss❡s ♦❢ ❙❡❝t✐♦♥ ✾✳✶ ✐♠♣❧② t❤❛t t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠

Z /pk(i)♠♦t(X)⊕ Z /pk(i− 1)♠♦t(X)[−2] Z /pk(i)♠♦t(P1
X)

Z /pk(i)s②♥(X)⊕ Z /pk(i− 1)s②♥(X)[−2] Z /pk(i)s②♥(P1
X)

π∗⊕c♠♦t
1 (O(1))π∗

π∗⊕cs②♥1 (O(1))π∗

✐s ❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ♥❛t✉r❛❧ ♠❛♣
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(X)⊕

(
L❝❞❤τ

>i−1 Z /pk(i− 1)s②♥
)
(X)[−2] −→

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ❛s t❤❡ ♠❛♣ ✐♥❞✉❝❡❞✱ ✈✐❛ ❚❤❡♦r❡♠ ✻✳✷✳✹✱ ❜② t❛❦✐♥❣ ❝♦✜❜r❡s
❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ♠❛♣s ♦❢ t❤✐s ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✳

Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✻✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ V ❜❡ ❛ r❛♥❦ ♦♥❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣
♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

τ>i Z /pk(i)s②♥(V )⊕
(
τ>i−1 Z /pk(i− 1)s②♥(V )

)
[−2] −→

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s p✲❤❡♥s❡❧✐❛♥✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣s

τ>i Z /pk(i)s②♥(V ) −→ τ>i Z /pk(i)❇▼❙(V )

❛♥❞ (
τ>i−1 Z /pk(i− 1)s②♥(V )

)
[−2] −→

(
τ>i−1 Z /pk(i)❇▼❙(V )

)
[−2]

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

τ>i Z /pk(i)❇▼❙(V )⊕
(
τ>i−1 Z /pk(i− 1)❇▼❙(V )

)
[−2] −→

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ▲❡t κ ❜❡ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ V ✳ ❇② t❤❡
r✐❣✐❞✐t② ♣r♦♣❡rt② ❚❤❡♦r❡♠ ✸✳✷✳✶✸✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣s

τ>i Z /pk(i)❇▼❙(V ) −→ τ>i Z /pk(i)❇▼❙(κ)

✶✶✸



❛♥❞ (
τ>i−1 Z /pk(i− 1)❇▼❙(V )

)
[−2] −→

(
τ>i−1 Z /pk(i− 1)❇▼❙(κ)

)
[−2]

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❇② ❈♦r♦❧❧❛r② ✼✳✷✳✷✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣
(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
V ) −→

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
V/p)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❚❤❡ ♣r❡s❤❡❛❢ (L❝❞❤τ>i Z /pk(i)❇▼❙)(P1
−)

✐s ♠♦r❡♦✈❡r ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢✱ s♦ ✐t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♥✐❧♣♦t❡♥t ❡①t❡♥s✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
V/p) −→

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
κ)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧
♠❛♣

τ>i Z /pk(i)❇▼❙(κ)⊕
(
τ>i−1 Z /pk(i− 1)❇▼❙(κ)

)
[−2] −→

(
L❝❞❤τ

>i Z /pk(i)❇▼❙
)
(P1
κ)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ❛♥❞ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P1✲❜✉♥❞❧❡
❢♦r♠✉❧❛ ♦♥ ❝❤❛r❛❝t❡r✐st✐❝ p ✜❡❧❞s ❢♦r t❤❡ ♣r❡s❤❡❛✈❡s Z /pk(i)❝❞❤ ✭❬❇❊▼✷✹❪✮ ❛♥❞ L❝❞❤ Z /pk(i)❇▼❙

✭❬❊▼✷✸✱ ▲❡♠♠❛ 5.17❪✮✳
❲❡ ♣r♦✈❡ ♥♦✇ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

τ>i Z /pk(i)s②♥(V )⊕
(
τ>i−1 Z /pk(i− 1)s②♥(V )

)
[−2] −→

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❇② ▲❡♠♠❛ ✾✳✷✳✷ ✭❛♣♣❧✐❡❞ ❢♦r j = i ❛♥❞
❛❢t❡r ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥✮✱ ✇❡ ❥✉st ♣r♦✈❡❞ t❤❛t t❤❡ ❝♦✜❜r❡ ♦❢ t❤✐s ♠❛♣ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤
t❤❡ ❝♦♠♣❧❡① (

L❝❞❤τ
>iRΓét(−, j!µ

⊗i
pk
)
)
(P1
V ) ∈ D(Z /p

k).

❇② ❊①❛♠♣❧❡ ✾✳✶✳✻✱ t❤❡s❡ ❝♦♠♣❧❡①❡s✱ ✐♥❞❡①❡❞ ❜② ✐♥t❡❣❡rs i ≥ 0✱ ❢♦r♠ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ♦❢ t❤❡
✜❧t❡r❡❞ s♣❡❝tr✉♠ ❞❡✜♥❡❞ ❛s t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛

❋✐❧⋆♠♦t❑(X;Z /pk) −→ ❋✐❧⋆♠♦t❑
❙❡❧(X;Z /pk).

❚❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑(−;Z /pk) → ❑❙❡❧(−;Z /pk)✱ ❛s ❛ ❝♦✜❜r❡ ♦❢ t✇♦ ❛❞❞✐t✐✈❡
✐♥✈❛r✐❛♥ts ♦❢ Z✲❧✐♥❡❛r ∞✲❝❛t❡❣♦r✐❡s✱ ✐s ❛♥ ❛❞❞✐t✐✈❡ ✐♥✈❛r✐❛♥t ♦❢ Z✲❧✐♥❡❛r ∞✲❝❛t❡❣♦r✐❡s ❛♥❞✱ ❛s
s✉❝❤✱ s❛t✐s✜❡s t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✭❬❊▼✷✸✱ ▲❡♠♠❛ 5.6❪✮✳ ❚❤✐s ✜❧tr❛t✐♦♥ t❤❡♥ ✐♥❞✉❝❡s ❛
s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Ei,j2 = ❍i−j
((
L❝❞❤τ

>−jRΓét(−, j!µ
⊗(−j)

pk
)
)
(P1
V )

)
=⇒ 0.

❇② ▲❡♠♠❛ ✾✳✷✳✸✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝♦♠♣❧❡①
(
L❝❞❤τ

>iRΓét(−, j!µ
⊗i
pk
)
)
(P1
V ) ∈ D(Z /p

k)
✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ i+1✱ s♦ t❤✐s s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❞❡❣❡♥❡r❛t❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞
❡q✉✐✈❛❧❡♥❝❡✳

❘❡♠❛r❦ ✾✳✷✳✼✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✻ ✉s❡s ❛ r❡❞✉❝t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ✜❡❧❞s ♦❢ ❝❤❛r✲
❛❝t❡r✐st✐❝ p✱ ✇❤❡r❡ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡s❤❡❛✈❡s
Z /pk(i)❝❞❤ ✭❬❇❊▼✷✹❪✮ ❛♥❞ L❝❞❤ Z /pk(i)❇▼❙ ✭❬❊▼✷✸✱ ▲❡♠♠❛ 5.17❪✮✳ ■t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦
❜②♣❛ss t❤❡s❡ t✇♦ r❡s✉❧ts ❛♥❞ ♣r♦✈❡ ❞✐r❡❝t❧② t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ♦♥ ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p
❢♦r t❤❡ ♣r❡s❤❡❛✈❡s L❝❞❤τ>i Z /pk(i)❇▼❙✱ ❜② ✐♠✐t❛t✐♥❣ t❤❡ ❞❡❣❡♥❡r❛t✐♦♥ ❛r❣✉♠❡♥t ♦❢ ❬❊▼✷✸✱
▲❡♠♠❛ 5.17❪✳

✶✶✹



Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✽✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs
i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(X)⊕

(
L❝❞❤τ

>i−1 Z /pk(i− 1)s②♥
)
(X)[−2] −→

(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛✈❡s L❝❞❤τ>i Z /pk(i)s②♥ ❛♥❞
(
L❝❞❤τ

>i Z /pk(i)s②♥
)
(P1
−) ❛r❡ ✜♥✐t❛r② ❝❞❤ s❤❡❛✲

✈❡s ♦♥ q❝qs s❝❤❡♠❡s✱ ❛♥❞ s❛t✐s❢② ❤❡♥s❡❧✐❛♥ v✲❡①❝✐s✐♦♥ ✭▲❡♠♠❛ ✾✳✷✳✺✮✳ ■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡
t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡ ✭▲❡♠♠❛ ✾✳✷✳✹✮✳ ▲❡t V
❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡✳

■❢ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡♥ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t t❤❡ ♥❛t✉r❛❧
♠❛♣

τ>iRΓét(V, µ
⊗i
pk
)⊕

(
τ>i−1RΓét(V, µ

⊗(i−1)

pk
)
)
[−2] −→

(
L❝❞❤τ

>iRΓét(−, µ
⊗i
pk
)
)
(P1
V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ✜❜r❡
s❡q✉❡♥❝❡ ♦❢ D(Z /pk)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s

Z /pk(i)❝❞❤(−) −→ RΓét(−, µ
⊗i
pk
) −→ L❝❞❤τ

>iRΓét(−, µ
⊗i
pk
)

♦♥ q❝qs Z[1p ]✲s❝❤❡♠❡s ✭❬❇❊▼✷✹❪✮✳ ❚❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ♦♥ q❝qs Z[1p ]✲s❝❤❡♠❡s ❢♦r t❤❡ ♣r❡s❤❡❛❢ Z /pk(i)❝❞❤ ✭❬❇❊▼✷✹❪✮ ❛♥❞ t❤❡

♣r❡s❤❡❛❢ RΓét(−, µ
⊗i
pk
) ✭❬❇▲✷✷✱ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 9.1.1❪✮✳

■❢ p ✐s ③❡r♦ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡♥ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛
♦♥ q❝qs Fp✲s❝❤❡♠❡s ❢♦r t❤❡ ♣r❡s❤❡❛✈❡s Z /pk(i)❝❞❤ ✭❬❇❊▼✷✹❪✮ ❛♥❞ L❝❞❤ Z /p

k(i)❇▼❙ ✭❬❊▼✷✸✱
❚❤❡♦r❡♠ 5.14❪✮✳

■❢ p ✐s ♥❡✐t❤❡r ✐♥✈❡rt✐❜❧❡ ♥♦r ③❡r♦ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡♥ V ✐s ❛ r❛♥❦ ♦♥❡ ❤❡♥s❡❧✐❛♥
✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✱ ❛♥❞ t❤❡ r❡s✉❧t ✐s Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✻✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✷✳✶✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡
♥✉♠❜❡r p✳ ❘❛t✐♦♥❛❧❧②✱ t❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❞❡❣❡♥❡r❛t❡s ✭❚❤❡♦r❡♠ ✺✳✵✳✶✮✱
s♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✭❙❡❝t✐♦♥ ✾✳✶✮✳
▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✹✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ✐s ❛ ✜❜r❡ s❡q✉❡♥❝❡
♦❢ D(Fp)✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s ♦♥ q❝qs s❝❤❡♠❡s

Fp(i)
♠♦t(−) −→ Fp(i)

s②♥(−) −→
(
L❝❞❤τ

>i Fp(i)
s②♥

)
(−).

❇② ❬❇▲✷✷✱ ❚❤❡♦r❡♠ 9.1.1❪✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

π∗ ⊕ cs②♥1 (O(1))π∗ : Fp(i)
s②♥(X)⊕ Fp(i− 1)s②♥(X)[−2] −→ Fp(i)

s②♥(P1
X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳ ❚❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✽✳

✾✳✸ ❘❡❣✉❧❛r ❜❧♦✇✉♣ ❛♥❞ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t

✭❚❤❡♦r❡♠ ✾✳✸✳✶✮✳ ❇② ❛♥ ❛r❣✉♠❡♥t ♦❢ ❆♥♥❛❧❛✕■✇❛s❛✱ t❤✐s ❛♥❞ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✐♠♣❧② t❤❡
❣❡♥❡r❛❧ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ✭❚❤❡♦r❡♠ ✾✳✸✳✷✮✳

✶✶✺



❚❤❡♦r❡♠ ✾✳✸✳✶ ✭❘❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛✮✳ ▲❡t Y → Z ❜❡ ❛ r❡❣✉❧❛r ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ ♦❢ q❝qs
s❝❤❡♠❡s✳✹ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(Z) Z(i)♠♦t(Y )

Z(i)♠♦t(❇❧Y (Z)) Z(i)♠♦t(❇❧Y (Z)×Z Y )

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳
❇② ❞❡✜♥✐t✐♦♥✱ ❛ ❝❞❤ s❤❡❛❢ s❡♥❞s ❛♥ ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ t♦ ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡✱ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r s❛t✐s✜❡s t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛✳ ❇② ❈♦r♦❧❧❛r② ✺✳✻✳✼✱ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛
❢♦r t❤❡ ♣r❡s❤❡❛❢ Q(i)♠♦t ✐s t❤❡♥ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡s❤❡❛❢
RΓ❩❛r(−,LΩ

<i
−Q/Q

)✳ ❆♥❞ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r(−,LΩ<i−Q/Q
) ✐s

❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r(−,L
j
−/ Z ⊗Z Q)

s❛t✐s✜❡s t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ✭❬❇▲✷✷✱ ▲❡♠♠❛ 9.4.3❪✮✳
▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❙✐♠✐❧❛r❧②✱ ❈♦r♦❧❧❛r② ✹✳✸✳✶✷ ✐♠♣❧✐❡s t❤❛t t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣

❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡s❤❡❛❢ Fp(i)♠♦t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r❡s❤❡❛❢
Fp(i)

❇▼❙✳ ❇② ❬❆▼▼◆✷✷✱ ❈♦r♦❧❧❛r② 5.31❪✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r m ≥ 0 ❛♥❞ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
♣r❡s❤❡❛✈❡s

Fp(i)
❇▼❙(−)

∼
−−→ ✜❜

(
❝❛♥− ϕi : (N

≥i
✁−{i}/N

≥i+m
✁−{i})/p −→ (✁−{i}/N

≥i+m
✁−{i})/p

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ N j
✁−/p s❛t✐s✜❡s

t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛✳ ❇② ❬❇▲✷✷✱ ❘❡♠❛r❦ 5.5.8 ❛♥❞ ❊①❛♠♣❧❡ 4.7.8❪✱ t❤❡r❡ ✐s ❛ ✜❜r❡
s❡q✉❡♥❝❡ ♦❢ ♣r❡s❤❡❛✈❡s

N j
✁−{i}/p −→ ❋✐❧❝♦♥❥j ✁−/ZpJp̃K/p

Θ+j
−−−→ ❋✐❧❝♦♥❥j−1✁−/ZpJp̃K/p.

❚❤❡ ♣r❡s❤❡❛✈❡s ❋✐❧❝♦♥❥j ✁−/ZpJp̃K/p ❛♥❞ ❋✐❧❝♦♥❥j−1✁−/ZpJp̃K/p ❤❛✈❡ ✜♥✐t❡ ✜❧tr❛t✐♦♥s ✇✐t❤ ❣r❛❞❡❞
♣✐❡❝❡s ❣✐✈❡♥ ❜② ♠♦❞✉❧♦ p ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①✱ ❛♥❞ t❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ r❡❣✉❧❛r ❜❧♦✇✉♣ ❢♦r♠✉❧❛ ❢♦r ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✭❬❇▲✷✷✱ ▲❡♠♠❛ ✾✳✹✳✸❪✮✳

❚❤❡♦r❡♠ ✾✳✸✳✷ ✭Pr♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ❢♦r♠✉❧❛✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✱ r ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✱
E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ r + 1 ♦♥ X✱ ❛♥❞ π : PX(E) → X ❜❡ t❤❡ ♣r♦❥❡❝t✐✈✐s❛t✐♦♥ ♦❢ E✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ∈ Z✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

r∑

j=0

c♠♦t
1 (O(1))jπ∗ :

r⊕

j=0

Z(i− j)♠♦t(X)[−2j] −→ Z(i)♠♦t(PX(E))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❇② ❩❛r✐s❦✐ ❞❡s❝❡♥t✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ E ✐s ❣✐✈❡♥
❜② Ar+1

X ✱ ✐✳❡✳✱ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

r∑

j=0

c♠♦t
1 (O(1))jπ∗ :

r⊕

j=0

Z(i− j)♠♦t(X)[−2j] −→ Z(i)♠♦t(PrX)

✹❆ ♠♦r♣❤✐s♠ Y → Z ✐s ❛ r❡❣✉❧❛r ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ ✐❢ ✐t ✐s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✱ ❛♥❞ ✐❢ Z ❛❞♠✐ts ❛♥ ❛✣♥❡
♦♣❡♥ ❝♦✈❡r s✉❝❤ t❤❛t Y ✐s ❞❡✜♥❡❞ ❜② ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✣♥❡ s❝❤❡♠❡s✳

✶✶✻



✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❚❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t s❛t✐s❢② t❤❡ P1✲❜✉♥❞❧❡
❢♦r♠✉❧❛ ✭❚❤❡♦r❡♠ ✾✳✷✳✶✮✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r m ≥ 0✱ t❤❡②
s❡♥❞ t❤❡ ❜❧♦✇✉♣ sq✉❛r❡

PmX ❇❧X(A
m+1
X )

X Am+1
X

0

t♦ ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❚❤❡♦r❡♠ ✾✳✸✳✶✱ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡
t❤❡ r❡❣✉❧❛r ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ Y → Z ✐s t❤❡ ③❡r♦ s❡❝t✐♦♥ X → Am+1

X ✮✳ ❇② t❤❡ ❛r❣✉♠❡♥t ♦❢
❬❆■✷✸✱ ▲❡♠♠❛ 3.3.5❪✱ t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ✐♠♣❧②✱ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡ ❞❡s✐r❡❞ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡
❢♦r♠✉❧❛✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❞❡♥♦t❡ ❜② Z(i)♠♦tX : ❙♠♦♣
X → D(Z) t❤❡ ❩❛r✐s❦✐ s❤❡❛✈❡s ♦♥ s♠♦♦t❤

s❝❤❡♠❡s ♦✈❡r X ✐♥❞✉❝❡❞ ❜② r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t✳

❈♦r♦❧❧❛r② ✾✳✸✳✸ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ♠♦t✐✈✐❝ s♣❡❝tr❛✮✳ ❋♦r ❡✈❡r② q❝qs
s❝❤❡♠❡ X✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s {Z(i)♠♦tX }i∈Z ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ P1✲♠♦t✐✈✐❝ s♣❡❝tr✉♠ ✐♥
t❤❡ s❡♥s❡ ♦❢ ❬❆■✷✸❪✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ P1✲♠♦t✐✈✐❝ s♣❡❝tr❛✱ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❜❧♦✇✉♣ ❡①❝✐s✐♦♥
✭✇❤✐❝❤ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✾✳✸✳✶✮ ❛♥❞ t❤❡ P1✲❜✉♥❞❧❡ ❢♦r♠✉❧❛ ✭❚❤❡♦r❡♠ ✾✳✷✳✶✮✳

✶✶✼



✶✶✽



❈❤❛♣t❡r ✶✵

▼♦t✐✈✐❝ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣ ❛♥❞ ♣r♦ ❝❞❤
❞❡s❝❡♥t

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❲❡ ♣r♦✈❡
❛ ❣❡♥❡r❛❧ ✈❛♥✐s❤✐♥❣ r❡s✉❧t ✇❤✐❝❤ r❡✜♥❡s ❲❡✐❜❡❧✬s ✈❛♥✐s❤✐♥❣ ❝♦♥❥❡❝t✉r❡ ♦♥ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s
✭❚❤❡♦r❡♠ ✶✵✳✸✳✸✮✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡② ❝♦✐♥❝✐❞❡ ✇✐t❤ ❑❡❧❧②✕❙❛✐t♦✬s ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s
Z(i)♣r♦❝❞❤ ✭❚❤❡♦r❡♠ ✶✵✳✹✳✷✮✳ ❚❤❡ ❦❡② ✐♥♣✉t ❢♦r ❜♦t❤ t❤❡s❡ r❡s✉❧ts ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ♠♦t✐✈✐❝
❝♦♠♣❧❡①❡s Z(i)♠♦t s❛t✐s❢② ♣r♦ ❝❞❤ ❡①❝✐s✐♦♥ ✭❚❤❡♦r❡♠ ✶✵✳✷✳✶✶✮✱ ✐✳❡✳✱ t❤❛t t❤❡② s❡♥❞ ❛❜str❛❝t
❜❧♦✇✉♣ sq✉❛r❡s t♦ ♣r♦ ❝❛rt❡s✐❛♥ sq✉❛r❡s✳

◆♦t❛t✐♦♥ ✶✵✳✵✳✶ ✭❆❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡✮✳ ❆♥ ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ ✭♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✮
✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡

Y ′ X ′

Y X

✭✶✵✳✶✮

♦❢ q❝qs s❝❤❡♠❡s ✭r❡s♣✳ ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✮ s✉❝❤ t❤❛t X ′ → X ✐s ♣r♦♣❡r ❛♥❞ ✜♥✐t❡❧② ♣r❡✲
s❡♥t❡❞✱ Y → X ✐s ❛ ✜♥✐t❡❧② ♣r❡s❡♥t❡❞ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✱ ❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣X ′ \ Y ′ → X \ Y
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛❧s♦ ❞❡♥♦t❡✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r r ≥ 0✱ ❜② rY ✭r❡s♣✳ rY ′✮
t❤❡ r − 1st ✐♥✜♥✐t❡s✐♠❛❧ t❤✐❝❦❡♥✐♥❣ ♦❢ Y ✐♥s✐❞❡ X ✭r❡s♣✳ ♦❢ Y ′ ✐♥s✐❞❡ X ′✮✳

❲❡ ✉s❡ ❑❡❧❧②✕❙❛✐t♦✬s r❡❝❡♥t ❞❡✜♥✐t✐♦♥ ✐♥ ❬❑❙✷✹❪ ♦❢ t❤❡ ♣r♦ ❝❞❤ t♦♣♦❧♦❣② t♦ ❡♥❝♦❞❡ t❤❡ ❢❛❝t
t❤❛t ❛ ◆✐s♥❡✈✐❝❤ s❤❡❛❢ ✭❡✳❣✳✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t✮ s❛t✐s✜❡s ♣r♦ ❝❞❤ ❡①❝✐s✐♦♥✳ ❑❡❧❧②✕
❙❛✐t♦ ♣r♦✈❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ✐❢ S ❤❛s ✜♥✐t❡ ✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ♥♦❡t❤❡r✐❛♥ t♦♣♦❧♦❣✐❝❛❧
s♣❛❝❡✱ t❤❡♥ t❤❡ ♣r♦ ❝❞❤ t♦♣♦s ♦❢ S ✐s ❤②♣❡r❝♦♠♣❧❡t❡ ❛♥❞ ❤❛s ❡♥♦✉❣❤ ♣♦✐♥ts✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ♦♥❧② ❢♦r ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s S✳

❉❡✜♥✐t✐♦♥ ✶✵✳✵✳✷ ✭Pr♦ ❝❞❤ ❞❡s❝❡♥t✱ ❛❢t❡r ❬❑❙✷✹❪✮✳ ▲❡t S ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❆ ♣r♦ ❝❞❤ s❤❡❛❢
♦♥ ✜♥✐t❡❧② ♣r❡s❡♥t❡❞ S✲s❝❤❡♠❡s ✐s ❛ ♣r❡s❤❡❛❢

F : ❙❝❤❢♣✱♦♣S −→ D(Z)

s❛t✐s❢②✐♥❣ ◆✐s♥❡✈✐❝❤ ❞❡s❝❡♥t✱ ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ ♦❢ ✜♥✐t❡❧② ♣r❡✲
s❡♥t❡❞ S✲s❝❤❡♠❡s (10.1)✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

F (X) F (X ′)

{F (rY )}r {F (rY ′)}r

✶✶✾



✐s ❛ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳✶

✶✵✳✶ Pr♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦♥
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼✮✳ ❖♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ t❤✐s ✐s
❬▼♦r✶✻✱ ❚❤❡♦r❡♠ 2.10❪✳ ❖♥ ❣❡♥❡r❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❦❡t❝❤ ♣r❡s❡♥t❡❞
✐♥ ❬❊▼✷✸✱ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 8.5❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛r❣✉♠❡♥ts ❛r❡ ❡①❛❝t❧② ❛s ✐♥ ❬▼♦r✶✻❪✱
❡①❝❡♣t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦✬s ❢♦r♠❛❧ ❢✉♥❝t✐♦♥s t❤❡♦r❡♠ ✭❬●r♦✻✶✱
❈♦r♦❧❧❛r② 4.1.7❪✮✱ ✇❤❡r❡ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ❤②♣♦t❤❡s✐s ✐s r❡♠♦✈❡❞✳ ❲❡ ❣✐✈❡ s♦♠❡ ❞❡t❛✐❧s
❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

❋♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ A✱ r❡❝❛❧❧ t❤❛t ❛ ♣r♦ A✲♠♦❞✉❧❡ {Mr}r ✐s ③❡r♦ ✐❢ ❢♦r ❡✈❡r② ✐♥❞❡① r✱
t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① r′ ≥ r s✉❝❤ t❤❛t t❤❡ ♠❛♣ Mr′ → Mr ✐s t❤❡ ③❡r♦ ♠❛♣✳ ❙✐♠✐❧❛r❧②✱ ❛ ♠❛♣
{Mr}r → {Nr}r ♦❢ ♣r♦ A✲♠♦❞✉❧❡s ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ ✐ts ❦❡r♥❡❧ ❛♥❞ ❝♦❦❡r♥❡❧ ❛r❡ ③❡r♦ ♣r♦
A✲♠♦❞✉❧❡s✳ ❲❡ s❛② t❤❛t ❛ ♣r♦ ♦❜❥❡❝t {Cr}r ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ✐s ✇❡❛❦❧② ③❡r♦ ✐❢ ❛❧❧
✐ts ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ ③❡r♦ ♣r♦ A✲♠♦❞✉❧❡s✳ ◆♦t❡ t❤❛t ❛❧❧ t❤❡ ♣r♦ ❝♦♠♣❧❡①❡s t❤❛t ✇❡ ✇✐❧❧
❝♦♥s✐❞❡r ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛❜♦✈❡✱ s♦ t❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❜❡✐♥❣ ✇❡❛❦❧② ③❡r♦ ✐♥
t❤❡ st❛❜❧❡ ∞✲❝❛t❡❣♦r② ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ✭❬▲❚✶✾✱ ❉❡✜♥✐t✐♦♥ 2.27❪✮✳
❙✐♠✐❧❛r❧②✱ ✇❡ s❛② t❤❛t ❛ ♠❛♣ {Cr}r → {C ′r}r ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ✐s ❛
✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ ✐ts ✜❜r❡ ✐s ✇❡❛❦❧② ③❡r♦ ❛s ❛ ♣r♦ ♦❜❥❡❝t ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

▲❡♠♠❛ ✶✵✳✶✳✶ ✭❋♦r♠❛❧ ❢✉♥❝t✐♦♥s t❤❡♦r❡♠✱ ❛❢t❡r ▲✉r✐❡ ❬▲✉r✶✾❪✮✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠✲
♠✉t❛t✐✈❡ r✐♥❣✱ I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ A✱ X ❜❡ ❛ ♣r♦♣❡r s❝❤❡♠❡ ♦✈❡r ❙♣❡❝(A)✱ ❛♥❞ X∧I ❜❡ t❤❡ ❢♦r♠❛❧
❝♦♠♣❧❡t✐♦♥ ♦❢ X ❛❧♦♥❣ t❤❡ ✈❛♥✐s❤✐♥❣ ❧♦❝✉s ♦❢ I✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❝♦❤❡r❡♥t s❤❡❛❢ F ♦✈❡r X✱ t❤❡
♥❛t✉r❛❧ ♠❛♣

RΓ❩❛r(X,F) −→ RΓ❩❛r(X
∧
I ,F

∧
I )

✇❤❡r❡ F∧I ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ F ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ ♠❛♣ X∧I → X✱ ❡①❤✐❜✐ts t❤❡ t❛r❣❡t ❛s t❤❡ I✲❛❞✐❝
❝♦♠♣❧❡t✐♦♥✷ ♦❢ t❤❡ s♦✉r❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

{RΓ❩❛r(X,F)/I
r}r −→ {RΓ❩❛r(X ×❙♣❡❝(A) ❙♣❡❝(A/I

r),F ⊗L
OX
OX/I

rOX)}r

✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❬▲✉r✶✾✱ ▲❡♠♠❛ 8.5.1.1❪✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱
❛❧t❤♦✉❣❤ ❛ ♣r✐♦r✐ str♦♥❣❡r✱ ❢♦❧❧♦✇s ❜② ❛♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ✭❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♣r♦♦❢ ♦❢ ❬▲✉r✶✾✱ ▲❡♠♠❛ 8.1.2.3❪✮✳

▲❡♠♠❛ ✶✵✳✶✳✷✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ X ❜❡ ❛ ♣r♦♣❡r s❝❤❡♠❡ ♦✈❡r
❙♣❡❝(A)✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs j ≥ 0 ❛♥❞ n ∈ Z✱ t❤❡ A✲♠♦❞✉❧❡ ❍n❩❛r(X,L

j
−/A) ✐s ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞✳

✶❇② t❤✐s✱ ✇❡ ♠❡❛♥ t❤❛t ❛❧❧ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ t♦t❛❧ ✜❜r❡ ♦❢ t❤✐s ❝♦♠♠✉t❛t✐✈❡ sq✉❛r❡ ❛r❡ ③❡r♦
❛s ♣r♦ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❆❧❧ t❤❡ ♣r❡s❤❡❛✈❡s F t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✭♠♦st ✐♠♣♦rt❛♥t❧②✱ t❤❡ ♣r❡s❤❡❛✈❡s Z(i)♠♦t✮
❛r❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ ❜② ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡✐r ✐♥♣✉t ✭❢♦r
t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t✱ t❤✐s ✐s Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹✮❀ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ✇✐❧❧ t❤❡♥
❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❜❡✐♥❣ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ ✐♥ t❤❡ st❛❜❧❡ ∞✲❝❛t❡❣♦r② ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱
✐♥ t❤❡ s❡♥s❡ ♦❢ ❬▲❚✶✾✱ ❉❡✜♥✐t✐♦♥ 2.27❪✳

✷❚❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡s❡ ❝♦❤❡r❡♥t s❤❡❛✈❡s ❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ A✲♠♦❞✉❧❡s ✭❜❡❝❛✉s❡ X ✐s ♣r♦♣❡r
♦✈❡r ❙♣❡❝(A)✮✱ s♦ t❤❡ ❞❡r✐✈❡❞ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ❝♦✐♥❝✐❞❡ ✐♥ t❤✐s ❝♦♥t❡①t✳

✶✷✵



Pr♦♦❢✳ ❚❤❡ s❝❤❡♠❡ X ✐s ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r ❙♣❡❝(A)✱ s♦ t❤❡ OX ✲♠♦❞✉❧❡ Hn❩❛r(−,L
j
−/A) ✐s

❝♦❤❡r❡♥t✳ ❇❡❝❛✉s❡ X ✐s ♣r♦♣❡r ♦✈❡r ❙♣❡❝(A)✱ ✐ts ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ t❤✉s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
A✲♠♦❞✉❧❡s✳

❈♦r♦❧❧❛r② ✶✵✳✶✳✸✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ A✱ ❛♥❞ X ❜❡ ❛
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ♣r♦♣❡r ♦✈❡r ❙♣❡❝(A)✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs j ≥ 0 ❛♥❞ n ∈ Z✱ t❤❡
♥❛t✉r❛❧ ♠❛♣

{❍n❩❛r(X,L
j
−/A)/I

r}r −→ {❍
n
❩❛r(X,L

j
−/A ⊗

L
OX
OX/I

rOX)}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✶✵✳✶✳✷ ❛♥❞ ✐ts ♣r♦♦❢✱ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ ❤②♣❡r❝♦❤♦♠♦❧♦❣② s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Ep,q2 = ❍p❩❛r(X,H
q
❩❛r(−,L

j
−/R)) =⇒ ❍p+q❩❛r (X,L

j
−/A)

❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ A✲♠♦❞✉❧❡s✳ ❚❤❡ ❢✉♥❝t♦r {− ⊗A A/Ir}r ✐s ❡①❛❝t ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢
✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ A✲♠♦❞✉❧❡s ✭❬▼♦r✶✻✱ ❚❤❡♦r❡♠ 1.1 ✭✐✐✮❪✮✱ s♦ ✐t ✐♥❞✉❝❡s ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ♦❢
♣r♦ A✲♠♦❞✉❧❡s

Ep,q2 = {❍p❩❛r(X,H
q
❩❛r(−,L

j
−/A))/I

r}r =⇒ {❍
p+q
❩❛r (X,L

j
−/A)/I

r}r.

■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s

{❍p❩❛r(X,H
q
❩❛r(−,L

j
−/A))/I

r}r −→ {❍
p
❩❛r(X,H

q
❩❛r(−,L

j
−/A ⊗

L
OX
OX/I

rOX))}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛❧❧ ✐♥t❡❣❡rs p, q ≥ 0✳ ❚❤❡ ♥❛t✉r❛❧ ♠❛♣

{❍p❩❛r(X,H
q
❩❛r(−,L

j
−/A))/I

r}r −→ {❍
p
❩❛r(X,H

q
❩❛r(−,L

j
−/A)⊗

L
A A/I

r)}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ▲❡♠♠❛ ✶✵✳✶✳✶ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦❤❡r❡♥t s❤❡❛❢ Hq❩❛r(−,L−/A) ♦♥ X✱ ❛♥❞
t❤❡ ♥❛t✉r❛❧ ♠❛♣

{❍p❩❛r(X,H
q
❩❛r(−,L

j
−/A)⊗

L
A A/I

r)}r −→ {❍
p
❩❛r(X,H

q
❩❛r(−,L

j
−/A ⊗

L
OX
OX/I

rOX))}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ❬▼♦r✶✻✱ ▲❡♠♠❛ 2.3❪✳

▲❡♠♠❛ ✶✵✳✶✳✹✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ A✱ ❛♥❞ X ❜❡ ❛
♣r♦♣❡r s❝❤❡♠❡ ♦✈❡r ❙♣❡❝(A) s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ X \ V (IOX)→ ❙♣❡❝(A) \ V (I) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳

✭✶✮ ❋♦r ❛♥② ✐♥t❡❣❡rs j ≥ 0 ❛♥❞ n ∈ Z✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

{❍n❩❛r(X,L
j
−/A ⊗

L
OX

IrOX)}r −→ {I
r❍n❩❛r(X,L

j
−/A)}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳

✭✷✮ ❋♦r ❛♥② ✐♥t❡❣❡rs j ≥ 0 ❛♥❞ n ∈ Z s✉❝❤ t❤❛t (j, n) ̸= (0, 0)✱ t❤❡ A✲♠♦❞✉❧❡ ❍n❩❛r(X,L
j
−/A)

✐s ❦✐❧❧❡❞ ❜② ❛ ♣♦✇❡r ♦❢ I❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦ A✲♠♦❞✉❧❡ {Ir❍n❩❛r(X,L
j
−/A)}r ✐s ③❡r♦✳

✶✷✶



Pr♦♦❢✳ (1) ❚❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0 → {IrOX}r → OX → {OX/I
rOX}r → 0 ♦❢ ♣r♦

OX ✲♠♦❞✉❧❡s ✐♥❞✉❝❡s ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · → ❍n❩❛r(X,L
j
−/A ⊗

L
OX

IrOX)}r → ❍n❩❛r(X,L
j
−/A)→ {❍

n
❩❛r(X,L

j
−/A ⊗

L
OX
OX/I

rOX)}r →

♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳ ❇② ❈♦r♦❧❧❛r② ✶✵✳✶✳✸✱ t❤❡ ❜♦✉♥❞❛r② ♠❛♣s ♦❢ t❤✐s ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✈❛♥✐s❤✱
❤❡♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠❛♣

{❍n❩❛r(X,L
j
−/A ⊗

L
OX

IrOX)}r −→ {I
r❍n❩❛r(X,L

j
−/A)}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳
(2) ❇② ▲❡♠♠❛ ✶✵✳✶✳✷✱ t❤❡ A✲♠♦❞✉❧❡ ❍n❩❛r(X,L

j
−/A) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❇❡❝❛✉s❡ t❤❡ ♠❛♣

X \ V (IOX) → ❙♣❡❝(A) \ V (I) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ t❤✐s A✲♠♦❞✉❧❡ ✐s ♠♦r❡♦✈❡r s✉♣♣♦rt❡❞ ♦♥
V (I) ✐❢ (j, n) ̸= (0, 0)✳ ■❢ (j, n) ̸= (0, 0)✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ A✲♠♦❞✉❧❡ ❍n❩❛r(X,L

j
−/A) ✐s ❦✐❧❧❡❞

❜② ❛ ♣♦✇❡r ♦❢ I✳

❈♦r♦❧❧❛r② ✶✵✳✶✳✺✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ A✱ ❛♥❞ X ❜❡ ❛
♣r♦♣❡r s❝❤❡♠❡ ♦✈❡r ❙♣❡❝(A) s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ X \ V (IOX)→ ❙♣❡❝(A) \ V (I) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

{LjA/Z ⊗
L
A I

r}r −→ {RΓ❩❛r(X,L
j
−/Z ⊗

L
OX

IrOX)}r

✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✶✵✳✶✳✹✱ ❛♥❞ ❢♦r ❛♥② ✐♥t❡❣❡rs n, a, b ∈ Z✱ t❤❡ ♣r♦ A✲♠♦❞✉❧❡

{❍n(LjA/Z ⊗
L
A ❍a❩❛r(X,L

b
−/A ⊗

L
OX

IrOX))}r

✐s ③❡r♦✱ ❡①❝❡♣t ✐❢ (a, b) = (0, 0)✳ ❇② tr❛♥s✐t✐✈✐t② ❢♦r t❤❡ ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✭s❡❡
t❤❡ ♣r♦♦❢ ♦❢ ❬▼♦r✶✻✱ ▲❡♠♠❛ 2.8 (ii)❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

{❍n(LjA/Z ⊗
L
A ❍0

❩❛r(X, I
rOX))}r −→ {❍

n
❩❛r(X,L

j
−/Z ⊗

L
OX

IrOX)}r

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳ ▲❡t B ❜❡ t❤❡ A✲❛❧❣❡❜r❛ ❍0
❩❛r(X,OX)✳ ❆♣♣❧②✐♥❣

▲❡♠♠❛ ✶✵✳✶✳✹ (1) ❢♦r j = n = 0✱ ✐t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣ {Ir}r → {IrB}r
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ♣r♦ A✲♠♦❞✉❧❡s✳ ❚❤❡ A✲❛❧❣❡❜r❛ B ✐s ✜♥✐t❡ ❛♥❞ ✐s♦♠♦r♣❤✐❝ t♦ A ❛✇❛② ❢r♦♠
t❤❡ ✈❛♥✐s❤✐♥❣ ❧♦❝✉s ♦❢ I✱ s♦ t❤❡ ❦❡r♥❡❧ ❛♥❞ ❝♦❦❡r♥❡❧ ♦❢ t❤❡ str✉❝t✉r❡ ♠❛♣ A→ B ❛r❡ ❦✐❧❧❡❞ ❜②
❛ ♣♦✇❡r ♦❢ I✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬▼♦r✶✻✱ ❚❤❡♦r❡♠ 1.1 ✭✐✐✮❪✳

▲❡♠♠❛ ✶✵✳✶✳✻✳ ▲❡t Y → X ❜❡ ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥ ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ ❛♥❞ I ❜❡ t❤❡
❛ss♦❝✐❛t❡❞ ✐❞❡❛❧ s❤❡❛❢ ♦♥ X✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

{RΓ❩❛r(X,L
j
−/Z ⊗

L
OX
OX/I

r)}r −→ {RΓ❩❛r(rY,L
j
−/Z)}r

✐s ❛ ✇❡❛❦ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

Pr♦♦❢✳ ❚❤❡ s❝❤❡♠❡ X ✐s ♥♦❡t❤❡r✐❛♥✱ ❤❡♥❝❡ q✉❛s✐✲s❡♣❛r❛t❡❞✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ ❜② ✐♥❞✉❝t✐♦♥
t❤❛t X ✐s ❛✣♥❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❡s✉❧t ✐s ❬▼♦r✶✽❛✱ ❈♦r♦❧❧❛r② 4.5 (ii)❪✳

✶✷✷



Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼✳ ▲❡t j ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ ♦❢
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭✶✵✳✶✮✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

RΓ❩❛r(X,L
j
−/Z) RΓ❩❛r(X

′,Lj
−/Z)

{RΓ❩❛r(rY,L
j
−/Z)}r {RΓ❩❛r(rY

′,Lj
−/Z)}r

✐s ❛ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♣r❡s❤❡❛❢ RΓ❩❛r(−,L

j
−/Z) ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤❡ s❝❤❡♠❡ X ✐s ♥♦❡t❤❡r✐❛♥✱ ❤❡♥❝❡ q✉❛s✐✲s❡♣❛r❛t❡❞✱ s♦ ✇❡ ♠❛② ❛ss✉♠❡ ❜② ✐♥❞✉❝t✐♦♥
t❤❛t X ✐s ❛✣♥❡✱ ❣✐✈❡♥ ❜② t❤❡ s♣❡❝tr✉♠ ♦❢ ❛ ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ A✳ ▲❡t I ❜❡ t❤❡ ✐❞❡❛❧
♦❢ A ❞❡✜♥✐♥❣ t❤❡ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ Y ♦❢ ❙♣❡❝(A)✳ ❇② ▲❡♠♠❛ ✶✵✳✶✳✻✱ t❤❡ ❞❡s✐r❡❞ st❛t❡♠❡♥t ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

L
j
A/Z RΓ❩❛r(X

′,Lj
−/Z)

{LjA/Z ⊗
L
A A/I

r}r {RΓ❩❛r(X
′,Lj
−/Z ⊗

L
OX′
OX′/IrOX′)}r

✐s ❛ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r♦ ♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❚❛❦✐♥❣ ✜❜r❡s ❛❧♦♥❣
t❤❡ ✈❡rt✐❝❛❧ ♠❛♣s✱ t❤✐s ✐s ❡①❛❝t❧② ❈♦r♦❧❧❛r② ✶✵✳✶✳✺✳

❲❡ ♥♦✇ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼ t♦ ♣r♦✈❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ✈❛r✐❛♥ts ♦❢ t❤❡ ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① ✭❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s✱ ✇❡ ❝♦♥s✐❞❡r ✐♥✈❡rs❡ s②st❡♠s ♦❢
♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❲❡ s❛② t❤❛t ❛♥ ✐♥✈❡rs❡ s②st❡♠ (Cr)r ✐♥ t❤❡ ❞❡r✐✈❡❞
❝❛t❡❣♦r② D(Z) ✐s ❡ss❡♥t✐❛❧❧② ③❡r♦ ✐❢ ❢♦r ❡✈❡r② ✐♥❞❡① r ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ t❤❡r❡ ❡①✐sts ❛♥
✐♥❞❡① r′ ≥ r s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n(Cr′) → ❍n(Cr) ✐s t❤❡ ③❡r♦ ♠❛♣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ✐♥✈❡rs❡
s②st❡♠ (Cr)r ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✐s ❡ss❡♥t✐❛❧❧② ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r♦
♦❜❥❡❝t {Cr}r ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✐s ✇❡❛❦❧② ③❡r♦✳

▲❡♠♠❛ ✶✵✳✶✳✽✳ ▲❡t (Cr)r ❜❡ ❛♥ ✐♥✈❡rs❡ s②st❡♠ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■❢ (Cr)r ✐s
❡ss❡♥t✐❛❧❧② ③❡r♦✱ t❤❡♥

(∏
p∈PCr/p

)
r
✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥✈❡rs❡ s②st❡♠ (Cr)r ✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳ ▲❡t r0 ❜❡ ❛♥ ✐♥❞❡① ♦❢ t❤✐s
✐♥✈❡rs❡ s②st❡♠✱ n ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❲❡ ✇✐❧❧ ✉s❡ r❡♣❡❛t❡❞❧② t❤❛t
❢♦r ❡✈❡r② ✐♥❞❡① r✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 −→ ❍n(Cr)/p −→ ❍n(Cr/p) −→ ❍n+1(Cr)[p] −→ 0

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ▲❡t r1 ≥ r0 ❜❡ ❛♥ ✐♥❞❡① s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n(Cr1) → ❍n(Cr0) ✐s t❤❡
③❡r♦ ♠❛♣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥❞❡① r ≥ r1✱ t❤❡ ♠❛♣ ❍n(Cr)/p → ❍n(Cr0)/p ✐s t❤❡ ③❡r♦ ♠❛♣✱
❛♥❞ t❤❡ ♠❛♣ ❍n(Cr/p)→ ❍n(Cr0/p) t❤✉s ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ♠❛♣ ❍n(Cr/p)→ ❍n+1(Cr)[p]✳
▲❡t r2 ≥ r1 ❜❡ ❛♥ ✐♥❞❡① s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n+1(Cr2) → ❍n+1(Cr1) ✐s t❤❡ ③❡r♦ ♠❛♣✳ ❚❤❡♥
t❤❡ ♠❛♣ ❍n+1(Cr2)[p]→ ❍n+1(Cr1)[p] ✐s t❤❡ ③❡r♦ ♠❛♣✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♠❛♣

❍n(Cr2/p) −→ ❍n(Cr0/p)

✶✷✸



❢❛❝t♦rs ❛s
❍n(Cr2/p) −→ ❍n+1(Cr2)[p]

0
−−→ ❍n+1(Cr1)[p] −→ ❍n(Cr0/p),

❛♥❞ ✐s t❤✉s ❛❧s♦ t❤❡ ③❡r♦ ♠❛♣✳ ❚❤❡ ✐♥❞❡① r2 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r✐♠❡ ♥✉♠❜❡r p✱ s♦ t❤❡
♠❛♣ ∏

p∈P

❍n(Cr2/p) −→
∏

p∈P

❍n(Cr0/p)

✐s t❤❡ ③❡r♦ ♠❛♣✱ ❛♥❞ t❤❡ ✐♥✈❡rs❡ s②st❡♠
(∏

p∈PCr/p
)
r
✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳

▲❡♠♠❛ ✶✵✳✶✳✾✳ ▲❡t (Cr)r ❜❡ ❛♥ ✐♥✈❡rs❡ s②st❡♠ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ■❢ (Cr)r ✐s
❡ss❡♥t✐❛❧❧② ③❡r♦✱ t❤❡♥

(∏
p∈P(Cr)

∧
p

)
r
✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥✈❡rs❡ s②st❡♠ (Cr)r ✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳ ▲❡t r0 ❜❡ ❛♥ ✐♥❞❡① ♦❢ t❤✐s
✐♥✈❡rs❡ s②st❡♠✱ n ∈ Z ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❲❡ ✇✐❧❧ ✉s❡ r❡♣❡❛t❡❞❧② t❤❛t
❢♦r ❡✈❡r② ✐♥❞❡① r ≥ 0✱ t❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 −→ ❊①t1Zp
(Qp /Zp,❍

n(Cr)) −→ ❍n((Cr)
∧
p ) −→ ❍♦♠Zp(Qp /Zp,❍

n+1(Cr)) −→ 0

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ▲❡t r1 ≥ r0 ❜❡ ❛♥ ✐♥❞❡① s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n(Cr1)→ ❍n(Cr0) ✐s t❤❡ ③❡r♦
♠❛♣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥❞❡① r ≥ r1✱ t❤❡ ♠❛♣ ❊①t1Zp

(Qp /Zp,❍
n(Cr))→ ❊①t1Zp

(Qp /Zp,❍
n(Cr0))

✐s t❤❡ ③❡r♦ ♠❛♣✱ ❛♥❞ t❤❡ ♠❛♣ ❍n((Cr)∧p )→ ❍n((Cr0)
∧
p ) t❤✉s ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ♠❛♣

❍n((Cr)
∧
p ) −→ ❍♦♠Zp(Qp /Zp,❍

n+1(Cr)).

▲❡t r2 ≥ r1 ❜❡ ❛♥ ✐♥❞❡① s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n+1(Cr2) → ❍n+1(Cr1) ✐s t❤❡ ③❡r♦ ♠❛♣✳ ❚❤❡♥
t❤❡ ♠❛♣ ❍♦♠Zp(Qp /Zp,❍

n+1(Cr2))→ ❍♦♠Zp(Qp /Zp,❍
n+1(Cr1)) ✐s t❤❡ ③❡r♦ ♠❛♣✳ ❇② ❝♦♥✲

str✉❝t✐♦♥✱ t❤❡ ♠❛♣
❍n((Cr2)

∧
p ) −→ ❍n((Cr0)

∧
p )

❢❛❝t♦rs ❛s

❍n((Cr2)
∧
p ) −→ ❍♦♠Zp(Qp /Zp,❍

n+1(Cr2))
0
−−→ ❍♦♠Zp(Qp /Zp,❍

n+1(Cr1)) −→ ❍n((Cr0)
∧
p ),

❛♥❞ ✐s t❤✉s t❤❡ ③❡r♦ ♠❛♣✳ ❚❤❡ ✐♥❞❡① r2 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r✐♠❡ ♥✉♠❜❡r p✱ s♦ t❤❡ ♠❛♣
∏

p∈P

❍n((Cr2)
∧
p ) −→

∏

p∈P

❍n((Cr0)
∧
p )

✐s t❤❡ ③❡r♦ ♠❛♣✱ ❛♥❞ t❤❡ ✐♥✈❡rs❡ s②st❡♠
(∏

p∈P(Cr)
∧
p

)
r
✐s ❡ss❡♥t✐❛❧❧② ③❡r♦✳

❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✳ ▲❡t j ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ ❧❡t F ❜❡ ♦♥❡ ♦❢ t❤❡ ♣r❡s❤❡❛✈❡s

RΓ❩❛r

(
−,Lj

−/Z

)
, RΓ❩❛r

(
−,

∏

p∈P

L
j
−Fp/Fp

)
, RΓ❩❛r

(
−,

∏

p∈P

(Lj
−/Z)

∧
p

)
, ❛♥❞ RΓ❩❛r

(
−,Lj

−Q/Q

)
,

✇❤❡r❡ −Fp ✐s t❤❡ ❞❡r✐✈❡❞ ❜❛s❡ ❝❤❛♥❣❡ ❢r♦♠ Z t♦ Fp✳ ❚❤❡♥ t❤❡ ♣r❡s❤❡❛❢ F ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ F ✐s ❛ ◆✐s♥❡✈✐❝❤ s❤❡❛❢✱ s♦ t❤❡ r❡s✉❧t ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t F
s❡♥❞s ❛♥ ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s t♦ ❛ ✇❡❛❦❧② ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r♦
♦❜❥❡❝ts ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❋♦r RΓ❩❛r

(
−,Lj

−/Z

)
✱ t❤✐s ✐s Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼✳ ❋♦r

RΓ❩❛r

(
−,

∏
p∈P L

j
−Fp/Fp

)
✱ t❤✐s ✐s ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼ ❛♥❞ ▲❡♠♠❛ ✶✵✳✶✳✽✳

❋♦r RΓ❩❛r

(
−,

∏
p∈P(L

j
−/Z)

∧
p

)
✱ t❤✐s ✐s s✐♠✐❧❛r❧② ❛ ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼ ❛♥❞

▲❡♠♠❛ ✶✵✳✶✳✾✳ ❆♥❞ ❢♦r RΓ❩❛r

(
−,Lj

−Q/Q

)
✱ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳✼ ❛♥❞ t❤❡

❢❛❝t t❤❛t t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ ❛ ③❡r♦ ♣r♦ s②st❡♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✐s ③❡r♦✳

✶✷✹



✶✵✳✷ Pr♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t ✭❚❤❡♦r❡♠
✶✵✳✷✳✶✶✮✳ ❲❡ ✉s❡ ❈♦r♦❧❧❛r② ✺✳✷✳✶✻ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r♦♦❢ ✐♥t♦ s❡✈❡r❛❧ st❡♣s✱ ✇❤✐❝❤ ✉❧t✐♠❛t❡❧②
❛❧❧ r❡❧② ♦♥ ❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛t✐♦♥❛❧ r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✶ ✭❬❊▼✷✸❪✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r
(
−, L̂Ω

≥i

−Q/Q

)
✐s ❛

♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ♣❛rt ♦❢ ❬❊▼✷✸✱ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 8.2❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥❡ ✉s❡s Pr♦♣♦s✐✲
t✐♦♥ ✺✳✹✳✶ t♦ r❡❞✉❝❡ t❤❡ ♣r♦♦❢ t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① r❡❧❛t✐✈❡
t♦ Q✱ ✇❤❡r❡ t❤✐s ✐s ❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ r✐❣✐❞✲❛♥❛❧②t✐❝ ✈❛r✐❛♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✶✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✷✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r
(
−,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)
✐s ❛

♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✺✳✷✳✶✷✱ t❤❡r❡ ✐s ❛ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ ♣r❡s❤❡❛✈❡s

RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω
≥i

−Qp/Qp

)
−→ RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω−Qp/Qp

)
−→ RΓ❩❛r

(
−,

(∏

p∈P

(
LΩ<i
−/Z

)∧
p

)
Q

)

♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❇② ❈♦r♦❧❧❛r② ✺✳✹✳✷✱ t❤❡
♣r❡s❤❡❛❢ RΓ❩❛r

(
−,

∏′
p∈P L̂Ω−Qp/Qp

)
✐s ❛ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ s♦ ✐t ✐s ❛ ♣r♦ ❝❞❤

s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r
(
−,

(∏
p∈P

(
LΩ<i
−/Z

)∧
p

)
Q

)
❤❛s ❛ ✜♥✐t❡ ✜❧tr❛✲

t✐♦♥ ✇✐t❤ ❣r❛❞❡❞ ♣✐❡❝❡s ❣✐✈❡♥ ❜② t❤❡ ♣r❡s❤❡❛✈❡s RΓ❩❛r
(
−,

(∏
p∈P

(
L
j
−/Z

)∧
p

)
Q

)
✭0 ≤ j < i✮✳

❚❤❡s❡ ♣r❡s❤❡❛✈❡s ❛r❡ ♣r♦ ❝❞❤ s❤❡❛✈❡s ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ❜② ❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✱ s♦ t❤❡
♣r❡s❤❡❛❢ RΓ❩❛r

(
−,

(∏
p∈P

(
LΩ<i
−/Z

)∧
p

)
Q

)
✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r
(
−,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)
✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✸✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ Q(i)♠♦t ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✺✳✻✳✼✱ t❤❡r❡ ✐s ❛ ✜❜r❡ s❡q✉❡♥❝❡ ♦❢ ♣r❡s❤❡❛✈❡s

Q(i)♠♦t(−) −→ Q(i)❝❞❤(−) −→ ❝♦✜❜
(
RΓ❩❛r

(
−,LΩ<i

−Q/Q

)
−→ RΓ❝❞❤

(
−,Ω<i

−Q/Q

))
[−1]

♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❈❞❤ s❤❡❛✈❡s ❛r❡ ✐♥ ♣❛r✲
t✐❝✉❧❛r ♣r♦ ❝❞❤ s❤❡❛✈❡s✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r❡s❤❡❛❢ RΓ❩❛r

(
X,LΩ<i

−Q/Q

)
✐s ❛ ♣r♦

❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤✐s ♣r❡s❤❡❛❢ ❤❛s ❛ ✜♥✐t❡ ✜❧tr❛t✐♦♥ ✇✐t❤ ❣r❛❞❡❞ ♣✐❡❝❡s
❣✐✈❡♥ ❜② t❤❡ ♣r❡s❤❡❛✈❡s RΓ❩❛r

(
−,Lj

−Q/Q

)
✭0 ≤ j < i✮✱ s♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✳
❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤✐s r❡s✉❧t ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✺✳✺✳✶✶ ❛♥❞ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r

❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✭❬❑❙❚✶✽✱ ❚❤❡♦r❡♠ ❆❪✮✳

❈♦r♦❧❧❛r② ✶✵✳✷✳✹✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ Q(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡✲
r✐❛♥ s❝❤❡♠❡s✳

✶✷✺



Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✹✳✸✳✼✱ t❤❡ ♣r❡s❤❡❛❢ Q(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡ ♣r❡s❤❡❛❢ Q(i)♠♦t ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✸✳

❇② ❘❡♠❛r❦ ✹✳✸✳✼✱ t❤❡ ♣r❡s❤❡❛❢ Q(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡ ♣r❡s❤❡❛❢ Q(i)♠♦t ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❖♥❡ ❝❛♥ t❤❡♥ ♣r♦✈❡
Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✸ ❛❧t❡r♥❛t✐✈❡❧② ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✺✳✺✳✶✶ ❛♥❞ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❛❧❣❡❜r❛✐❝
K✲t❤❡♦r② ✭❬❑❙❚✶✽✱ ❚❤❡♦r❡♠ ❆❪✮✳

❲❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ ❇❤❛tt✕▼♦rr♦✇✕❙❝❤♦❧③❡✬s s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s Zp(i)❇▼❙✳

❈♦r♦❧❧❛r② ✶✵✳✷✳✺✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢
(∏

p∈P Zp(i)
❇▼❙

)
Q
✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢

♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❘❛t✐♦♥❛❧✐s✐♥❣ t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ❈♦r♦❧❧❛r② ✺✳✷✳✶✻ ②✐❡❧❞s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢
♣r❡s❤❡❛✈❡s

Q(i)❚❈(−) RΓ❩❛r

(
−, L̂Ω

≥i

−Q/Q

)

(∏
p∈P Zp(i)

❇▼❙(−)
)
Q

RΓ❩❛r

(
−,

∏′
p∈P L̂Ω

≥i

−Qp/Qp

)

♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❡ ♦t❤❡r t❤r❡❡ ♣r❡s❤❡❛✈❡s
♦❢ t❤✐s ❝❛rt❡s✐❛♥ sq✉❛r❡ ❜❡✐♥❣ ♣r♦ ❝❞❤ s❤❡❛✈❡s ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭Pr♦♣♦s✐t✐♦♥s ✶✵✳✷✳✶✱
✶✵✳✷✳✷✱ ❛♥❞ ✶✵✳✷✳✸✮✱ t❤❡ ❜♦tt♦♠ ❧❡❢t ♣r❡s❤❡❛❢ ✐s ❛❧s♦ ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

▲❡♠♠❛ ✶✵✳✷✳✻✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ Fp(i)❇▼❙

✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❇② ❬❆▼▼◆✷✷✱ ❈♦r♦❧❧❛r② 5.31❪✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r m ≥ 0 ❛♥❞ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
♣r❡s❤❡❛✈❡s✸

Fp(i)
❇▼❙(−)

∼
−−→ ✜❜

(
❝❛♥− ϕi : (N

≥i
✁−{i}/N

≥i+m
✁−{i})/p −→ (✁−{i}/N

≥i+m
✁−{i})/p

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ N j
✁−/p ✐s ❛ ♣r♦

❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❇② ❬❇▲✷✷✱ ❘❡♠❛r❦ 5.5.8 ❛♥❞ ❊①❛♠♣❧❡ 4.7.8❪✱ t❤❡r❡ ✐s ❛ ✜❜r❡
s❡q✉❡♥❝❡ ♦❢ ♣r❡s❤❡❛✈❡s

N j
✁−{i}/p −→ ❋✐❧❝♦♥❥j ✁−/ZpJp̃K/p

Θ+j
−−−→ ❋✐❧❝♦♥❥j−1✁−/ZpJp̃K/p.

❚❤❡ ♣r❡s❤❡❛✈❡s ❋✐❧❝♦♥❥j ✁−/ZpJp̃K/p ❛♥❞ ❋✐❧❝♦♥❥j−1✁−/ZpJp̃K/p ❤❛✈❡ ✜♥✐t❡ ✜❧tr❛t✐♦♥s ✇✐t❤ ❣r❛❞❡❞
♣✐❡❝❡s ❣✐✈❡♥ ❜② ♠♦❞✉❧♦ p ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ ❈♦r♦❧❧❛r② ✶✵✳✶✳✶✵✳

▲❡♠♠❛ ✶✵✳✷✳✼✳ ▲❡t A ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢ t❤❡ ❢♦r♠ A =
∏
p∈PAp✱ ✇❤❡r❡ Ap ✐s ❛ ❞❡r✐✈❡❞

p✲❝♦♠♣❧❡t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣✳ ■❢ A ✐s t♦rs✐♦♥✱ t❤❡♥ A ✐s ❜♦✉♥❞❡❞ t♦rs✐♦♥ ✭✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛♥
✐♥t❡❣❡r N ≥ 1 s✉❝❤ t❤❛t A ✐s N ✲t♦rs✐♦♥✮✳

✸Pr✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✇❛s ✜rst ❞❡✜♥❡❞ ♦♥ p✲❝♦♠♣❧❡t❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ✭❬❇▼❙✶✾✱ ❇❙✷✷❪✮✱ ❛♥❞ t❤❡♥
❣❡♥❡r❛❧✐s❡❞ t♦ ❛r❜✐tr❛r② ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ❜② t❛❦✐♥❣ t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲
❛❧❣❡❜r❛s✱ ❛♥❞ ✐♠♣♦s✐♥❣ t❤❛t ✐t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ ✐ts ✐♥♣✉t ✭❬❆▼▼◆✷✷✱ ❇▲✷✷❪✮✳ ❖♥
♥♦❡t❤❡r✐❛♥ r✐♥❣s R✱ t❤❡ ❞❡r✐✈❡❞ ❛♥❞ ❝❧❛ss✐❝❛❧ p✲❝♦♠♣❧❡t✐♦♥s ❛❣r❡❡✱ s♦ t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ R ✐s ♥❛t✉r❛❧❧②
✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ R✳

✶✷✻



Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ A ✐s t♦rs✐♦♥✳ ❚❤❡♥ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡
❛❜❡❧✐❛♥ ❣r♦✉♣ Ap ✐s t♦rs✐♦♥ ❛♥❞ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡✱ ❤❡♥❝❡ ✐t ✐s ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ❜②
❬❇❤❛✶✾✱ ❚❤❡♦r❡♠ 1.1❪✳ ▲❡t S ❜❡ t❤❡ s❡t ♦❢ ♣r✐♠❡ ♥✉♠❜❡rs p s✉❝❤ t❤❛t Ap ✐s ♥♦t t❤❡ ③❡r♦
❣r♦✉♣✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝❧✉s✐♦♥ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

∏
p∈S Fp ⊆ A✱ ❛♥❞✱ ✐❢ S ✐s ✐♥✜♥✐t❡✱

t❤❡♥
∏
p∈S Fp ✐s ♥♦t t♦rs✐♦♥✳ ❙♦ S ✐s ✜♥✐t❡✱ ❛♥❞✱ ❛s ❛ ✜♥✐t❡ ♣r♦❞✉❝t ♦❢ ❜♦✉♥❞❡❞ t♦rs✐♦♥ ❛❜❡❧✐❛♥

❣r♦✉♣s✱ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ A ✐s ❜♦✉♥❞❡❞ t♦rs✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✽✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢
∏
p∈P Zp(i)

❇▼❙ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢
♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❋✐① ❛♥ ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡ ♦❢ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭10.1✮✳ ▲❡t {Cr}r ❜❡ t❤❡ ♣r♦
♦❜❥❡❝t ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ❞❡✜♥❡❞ ❛s t❤❡ t♦t❛❧ ✜❜r❡ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ sq✉❛r❡
♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r❡s❤❡❛❢

∏
p∈P Zp(i)

❇▼❙ t♦ t❤✐s ❛❜str❛❝t ❜❧♦✇✉♣ sq✉❛r❡✳ ❲❡ ✇❛♥t t♦
♣r♦✈❡ t❤❛t {Cr}r ✐s ✇❡❛❦❧② ③❡r♦✳ ❇② ❈♦r♦❧❧❛r② ✶✵✳✷✳✺✱ ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥ {Cr ⊗ZQ}r ✐s ✇❡❛❦❧②
③❡r♦✳

▲❡t r0 ≥ 0 ❛♥❞ n ∈ Z ❜❡ ✐♥t❡❣❡rs✳ ▲❡t r1 ≥ r0 ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡ ♠❛♣

❍n(Cr1)⊗Z Q −→ ❍n(Cr0)⊗Z Q

✐s t❤❡ ③❡r♦ ♠❛♣✳ ❲❡ ♥♦✇ ❝♦♥str✉❝t ❛♥ ✐♥t❡❣❡r r2 ≥ r1 s✉❝❤ t❤❛t t❤❡ ♠❛♣

❍n(Cr2) −→ ❍n(Cr0)

✐s t❤❡ ③❡r♦ ♠❛♣✳ ❇② ▲❡♠♠❛ ✶✵✳✷✳✻✱ ❛♥❞ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♣r♦ ❛❜❡❧✐❛♥ ❣r♦✉♣
{❍n(Cr/p)}r ✐s ③❡r♦✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦ ❛❜❡❧✐❛♥ ❣r♦✉♣ {❍n(Cr)/p}r ✐s ③❡r♦✳ ❇②
✐♥❞✉❝t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r N ≥ 1✱ t❤❡ ♣r♦ ❛❜❡❧✐❛♥ ❣r♦✉♣ {❍n(Cr)/N}r
✐s ③❡r♦✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❍n(Cr) ✭r ≥ 0✮ ❛r❡ ♥❛t✉r❛❧❧② ♣r♦❞✉❝ts✱
✐♥❞❡①❡❞ ❜② ♣r✐♠❡ ♥✉♠❜❡rs p✱ ♦❢ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤❡ ❦❡r♥❡❧ ❛♥❞ ❝♦❦❡r♥❡❧
♦❢ ❛ ♠❛♣ ♦❢ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣s ❛r❡ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❙♦
t❤❡ ✐♠❛❣❡ Ar0 ♦❢ t❤❡ ♠❛♣ ❍n(Cr1) → ❍n(Cr0) ✐s ❛ ♣r♦❞✉❝t✱ ✐♥❞❡①❡❞ ❜② ♣r✐♠❡ ♥✉♠❜❡rs p✱
♦❢ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❚❤✐s ❛❜❡❧✐❛♥ ❣r♦✉♣ Ar0 ✐s ❛❧s♦ t♦rs✐♦♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ✐♥t❡❣❡r r1✱ s♦ ▲❡♠♠❛ ✶✵✳✷✳✼ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r N ≥ 1 s✉❝❤ t❤❛t Ar0 ✐s
N ✲t♦rs✐♦♥✳ ▲❡t r2 ≥ r1 ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡ ♠❛♣ ❍n(Cr2)/N → ❍n(Cr1)/N ✐s t❤❡ ③❡r♦
♠❛♣✳ ❚❤❡♥ t❤❡ ♠❛♣

❍n(Cr2) −→ ❍n(Cr0)

❢❛❝t♦rs ❛s

❍n(Cr2) −→ ❍n(Cr2)/N
0
−−→ ❍n(Cr1)/N −→ Ar0 ⊆ ❍n(Cr0),

❛♥❞ ✐s t❤✉s t❤❡ ③❡r♦ ♠❛♣✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❈♦r♦❧❧❛r② ✶✵✳✷✳✾✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢
Zp(i)

❇▼❙ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ Zp(i)❇▼❙ ✐s ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ t❤❡ ♣r❡s❤❡❛❢
∏
ℓ∈P Zℓ(i)

❇▼❙✱ s♦ t❤❡ r❡s✉❧t
✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✽✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✶✵✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r❡s❤❡❛❢ Z(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

✶✷✼



Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✺✳✷✳✶✻✱ t❤❡r❡ ✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r❡s❤❡❛✈❡s

Z(i)❚❈ RΓ❩❛r
(
−, L̂Ω

≥i

−Q/Q

)

∏
p∈P Zp(i)

❇▼❙ RΓ❩❛r(−,
∏′
p∈P L̂Ω

≥i

−Qp/Qp

)

♦♥ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❡ ♣r❡s❤❡❛✈❡s

RΓ❩❛r
(
−, L̂Ω

≥i

−Q/Q

)
, RΓ❩❛r

(
−,

∏

p∈P

′

L̂Ω
≥i

−Qp/Qp

)
, ❛♥❞

∏

p∈P

Zp(i)
❇▼❙

❛r❡ ♣r♦ ❝❞❤ s❤❡❛✈❡s ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ❜② Pr♦♣♦s✐t✐♦♥s ✶✵✳✷✳✶✱ ✶✵✳✷✳✷✱ ❛♥❞ ✶✵✳✷✳✽ r❡s♣❡❝✲
t✐✈❡❧②✳ ❙♦ t❤❡ ♣r❡s❤❡❛❢ Z(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❛s ♣r♦✈❡❞ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦✈❡r ❛ ✜❡❧❞ ❜② ❊❧♠❛♥t♦✕▼♦rr♦✇
❬❊▼✷✸❪✳

❚❤❡♦r❡♠ ✶✵✳✷✳✶✶ ✭Pr♦ ❝❞❤ ❞❡s❝❡♥t✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t

✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✹✳✸✳✼✱ t❤❡r❡ ✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ♦❢ ♣r❡s❤❡❛✈❡s

Z(i)♠♦t Z(i)❚❈

Z(i)❝❞❤ L❝❞❤ Z(i)
❚❈

♦♥ q❝qs s❝❤❡♠❡s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✳ ❚❤❡ ♣r❡s❤❡❛❢ Z(i)❚❈ ✐s ❛ ♣r♦ ❝❞❤
s❤❡❛❢ ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ❜② Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✳✶✵✳ ❚❤❡ ♣r❡s❤❡❛✈❡s Z(i)❝❞❤ ❛♥❞ L❝❞❤ Z(i)❚❈

❛r❡ ❝❞❤ s❤❡❛✈❡s ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ❜② ❝♦♥str✉❝t✐♦♥✱ ❤❡♥❝❡ ♣r♦ ❝❞❤ s❤❡❛✈❡s ♦♥ ♥♦❡t❤❡r✐❛♥
s❝❤❡♠❡s✳ ❙♦ t❤❡ ♣r❡s❤❡❛❢ Z(i)♠♦t ✐s ❛ ♣r♦ ❝❞❤ s❤❡❛❢✳

❘❡♠❛r❦ ✶✵✳✷✳✶✷ ✭Pr♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✮✳ ❚❤❡ ❛r❣✉♠❡♥ts t♦ ♣r♦✈❡ ❚❤❡♦✲
r❡♠ ✶✵✳✷✳✶✶ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❣✐✈❡ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②
♦❢ ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ ❬❑❙❚✶✽❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❚❤❡♦r❡♠ ✷✳✶✳✶✱ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❛❧❣❡✲
❜r❛✐❝K✲t❤❡♦r② ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❚❈✳ ❇② ❈♦r♦❧❧❛r② ✺✳✻✳✸✱ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②
r❡❞✉❝❡s t♦ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ❍❈✱ ✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❜② ▼♦rr♦✇ ✭❬▼♦r✶✻✱ ❚❤❡♦r❡♠ 0.2❪✮✳
❚❤❡ r❡s✉❧t ♠♦❞ p ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✶✵✳✷✳✻✱ ✇❤❡r❡ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ❛♥❞ t❤❡
r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❚❛t❡ ✜❧tr❛t✐♦♥ ❛♥❞ ❜② r❡❧❛t✐✈❡ ❚❍❍❀ t❤❡ ♣r♦
❝❞❤ ❞❡s❝❡♥t ❢♦r r❡❧❛t✐✈❡ ❚❍❍ t❤❡♥ r❡❞✉❝❡s t♦ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ❢♦r ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① ❜② ❬❆▼▼◆✷✷✱ ❙❡❝t✐♦♥ 5.2❪✳ ❋♦❧❧♦✇✐♥❣ ❙❡❝t✐♦♥ ✺✳✷✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❛rt❡s✐❛♥ sq✉❛r❡

❚❈(−) ❍❈−(−Q/Q)

∏
p∈P❚❈(−;Zp)

(∏′
p∈P❍❍(−;Qp)

)h❙1
.

❯s✐♥❣ t❤❡ ❝❞❤ ❞❡s❝❡♥t ❢♦r t❤❡ ♣r❡s❤❡❛✈❡s ❍P(−Q/Q) ✭❬▲❚✶✾❪✮ ❛♥❞
(∏′

p∈P❍❍(−;Qp)
)t❙1

✭❈♦r♦❧❧❛r② ✺✳✹✳✷✮✱ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t ♦❢ t❤❡ t✇♦ r✐❣❤t t❡r♠s r❡❞✉❝❡s t♦ t❤❡ ♣r♦ ❝❞❤ ❞❡s❝❡♥t
❢♦r ❍❈✳ ❚❤❡ ✐♥t❡❣r❛❧ st❛t❡♠❡♥t ✐s t❤❡♥ s✐♠✐❧❛r❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✵✳✷✳✼✳

✶✷✽



✶✵✳✸ ▼♦t✐✈✐❝ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✵✳✸✳✸✱ ✇❤✐❝❤ ✐s ❛ ♠♦t✐✈✐❝ r❡✜♥❡♠❡♥t ♦❢ ❲❡✐❜❡❧✬s ✈❛♥✲
✐s❤✐♥❣ ❝♦♥❥❡❝t✉r❡ ♦♥ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s ✭❬❑❙❚✶✽✱ ❚❤❡♦r❡♠ ❇ (i)❪✮✳

▲❡♠♠❛ ✶✵✳✸✳✶✳ ▲❡t V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠♦t✐✈✐❝
❝♦♠♣❧❡① Z(i)♠♦t(V ) ∈ D(Z) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

Pr♦♦❢✳ ❍❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❧♦❝❛❧ r✐♥❣s ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✱ s♦ t❤❡ ♥❛t✉r❛❧ ♠❛♣s

Z(i)♠♦t(V ) −→ Z(i)❝❞❤(V )←− Z(i)❧✐ss❡(V )

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❘❡♠❛r❦ ✹✳✸✳✶✵ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✹✳✷✳✺✮✳

▲❡♠♠❛ ✶✵✳✸✳✷✳ ▲❡t A ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✱ ❛♥❞ I ❜❡ ❛ ♥✐❧ ✐❞❡❛❧ ♦❢ A✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱
t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(A) −→ Z(i)♠♦t(A/I)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❆♥②
✜♥✐t❛r② ❝❞❤ s❤❡❛❢ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♥✐❧ ❡①t❡♥s✐♦♥s✳ ❇② ❈♦r♦❧❧❛r② ✺✳✻✳✼✱ t❤❡ r❡s✉❧t ❛❢t❡r r❛t✐♦✲
♥❛❧✐s❛t✐♦♥ ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

LΩ<i(AQ)/Q
[−1] −→ LΩ<i((A/I)Q)/Q

[−1]

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❇♦t❤ t❡r♠s ♦❢ t❤✐s ♠❛♣ ❛r❡ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ■♥ ❞❡❣r❡❡ i✱ t❤✐s ♠❛♣
✐s ❣✐✈❡♥ ❜② t❤❡ ♥❛t✉r❛❧ ♠❛♣

Ωi−1(AQ)/Q
−→ Ωi−1((A/I)Q)/Q

,

✇❤✐❝❤ ✐s s✉r❥❡❝t✐✈❡ ❛s t❤❡ Q✲❛❧❣❡❜r❛ (A/I)Q ✐s ❛ q✉♦t✐❡♥t ♦❢ t❤❡ Q✲❛❧❣❡❜r❛ AQ✳ ▲❡t p ❜❡ ❛
♣r✐♠❡ ♥✉♠❜❡r✳ ❇② ❈♦r♦❧❧❛r② ✹✳✸✳✶✷✱ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✜❜r❡
♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Fp(i)
❇▼❙(A) −→ Fp(i)

❇▼❙(A/I)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❚❤❡ ♣❛✐r (A, I) ✐s ❤❡♥s❡❧✐❛♥✱ s♦ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✸✳
❇② t❤❡ ♣r❡✈✐♦✉s r❛t✐♦♥❛❧ st❛t❡♠❡♥t✱ t❤❡ ✜❜r❡ F ∈ D(Z) ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(A) −→ Z(i)♠♦t(A/I)

❤❛s t♦rs✐♦♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+1✳ ❇② t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥
❣r♦✉♣s

0 −→ ❍j(F )/p −→ ❍j(F/p) −→ ❍j+1(F )[p] −→ 0

❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r j ≥ i+ 1✱ t❤❡ ♣r❡✈✐♦✉s t♦rs✐♦♥ st❛t❡♠❡♥t ✐♠♣❧✐❡s
t❤❛t t❤❡s❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ ❛❧s♦ t♦rs✐♦♥❢r❡❡✱ ❤❡♥❝❡ ③❡r♦✱ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+2✳ ■t t❤❡♥
r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍i+1(F ) ✐s ③❡r♦✳ ❇② ❈♦r♦❧❧❛r② ✽✳✶✳✶✵ ❛♥❞ ✐ts ♣r♦♦❢✱
t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❍i+1

♠♦t(A,Z(i)) ✐s t♦rs✐♦♥❢r❡❡✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢
❛❜❡❧✐❛♥ ❣r♦✉♣s ❍i♠♦t(A,Z(i))→ ❍i♠♦t(A/I,Z(i)) ✐s s✉r❥❡❝t✐✈❡✳ ▲❡t P ❜❡ ❛ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ Z✲
❛❧❣❡❜r❛ ✇✐t❤ ❛ s✉r❥❡❝t✐✈❡ ♠❛♣ P → A✳ ❇② ❚❤❡♦r❡♠ ✽✳✶✳✶✶ ✭s❡❡ ❛❧s♦ ▲❡♠♠❛ ✽✳✷✳✹ ❢♦r ❛ r❡❧❛t❡❞
❛r❣✉♠❡♥t✮✱ ❛♥❞ ❜❡❝❛✉s❡ P → A/I ✐s ❛❧s♦ ❛ s✉r❥❡❝t✐♦♥ ❢r♦♠ ❛ ❧♦❝❛❧ ✐♥❞✲s♠♦♦t❤ Z✲❛❧❣❡❜r❛✱ t❤❡
❝♦♠♣♦s✐t❡ ♠❛♣ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s

❍i♠♦t(P,Z(i)) −→ ❍i♠♦t(A,Z(i)) −→ ❍i♠♦t(A/I,Z(i))

✐s s✉r❥❡❝t✐✈❡✱ s♦ t❤❡ r✐❣❤t ♠❛♣ ✐s s✉r❥❡❝t✐✈❡✱ ❛s ❞❡s✐r❡❞✳

✶✷✾



❚❤❡♦r❡♠ ✶✵✳✸✳✸ ✭▼♦t✐✈✐❝ ❲❡✐❜❡❧ ✈❛♥✐s❤✐♥❣✮✳ ▲❡t d ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ ♥♦❡t❤❡✲
r✐❛♥ s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①
Z(i)♠♦t(X) ∈ D(Z) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ d✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ Z(i)♠♦t : ❙❝❤q❝qs✱♦♣ → D(Z) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✶✮ ✐t ✐s ✜♥✐t❛r② ✭❈♦r♦❧❧❛r② ✺✳✺✳✶✹✮❀

✭✷✮ ✐t s❛t✐s✜❡s ♣r♦ ❝❞❤ ❞❡s❝❡♥t ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭❚❤❡♦r❡♠ ✶✵✳✷✳✶✶✮❀

✭✸✮ ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡ ❝♦♠♣❧❡① Z(i)♠♦t(V ) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i
✭▲❡♠♠❛ ✶✵✳✸✳✶✮❀

✭✹✮ ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ ❧♦❝❛❧ r✐♥❣ A ❛♥❞ ❡✈❡r② ♥✐❧♣♦t❡♥t ✐❞❡❛❧ I ♦❢ A✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧
♠❛♣ Z(i)♠♦t(A)→ Z(i)♠♦t(A/I) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i ✭▲❡♠♠❛ ✶✵✳✸✳✷✮✳

❇② ❬❇❊▼✷✹❪✱ t❤❡ ♣r❡s❤❡❛❢ Z(i)❝❞❤ : ❙❝❤q❝qs✱♦♣ → D(Z) ✐s ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢ ✇❤✐❝❤ ✐s ✐♥ ❞❡❣r❡❡s
❛t ♠♦st i ♦♥ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ❤❡♥❝❡ ✐t ❛❧s♦ s❛t✐s✜❡s t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s✳

❇② ❬❊▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 8.10❪ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r❡s❤❡❛❢ ✜❜
(
Z(i)♠♦t → Z(i)❝❞❤

)
[i]✱ t❤✐s ✐♠♣❧✐❡s

t❤❛t ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ X ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✱ t❤❡ ❝♦♠♣❧❡①

✜❜
(
Z(i)♠♦t(X) −→ Z(i)❝❞❤(X)

)

✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+d✳ ❚❤❡ ❝♦♠♣❧❡① Z(i)❝❞❤(X) ✐s ❛❧s♦ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+d ✭❬❇❊▼✷✹❪✮✱
s♦ t❤❡ ❝♦♠♣❧❡① Z(i)♠♦t(X) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i+ d✳

❘❡♠❛r❦ ✶✵✳✸✳✹ ✭❘❡❧❛t✐♦♥ t♦ ❲❡✐❜❡❧✬s K✲t❤❡♦r❡t✐❝ ✈❛♥✐s❤✐♥❣ ❝♦♥❥❡❝t✉r❡✮✳ ▲❡t X ❜❡ ❛ ♥♦❡t❤❡✲
r✐❛♥ s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡♦r❡♠ ✶✵✳✸✳✸ st❛t❡s t❤❛t t❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧
s❡q✉❡♥❝❡

Ei,j2 = ❍i−j♠♦t(X,Z(−j)) =⇒ ❑−i−j(X)

✐s s✉♣♣♦rt❡❞ ✐♥ t❤❡ ❧❡❢t ❤❛❧❢ ♣❧❛♥❡ x ≤ d✿ s❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ E2 ♣❛❣❡✱
✇❤❡r❡ ❍j(i) ❞❡♥♦t❡s t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍j♠♦t(X,Z(i))✳

· · · 0 0 0 0 · · · 0 0 0 0

· · · 0 0 ❍0(0) ❍1(0) · · · ❍d−2(0) ❍d−1(0) ❍d(0) 0

· · · 0 ❍0(1) ❍1(1) ❍2(1) · · · ❍d−1(1) ❍d(1) ❍d+1(1) 0

· · · ❍0(2) ❍1(2) ❍2(2) ❍3(2) · · · ❍d(2) ❍d+1(2) ❍d+2(2) 0

...
...

...
...

...
...

...
...

...

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s ❑−i−j(X) ✈❛♥✐s❤ ❢♦r −i − j < −d ✭t❤✐s ✐s ❲❡✐❜❡❧✬s
✈❛♥✐s❤✐♥❣ ❝♦♥❥❡❝t✉r❡ ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✮✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡❞❣❡ ♠❛♣ ✐s♦♠♦r♣❤✐s♠

❑−d(X) ∼= ❍d♠♦t(X,Z(0))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳ ❯s✐♥❣ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✇❡✐❣❤t ③❡r♦ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❊①❛♠♣❧❡ ✺✳✻✳✽✮✱
t❤❡ ❧❛tt❡r r❡s✉❧t r❡❝♦✈❡rs t❤❡ ❦♥♦✇♥ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❑−d(X) ✭❬❑❙❚✶✽✱ ❈♦r♦❧❧❛r② ❉❪✮✳ ◆♦t❡

✶✸✵



t❤❛t ❚❤❡♦r❡♠ ✶✵✳✸✳✸ ✐s ❤♦✇❡✈❡r ♥♦t ❛ ♥❡✇ ♣r♦♦❢ ♦❢ t❤❡s❡ r❡s✉❧ts ♦❢ ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡✱ ❛s
♦✉r ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ r❡❧❛t✐♥❣ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②
r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠ ✷✳✶✳✶✱ ✇❤✐❝❤ ✐ts❡❧❢ r❡❧✐❡s ♦♥ t❤❡ r❡s✉❧ts ✐♥ ❬❑❙❚✶✽❪✳

❘❡♠❛r❦ ✶✵✳✸✳✺✳ ▲❡t X ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st d✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✵✳✸✳✸ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)❝❞❤(X)

✐s s✉r❥❡❝t✐✈❡ ♦♥ ❍i+d✳ ❋♦r i = 0✱ t❤✐s ♠❛♣ ✐s ❡✈❡♥ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❍d ✭❛❝t✉❛❧❧② ♦♥ ❛❧❧
❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s✱ ❜② ❊①❛♠♣❧❡ ✺✳✻✳✽✮✱ t❤✉s r❡❝♦✈❡r✐♥❣ ❲❡✐❜❡❧✬s ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ♠❛♣
❑−d(X)→ ❑❍−d(X) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❬❲❡✐✽✵✱ ❑❙❚✶✽❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❑−d+1✱ s✐♠✐❧❛r t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❣r♦✉♣ ❑−d ♣r❡❞✐❝t❡❞ ❜② ❲❡✐❜❡❧ ✭❘❡♠❛r❦ ✶✵✳✸✳✹✮✳

❈♦r♦❧❧❛r② ✶✵✳✸✳✻✳ ▲❡t d ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛t
♠♦st d✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡①❛❝t s❡q✉❡♥❝❡

❍d−2❝❞❤ (X,Z)
δ
−−→ ❍d+1

♠♦t(X,Z(1)) −→ ❑−d+1(X) −→ ❍d−1❝❞❤ (X,Z) −→ 0

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ✇❤❡r❡ δ ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♠❛♣ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ E2✲♣❛❣❡ ♦❢ t❤❡ ❆t✐②❛❤✕
❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✭❈♦r♦❧❧❛r② ✺✳✺✳✶✵✮✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r m ≥ 2✱ ✐❢ m ✐s
✐♥✈❡rt✐❜❧❡ ✐♥ X✱ t❤❡♥ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠❛♣ (m− 1)δ ✐s m✲♣♦✇❡r t♦rs✐♦♥✳

Pr♦♦❢✳ ❚❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t(X) ✐s ③❡r♦ ❢♦r i < 0 ✭❈♦r♦❧❧❛r② ✺✳✺✳✷✮✱ ❛♥❞ ✐s ♥❛t✉r❛❧❧②
✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡① RΓ❝❞❤(X,Z) ❢♦r i = 0 ✭❊①❛♠♣❧❡ ✺✳✻✳✽✮✳ ❚❤❡ ✜rst st❛t❡♠❡♥t
✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✭❈♦r♦❧❧❛r② ✺✳✺✳✶✵✮ ❛♥❞ ♦❢
♠♦t✐✈✐❝ ❲❡✐❜❡❧✬s ✈❛♥✐s❤✐♥❣ ✭❚❤❡♦r❡♠ ✶✵✳✸✳✸✮✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❝♦♠♣❛t✐❜✐❧✐t② ♦❢ t❤❡ ♠❛♣ δ ✇✐t❤ t❤❡ ❆❞❛♠s ♦♣❡r❛t✐♦♥ ψm ✭❈♦♥str✉❝t✐♦♥ ✺✳✶✳✽✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❈♦r♦❧❧❛r② ✺✳✶✳✾ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

δ : ❍d−2❝❞❤ (X,Z)[
1
m ] −→ ❍d+1

♠♦t(X,Z(1))[
1
m ]

s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ δ = mδ✱ ✐✳❡✳✱ (m− 1)δ = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

✶✵✳✹ ❈♦♠♣❛r✐s♦♥ t♦ ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t t♦ ❑❡❧❧②✕❙❛✐t♦✬s ♣r♦ ❝❞❤ ♠♦t✐✈✐❝
❝♦♠♣❧❡①❡s Z(i)♣r♦❝❞❤ ✭❚❤❡♦r❡♠ ✶✵✳✹✳✷✮✳ ■♥ ❡q✉✐❝❤❛r❛❝t❡r✐st✐❝✱ t❤✐s ✐s ❬❑❙✷✹✱ ❈♦r♦❧❧❛r② 1.11❪
✭s❡❡ ❛❧s♦ ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 1.15❪✮✳ ❖✉r ♣r♦♦❢ ✐s str✉❝t✉r❛❧❧② t❤❡ s❛♠❡✱ ❛❧t❤♦✉❣❤ ✜♥✐t❛r✐♥❡ss ❛♥❞
♣r♦ ❝❞❤ ❞❡s❝❡♥t ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ r❡❧② ♦♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✺✱ ❛♥❞ ♦✉r ♣r♦♦❢ ♦❢
t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ ❧✐ss❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✐s ❞✐✛❡r❡♥t ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✭s❡❡ ❝♦♠♠❡♥t
❜❡❢♦r❡ ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✮✳

▲❡♠♠❛ ✶✵✳✹✳✶✳ ▲❡t R ❜❡ ❛ ♥✐❧ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ✐✳❡✳✱ ❛ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣ R ✇❤♦s❡ q✉♦t✐❡♥t R/I ❜② ✐ts ✐❞❡❛❧ ♦❢ ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts I ✐s ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z(i)❧✐ss❡(R) −→ Z(i)♠♦t(R)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✶✸✶



Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠♣❧❡① Z(i)♠♦t(R) ∈ D(Z) ✐s ✐♥
❞❡❣r❡❡s ❛t ♠♦st i✳ ▲❡t I ❜❡ t❤❡ ✐❞❡❛❧ ♦❢ ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✳ ❯s✐♥❣
t❤❡ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

✜❜
(
Z(i)♠♦t(R) −→ Z(i)♠♦t(R/I)

)
−→ Z(i)♠♦t(R) −→ Z(i)♠♦t(R/I)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ t❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✶✵✳✸✳✶ ❛♥❞ ✶✵✳✸✳✷✳

❚❤❡♦r❡♠ ✶✵✳✹✳✷ ✭❈♦♠♣❛r✐s♦♥ t♦ ♣r♦ ❝❞❤ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ▲❡t X ❜❡ ❛ ♥♦❡t❤❡r✐❛♥
s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧
❡q✉✐✈❛❧❡♥❝❡

Z(i)♣r♦❝❞❤(X)
∼
−−→ Z(i)♠♦t(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ Z(i)♠♦t : ❙❝❤q❝qs✱♦♣ → D(Z) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✶✮ ✐t ✐s ✜♥✐t❛r② ✭❈♦r♦❧❧❛r② ✺✳✺✳✶✹✮❀

✭✷✮ ✐t s❛t✐s✜❡s ♣r♦ ❝❞❤ ❞❡s❝❡♥t ♦♥ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ✭❚❤❡♦r❡♠ ✶✵✳✷✳✶✶✮❀

✭✸✮ ❢♦r ❡✈❡r② ♣r♦ ❝❞❤ ❧♦❝❛❧ r✐♥❣ R✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z(i)❧✐ss❡(R) −→ Z(i)♠♦t(R)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭▲❡♠♠❛ ✶✵✳✹✳✶ ❛♥❞ ❬❑❙✷✹✱ Pr♦♣♦s✐✲
t✐♦♥ 1.7❪✮✳

❇② ❬❑❙✷✹✱ ❚❤❡♦r❡♠ 9.7❪✱✹ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ X✱ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)♣r♦❝❞❤(X)
∼
−−→ Z(i)♠♦t(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✹❚❤✐s t❤❡♦r❡♠ ✐s st❛t❡❞ ❢♦r s❝❤❡♠❡s ♦✈❡r ❛ ✜❡❧❞✱ ❜✉t t❤❡ ♣r♦♦❢ ✇♦r❦s ♦✈❡r ❛♥② ♥♦❡t❤❡r✐❛♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳

✶✸✷



❈❤❛♣t❡r ✶✶

▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ p✲❛❞✐❝ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦✈❡r ❛
♣❡r❢❡❝t♦✐❞ ❜❛s❡ ✭❚❤❡♦r❡♠ ✶✶✳✹✳✻✮✳ ❖✉r ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②
♦❢ t❤❡s❡ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ✇❤✐❝❤ ❛♣♣❧✐❡s ♥❛t✉r❛❧❧② t♦ ❛ ❜r♦❛❞❡r ❝❧❛ss ♦❢ ❛❧❣❡❜r❛s t❤❛t ✇❡ ❝❛❧❧
p✲❈❛rt✐❡r s♠♦♦t❤✳ ◆♦t❡ t❤❛t t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❛♣♣❡❛r❡❞ ❛s ❬❇♦✉✷✸❪✳

✶✶✳✶ Pr✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss
❢♦r ♠♦r♣❤✐s♠s ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✭❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✺✮✱ ❛♥❞ ❣✐✈❡ s❡✈❡r❛❧ ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ✐♥
t❡r♠s ♦❢ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✮✳

❚❤❡ p✲❈❛rt✐❡r s♠♦♦t❤ ♠♦r♣❤✐s♠s ❣❡♥❡r❛❧✐s❡ s♠♦♦t❤ ♠♦r♣❤✐s♠s✱ ❛♥❞ ❜❡❤❛✈❡ ❛s ✐❢ t❤❡② ✇❡r❡
s♠♦♦t❤ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✳ ❙②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ❝❛♥ ❜❡ ❞❡✜♥❡❞
✐♥ t❡r♠s ♦❢ ❋r♦❜❡♥✐✉s ❡✐❣❡♥s♣❛❝❡s ♦❢ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②✱ ❛♥❞ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦
t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s✳ ❖✉r ♠❛✐♥ r❡s✉❧t ✐s ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✳
❲❡ ❛❧s♦ ❣✐✈❡ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ F ✲s♠♦♦t❤♥❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇▼✷✸❪ ✭s❡❡ ❙❡❝✲
t✐♦♥ ✶✶✳✶✳✹✮✳

✶✶✳✶✳✶ ❉❡✜♥✐t✐♦♥s

❋♦r ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①

L−/R : R✲❆❧❣ −→ D(R)

✐s t❤❡ ♥❛t✉r❛❧ ❞❡r✐✈❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧❡ ♦❢ ❑ä❤❧❡r ❞✐✛❡r❡♥t✐❛❧s

Ω1
−/R : R✲❆❧❣ −→ R✲▼♦❞.

■t ❝♦♥tr♦❧s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✈✐❛ t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❛r✐s♦♥
t❤❡♦r❡♠ ❬❇❙✷✷✱ ❚❤❡♦r❡♠ 4.11❪✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t S ⊗L

R R/p ∈ D(R/p) ✐s ✐♥ ❞❡❣r❡❡ ③❡r♦ ❛♥❞
❜❛s❡ ❝❤❛♥❣❡ ❢♦r t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✐♠♣❧② t❤❛t t❤❡ ♠♦r♣❤✐s♠ LS/R ⊗

L
R R/p→ L(S/p)/(R/p)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤✐s ❛❧❧♦✇s ♦♥❡ t♦ ❧✐❢t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦❢ R/p → S/p
t♦ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ♦♥ t❤❡ p✲❝♦♠♣❧❡t❡❞ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦❢ R→ S✳

❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✶ ✭p✲❞✐s❝r❡t❡♥❡ss✮✳ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❞✐s❝r❡t❡
✐❢ t❤❡ ❞❡r✐✈❡❞ t❡♥s♦r ♣r♦❞✉❝t S ⊗L

R R/p ∈ D(R/p) ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ✇❤❡r❡ ✐t ✐s
❣✐✈❡♥ ❜② S/p✳

✶✸✸



❊①❛♠♣❧❡s ✶✶✳✶✳✷✳ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❞✐s❝r❡t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛s❡s✳

✭✶✮ R ❛♥❞ S ❛r❡ Fp✲❛❧❣❡❜r❛s✳

✭✷✮ ❚❤❡ ♠♦r♣❤✐s♠ R→ S ✐s ✢❛t✳

✭✸✮ R ❛♥❞ S ❛r❡ p✲t♦rs✐♦♥❢r❡❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ R ✐s p✲t♦rs✐♦♥❢r❡❡✱ t❤❡♥ t❤❡ ♠♦r♣❤✐s♠
R→ S ✐s p✲❞✐s❝r❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ✐s p✲t♦rs✐♦♥❢r❡❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❛①✐♦♠❛t✐s❡s s♦♠❡ ♣r♦♣❡rt✐❡s s❛t✐s✜❡❞ ❜② t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✐♥
t❤❡ s♠♦♦t❤ ❝❛s❡✳

❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✸ ✭❈♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss✱ ❬❇▼❙✶✾❪✮✳ ✭✶✮ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉✲
t❛t✐✈❡ r✐♥❣s ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ♦r S ✐s ❛ ❝♦t❛♥❣❡♥t s♠♦♦t❤ R✲❛❧❣❡❜r❛✱ ✐❢ t❤❡ ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① LS/R ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [0; 0]✱ ✐✳❡✳✱ Ω1

S/R ✐s ❛ ✢❛t S✲♠♦❞✉❧❡ ❛♥❞ ❍n(LS/R) ∼= 0
❢♦r ❛❧❧ n > 0✳

✭✷✮ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ♦r S ✐s ❛ p✲❝♦t❛♥❣❡♥t
s♠♦♦t❤ R✲❛❧❣❡❜r❛✱ ✐❢ ✐t ✐s p✲❞✐s❝r❡t❡ ❛♥❞ ✐ts r❡❞✉❝t✐♦♥ R/p→ S/p ♠♦❞✉❧♦ p ✐s ❝♦t❛♥❣❡♥t
s♠♦♦t❤✳✶

❊①❛♠♣❧❡s ✶✶✳✶✳✹✳ ✭✶✮ ❆ s♠♦♦t❤ ♠♦r♣❤✐s♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ❜❡✲
❝❛✉s❡ ✐ts ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✐s ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜② t❤❡ ❧♦❝❛❧❧② ❢r❡❡ ♠♦❞✉❧❡
♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳

✭✷✮ ❆ ♠♦r♣❤✐s♠ ♦❢ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ❜❡❝❛✉s❡ ✐ts ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ✐s
③❡r♦✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ ♠♦r♣❤✐s♠ R→ S ♦❢ ♣❡r❢❡❝t♦✐❞ r✐♥❣s ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✳ ■♥✲
❞❡❡❞✱ ✐t ✐s p✲❞✐s❝r❡t❡ ❛s ❛ ❜❛s❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ A✐♥❢(R)→ A✐♥❢(S) ♦❢ p✲t♦rs✐♦♥❢r❡❡
r✐♥❣s✳ ❆♥❞ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(S/p)/(R/p) ✐s ③❡r♦✱ ❛s ❛ ❜❛s❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① LS♭/R♭ ♦❢ t❤❡ ♠♦r♣❤✐s♠ R♭ → S♭ ♦❢ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s✳

✭✸✮ ❆ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ ✭p✲✮❝♦t❛♥❣❡♥t s♠♦♦t❤ ❛❧❣❡❜r❛s ✐s ✭p✲✮❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ❜❡❝❛✉s❡ t❤❡
❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✳

✭✹✮ ▲❡t V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ♣❡r❢❡❝t ❢r❛❝t✐♦♥ ✜❡❧❞✱ ❛♥❞ V ′ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥
♦❢ V ✭s❡❡ s❡❝t✐♦♥ ✶✶✳✷✮✳ ❚❤❡ ♠♦r♣❤✐s♠ V → V ′ ❤❛s ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ❝♦♥❝❡♥tr❛t❡❞ ✐♥
❞❡❣r❡❡ ③❡r♦ ✭❬●❘✵✸✱ ❚❤❡♦r❡♠ 6.5.8 (ii)❪✮✳ ■❢ V ❝♦♥t❛✐♥s ❛ ♣❡r❢❡❝t ✜❡❧❞✱ t❤❡♥ t❤❡ ♠♦r♣❤✐s♠
V → V ′ ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤ ✭❬●❘✵✸✱ ❈♦r♦❧❧❛r② 6.5.21❪✮✳ ■❢ t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ V ✐s ❛
♣❡r❢❡❝t♦✐❞ r✐♥❣✱ t❤❡♥ t❤❡ ♠♦r♣❤✐s♠ V → V ′ ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ✭Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽
❜❡❧♦✇✮✳

❙❡✈❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡ ✕s✉❝❤ ❛s t❤❡ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❬❇❙✷✷✱ ❈♦r♦❧❧❛r② 15.4❪✕ ❞♦ ♥♦t ❤♦❧❞
❢♦r ❣❡♥❡r❛❧ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ♠♦r♣❤✐s♠s R→ S✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✮ t❤❛t t❤❡
♦❜str✉❝t✐♦♥ t♦ s❛t✐s❢② t❤❡s❡ ♣r♦♣❡rt✐❡s ✈❛♥✐s❤❡s ❡①❛❝t❧② ✇❤❡♥ t❤❡ ♠♦r♣❤✐s♠R/p→ S/p s❛t✐s✜❡s
t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ❋♦r ❛♥ Fp✲❛❧❣❡❜r❛ R✱ ✇❡ ❞❡♥♦t❡ ❜② ϕR ✐ts ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠✳

✶▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ♣♦ss✐❜❧② ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✱ ✇✐❧❧ ❜❡
❝❛❧❧❡❞ p✲s♦♠❡t❤✐♥❣ ✐❢ ✐t ✐s p✲❞✐s❝r❡t❡ ❛♥❞ ✐❢ ✐ts r❡❞✉❝t✐♦♥ R/p → S/p ♠♦❞✉❧♦ p ✐s s♦♠❡t❤✐♥❣✳ ❲❡ ❞✐st✐♥❣✉✐s❤
t❤✐s ❢r♦♠ s✐♠✐❧❛r ♥♦t✐♦♥s ♦♥ p✲❝♦♠♣❧❡t❡ r✐♥❣s✱ ♦❢t❡♥ ❝❛❧❧❡❞ p✲❝♦♠♣❧❡t❡❧② s♦♠❡t❤✐♥❣✳

✶✸✹



❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✺ ✭❈❛rt✐❡r s♠♦♦t❤♥❡ss✮✳ ✭✶✮ ❆ ♠♦r♣❤✐s♠ R→ S ♦❢ Fp✲❛❧❣❡❜r❛s ✐s ❈❛rt✐❡r
s♠♦♦t❤✱ ♦r S ✐s ❛ ❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✱ ✐❢ ✐t ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤ ❛♥❞ ✐❢ t❤❡ ✐♥✈❡rs❡
❈❛rt✐❡r ♠❛♣

C−1 : ΩnS/R ⊗R,ϕR R −→ ❍n(Ω•S/R)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s ❢♦r ❡❛❝❤ n ≥ 0✳

✭✷✮ ❆ ♠♦r♣❤✐s♠ R→ S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤✱ ♦r S ✐s ❛ p✲❈❛rt✐❡r s♠♦♦t❤
R✲❛❧❣❡❜r❛✱ ✐❢ ✐t ✐s p✲❞✐s❝r❡t❡ ❛♥❞ ✐ts r❡❞✉❝t✐♦♥ R/p→ S/p ♠♦❞✉❧♦ p ✐s ❈❛rt✐❡r s♠♦♦t❤✳

❘❡♠❛r❦ ✶✶✳✶✳✻✳ ■❢ ❛ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✭r❡s♣✳
p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✮✱ t❤❡♥ ✐ts p✲❝♦♠♣❧❡t✐♦♥ R∧p → S∧p ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✭r❡s♣✳ p✲❝♦t❛♥❣❡♥t
s♠♦♦t❤✮✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ♠♦r♣❤✐s♠ R → S ✐s p✲❞✐s❝r❡t❡ ❛♥❞ ✐ts p✲❝♦♠♣❧❡t✐♦♥ R∧p → S∧p ✐s
p✲❈❛rt✐❡r s♠♦♦t❤ ✭r❡s♣✳ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✮✱ t❤❡♥ s♦ ✐s R→ S✳

❊q✉✐✈❛❧❡♥t❧②✱ ❛ ♠♦r♣❤✐s♠ R→ S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐❢ ✐t ✐s p✲❝♦t❛♥✲
❣❡♥t s♠♦♦t❤ ❛♥❞ ✐❢ t❤❡ ♠♦r♣❤✐s♠ R/p → S/p s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ❋♦r ❛ ♠♦r✲
♣❤✐s♠ R→ S ♦❢ Fp✲❛❧❣❡❜r❛s✱ r❡❝❛❧❧ t❤❛t t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣

C−1 : ΩnS/R ⊗R,ϕR R −→ ❍n(Ω•S/R),

❢♦r ❛♥② ✐♥t❡❣❡r n ≥ 0✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✉♥✐q✉❡ R✲❧✐♥❡❛r ♠❛♣ s❛t✐s❢②✐♥❣

C−1(fdg1 ∧ · · · ∧ dgn ⊗ 1) = fpgp−11 . . . gp−1n dg1 ∧ · · · ∧ dgn.

❈❛rt✐❡r s♠♦♦t❤♥❡ss ✇❤❡♥ R = Fp ✇❛s ❛❧r❡❛❞② st✉❞✐❡❞ ✐♥ ❬❑▼✷✶❪✳

❊①❛♠♣❧❡s ✶✶✳✶✳✼✳ ❆ ♠♦r♣❤✐s♠ R → S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❛s❡s✳

✭✶✮ ❚❤❡ ♠♦r♣❤✐s♠R→ S ✐s s♠♦♦t❤✳ ■♥❞❡❡❞✱ S ✐s ❛ ✢❛tR✲❛❧❣❡❜r❛ ❛♥❞ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①
LS/R ✐s ❛ ✢❛t S✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ s♦ t❤❡ ♠♦r♣❤✐s♠ R→ S ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✳
❚❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✐s ❛ st❛♥❞❛r❞ ♣r♦♣❡rt② ♦❢ s♠♦♦t❤ ♠♦r♣❤✐s♠s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❉■✽✼✱ ❚❤❡♦r❡♠ 1.2❪✮✳

✭✷✮ S ✐s ❛ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ s♠♦♦t❤ R✲❛❧❣❡❜r❛s✳ ■♥❞❡❡❞✱ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts ♦❢ p✲❝♦t❛♥❣❡♥t
s♠♦♦t❤ ❛❧❣❡❜r❛s ❛r❡ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✱ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❝♦♠♠✉t❡s ✇✐t❤
✜❧t❡r❡❞ ❝♦❧✐♠✐ts✳

✭✸✮ R = Fp ❛♥❞ S ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡ ❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ✐s ❛ r❡s✉❧t ♦❢ ●❛❜❜❡r✕
❘❛♠❡r♦ ✭❊①❛♠♣❧❡ ✶✶✳✶✳✹ (4)✮✳ ❚❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✐s ❛ r❡s✉❧t ♦❢ ●❛❜❜❡r ✭❬❑❙❚✷✶✱
❈♦r♦❧❧❛r② ❆.4❪✮✳

✭✹✮ R → S ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ♣❡r❢❡❝t♦✐❞ r✐♥❣s✳ ❚❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦❢ t❤❡ ♠♦r♣❤✐s♠
R/p→ S/p ✐s ③❡r♦ ✭❊①❛♠♣❧❡ ✶✶✳✶✳✹ (2)✮✱ s♦ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✐s tr✐✈✐❛❧ ❢♦r n ≥ 1✳
■❢ R ❛♥❞ S ❛r❡ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s ❛♥❞ n = 0 t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❤♦❧❞s❀ ✐♥ ❣❡♥❡r❛❧
t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❢♦r n = 0 ✐s t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p♭✱ ❢♦r s♦♠❡ ❡❧❡♠❡♥t p♭ ∈ R♭✱
♦❢ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠♦r♣❤✐s♠ R♭ → S♭ ♦❢ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s✱
❛♥❞ ✐s t❤✉s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✭✺✮ R ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✱ ❛♥❞ S ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣
❡①t❡♥s✐♦♥ ♦❢ R ✭❚❤❡♦r❡♠ ✶✶✳✷✳✶ ❜❡❧♦✇✮✳
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❊①❛♠♣❧❡ ✶✶✳✶✳✽✳ ❆♥ ✐♠♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛ S ✇❤♦s❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① LS/Fp
✐s tr✐✈✐❛❧✱ ✐s

❝♦t❛♥❣❡♥t s♠♦♦t❤ ❜✉t ♥♦t ❈❛rt✐❡r s♠♦♦t❤✳ ■♥❞❡❡❞✱ ✐t ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤ ❜❡❝❛✉s❡ ❛♥② ❛❧❣❡❜r❛
♦✈❡r t❤❡ ✜❡❧❞ Fp ✐s ✢❛t ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ③❡r♦ ❝♦♠♣❧❡① ♦❢ S✲♠♦❞✉❧❡s ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [0; 0]✳
■♥ ❞❡❣r❡❡ ③❡r♦✱ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❢♦r t❤❡ ♠❛♣ Fp → S ✐s t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕS : S → S✱
❛♥❞ ✐s t❤✉s ♥♦t ❛♥ ✐s♦♠♦r♣❤✐s♠❀ s♦ t❤❡ Fp✲❛❧❣❡❜r❛ S ✐s ♥♦t ❈❛rt✐❡r s♠♦♦t❤✳ ❘❡♠❛r❦ t❤❛t
✐♠♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s ✇✐t❤ tr✐✈✐❛❧ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ❡①✐st✱ ❜② ❬❇❤❛✶✸❪✳

▲❡♠♠❛ ✶✶✳✶✳✾ ✭❇❛s❡ ❝❤❛♥❣❡ ❢♦r ❈❛rt✐❡r s♠♦♦t❤♥❡ss✮✳ ▲❡t R → S ❜❡ ❛ p✲❈❛rt✐❡r s♠♦♦t❤
♠♦r♣❤✐s♠✱ ❛♥❞ R′ ❛♥ R✲❛❧❣❡❜r❛✳ ■❢ t❤❡ ♠♦r♣❤✐s♠ R′ → S ⊗R R

′ ✐s p✲❞✐s❝r❡t❡ ✭ ❡✳❣✳✱ ✐❢ R′ ✐s ❛
✢❛t R✲❛❧❣❡❜r❛✱ ♦r ✐❢ R ✐s ❛♥ Fp✲❛❧❣❡❜r❛✮✱ t❤❡♥ ✐t ✐s p✲❈❛rt✐❡r s♠♦♦t❤✳

Pr♦♦❢✳ ❆ss✉♠✐♥❣ p✲❞✐s❝r❡t❡♥❡ss✱ t❤❡ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ✐s ♣r❡s❡r✈❡❞ ❜② ❜❛s❡ ❝❤❛♥❣❡✳ ❚❤❡
❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ♦❢ t❤❡ ♠♦r♣❤✐s♠ R′ → S⊗RR

′✱
s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t R✱ R′ ❛♥❞ S ❛r❡ Fp✲❛❧❣❡❜r❛s✳ ▲❡t n ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡r❡ ✐s ❛
❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s

Ωn(S⊗RR′)/R′
∼= ΩnS/R ⊗R R

′.

❇② ❈❛rt✐❡r s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠ R→ S✱ t❤❡ R✲♠♦❞✉❧❡ ❍n(Ω•S/R) ✐s ✢❛t✱ s♦ t❤❡r❡ ✐s ❛
❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s

❍n(Ω•S/R)⊗R R
′ ∼= ❍n(Ω•S/R ⊗

L
R R

′).

▼♦r❡♦✈❡r✱ Ω•S/R ✐s ❛ ❝♦♠♣❧❡① ♦❢ ✢❛t R✲♠♦❞✉❧❡s ❜② ❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠
R→ S✱ s♦ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s

❍n(Ω•S/R ⊗
L
R R

′) ∼= ❍n(Ω•(S⊗RR′)/R′)

❛♥❞ t❤❡ ♠♦r♣❤✐s♠ R′ → S ⊗R R
′ s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳

❘❡♠❛r❦ ✶✶✳✶✳✶✵ ✭❚r❛♥s✐t✐✈✐t② ♦❢ ❈❛rt✐❡r s♠♦♦t❤♥❡ss✮✳ ❖♥❡ ❝❛♥ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♠✲
♣♦s✐t❡ ♦❢ t✇♦ p✲❈❛rt✐❡r s♠♦♦t❤ ♠♦r♣❤✐s♠s ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s p✲❈❛rt✐❡r s♠♦♦t❤✱ ✉s✐♥❣
t❤❡ tr❛♥s✐t✐✈✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① ✭❬❇❤❛✶✷✱ Pr♦♣♦s✐t✐♦♥ 3.22❪✮ ❛♥❞
❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (LΩ = Ω)✳

✶✶✳✶✳✷ ❘❡✈✐❡✇ ♦❢ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②

Pr✐s♠s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❬❇❙✷✷❪ ❛s ♣❛✐rs (A, I)✱ ✇❤❡r❡ A ✐s ❛ δ✲r✐♥❣ ✭r♦✉❣❤❧②✱✷ ❛ Z(p)✲❛❧❣❡❜r❛
✇✐t❤ ❛ ❧✐❢t ♦❢ ❋r♦❜❡♥✐✉s ϕA : A → A✮ ❛♥❞ I ⊂ A ✐s ❛♥ ✐❞❡❛❧ ❞❡✜♥✐♥❣ ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥
❙♣❡❝(A)✱ s✉❝❤ t❤❛t A ✐s ❞❡r✐✈❡❞ (p, I)✲❝♦♠♣❧❡t❡ ❛♥❞ p ∈ I + ϕA(I)A✳ ■♥ ❛❧❧ t❤❡ ❝❛s❡s ♦❢
✐♥t❡r❡st t❤❡ ✐❞❡❛❧ I ⊂ A ✇✐❧❧ ❜❡ ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② ❛ ♥♦♥③❡r♦❞✐✈✐s♦r✳ ❆ ♣r✐s♠ (A, I)
✐s ❝❛❧❧❡❞ ❜♦✉♥❞❡❞ ✐❢ t❤❡ r✐♥❣ A/I ❤❛s ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✳ ❘❡str✐❝t✐♥❣ t♦ ❜♦✉♥❞❡❞ ♣r✐s♠s
❛✈♦✐❞s ❝♦♠♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❞❡r✐✈❡❞ ❝♦♠♣❧❡t✐♦♥s✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ✉♥❞❡r❧②✐♥❣ r✐♥❣ A ♦❢ ❛
❜♦✉♥❞❡❞ ♣r✐s♠ (A, I) ✐s (p, I)✲❝♦♠♣❧❡t❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✳

❋♦❧❧♦✇✐♥❣ ❬❇▼❙✶✾✱ ❙❡❝t✐♦♥ 4❪ ♦r ❬❇▲✷✷✱ ❆♣♣❡♥❞✐① ❈❪✱ ❛ ♠♦r♣❤✐s♠ R→ S ♦❢ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s ✐s p✲q✉❛s✐s②♥t♦♠✐❝ ✐❢ ✐t ✐s p✲✢❛t ❛♥❞ L(S/p)/(R/p) ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [−1; 0]✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ❛♥② ♥♦❡t❤❡r✐❛♥ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ r✐♥❣ S ✐s p✲q✉❛s✐s②♥t♦♠✐❝ ♦✈❡r Z ❜② ❬❆✈r✾✾✱
❚❤❡♦r❡♠ 1.2❪✳

✷▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ δ✲r✐♥❣ ✐s ❛ Z(p)✲❛❧❣❡❜r❛ A ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠❛♣ δA : A → A s✉❝❤ t❤❛t ϕA : A → A, x 7→

xp + pδA(x) ✐s ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠✳ ■❢ A ✐s ❛ p✲t♦rs✐♦♥❢r❡❡ Z(p)✲❛❧❣❡❜r❛✱ ❛ δ✲r✐♥❣ str✉❝t✉r❡ ♦♥ A ✐s t❤❡ s❛♠❡
❛s ❛ r✐♥❣ ❡♥❞♦♠♦r♣❤✐s♠ ❧✐❢t✐♥❣ t❤❡ ❋r♦❜❡♥✐✉s ♦♥ A/p✳ ■❢ A ✐s ❛ ❣❡♥❡r❛❧ Z(p)✲❛❧❣❡❜r❛✱ ❛ δ✲r✐♥❣ str✉❝t✉r❡ ♦♥ A ✐s
t❤❡ s❛♠❡ ❛s ❛ ❧✐❢t ♦❢ ❋r♦❜❡♥✐✉s ✐♥ t❤❡ ❞❡r✐✈❡❞ s❡♥s❡ ✭❬❇❙✷✷✱ ❘❡♠❛r❦ 2.5❪✮✳

✶✸✻



●✐✈❡♥ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠ (A, I) ❛♥❞ ❛ p✲q✉❛s✐s②♥t♦♠✐❝ A/I✲❛❧❣❡❜r❛ S✱ ❬❇❙✷✷✱ ❙❡❝t✐♦♥ 4.1❪
❞❡✜♥❡s t❤❡ ♣r✐s♠❛t✐❝ s✐t❡ (S/A)✁ ❛s t❤❡ s✐t❡ ❤❛✈✐♥❣ ❛s ♦❜❥❡❝ts t❤❡ ♣r✐s♠s (B, IB) ♦✈❡r (A, I)
✇✐t❤ ❛ ♠❛♣ S → B/IB✱ ❛♥❞ ❝♦✈❡rs ❣✐✈❡♥ ❜② ✢❛t ❝♦✈❡rs✳ ❚❤❡ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡①
✁S/A ∈ D(A) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ s❤❡❛❢

O✁ : (S/A)✁ −→ A✲❆❧❣, (B, IB) 7−→ B.

❙✐♠✐❧❛r❧②✱ t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❧❡① ✁S/A ∈ D(A/I) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ s❤❡❛❢

O✁ : (S/A)✁ −→ A/I✲❆❧❣, (B, IB) 7−→ B/IB.

❋♦r ✐♥st❛♥❝❡✱ ✐❢ k ✐s ❛ ♣❡r❢❡❝t ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ❛♥❞ S ✐s ❛ ✭p✲✮q✉❛s✐s②♥t♦♠✐❝ k✲❛❧❣❡❜r❛✱
t❤❡♥ (W (k), (p)) ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❜♦✉♥❞❡❞ ♣r✐s♠ ❛♥❞ ✁S/W (k) r❡❝♦✈❡rs t❤❡ ❝r②st❛❧❧✐♥❡ ❝♦❤♦✲
♠♦❧♦❣② ♦❢ S ✭❬❇▲✷✷✱ ❙❡❝t✐♦♥ 4.6❪✮✳ ❋♦r ❛ ❣❡♥❡r❛❧ A/I✲❛❧❣❡❜r❛ S✱ ♣r✐s♠❛t✐❝ ❛♥❞ ❍♦❞❣❡✕❚❛t❡
❝♦♠♣❧❡①❡s ❛r❡ ❞❡✜♥❡❞ ❜② ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ t❤❡ s♠♦♦t❤ ❝❛s❡✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡✲
t✇❡❡♥ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ✐♥ t❤❡ p✲q✉❛s✐s②♥t♦♠✐❝ ❝❛s❡ ✐s ♣r♦✈❡❞ ✐♥ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 4❪✳ ◆♦t❡ ✐♥
♣❛rt✐❝✉❧❛r t❤❛t p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② p✲q✉❛s✐s②♥t♦♠✐❝✱ ❛s t❤❡② ❛r❡ ♥♦t
♥❡❝❡ss❛r✐❧② p✲✢❛t✳

❚❤❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁S/A ♥❛t✉r❛❧❧② ❜❡❛rs ❛♥ A✲❧✐♥❡❛r ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠

ϕ : ✁
(1)
S/A −→ ✁S/A,

✇❤❡r❡ ✁(1)
S/A := ✁S/A⊗̂

L

A,ϕA
A ✐s t❤❡ ❋r♦❜❡♥✐✉s✲t✇✐st❡❞ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡①✳ ❖✉r ♠❛✐♥ r❡s✉❧t ♦♥

t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s ❞❡s❝r✐❜❡s t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s ❋r♦❜❡♥✐✉s
❡♥❞♦♠♦r♣❤✐s♠ ϕ✱ ❛♥❞ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❢✉♥❝t♦r LηI ✳ ❋♦❧❧♦✇✐♥❣ ❬❇▼❙✶✽✱ ❙❡❝t✐♦♥ 6❪
❛♥❞ ❢♦r A ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ I ⊂ A ❛♥ ✐❞❡❛❧ ❞❡✜♥✐♥❣ ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥ ❙♣❡❝(A) ❛♥❞
C ∈ D(A) ❛ ❝♦♠♣❧❡①✱ t❤❡ ♦❜❥❡❝t LηIC ∈ D(A) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❝♦♠♣❧❡① C ✐♥ t❤❡
❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝♦♠♣❧❡① (C•, d) ♦❢ A✲♠♦❞✉❧❡s s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ Z✱
Ci ✐s I✲t♦rs✐♦♥❢r❡❡ ✭✐✳❡✳✱ Ci[I] = 0✮✳ ❉❡✜♥❡ t❤❡ ❝♦♠♣❧❡① ηIC• ✇✐t❤ t❡r♠s

ηIC
i := {x ∈ IiCi | dx ∈ Ii+1Ci+1}

❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ✐♥❞✉❝❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ C•✳ ❆s ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)
t❤✐s ❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ (C•, d) ✭❬❇▼❙✶✽✱ ❈♦r♦❧❧❛r② 6.5❪✮✱ ❛♥❞
✇❡ ❝❛❧❧ t❤✐s ♦❜❥❡❝t LηIC ∈ D(A)✳ ❋♦❧❧♦✇✐♥❣ ❬❇▼❙✶✾✱ ❙❡❝t✐♦♥ 5❪✱ ❛♥ ♦❜❥❡❝t ❋✐❧⋆C ♦❢ t❤❡
✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(A) ✐s ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐✈❡ ❢♦r t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ✐❢ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ∈ Z✱ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡ ❣riC ∈ D(A) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳ ❚❤❡ ❝♦♥♥❡❝t✐✈❡ ❝♦✈❡r
❢♦r t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ♦❢ ❛ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ❋✐❧⋆C ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❝♦♥♥❡❝t✐✈❡ ✜❧t❡r❡❞
❝♦♠♣❧❡① ✇✐t❤ ❛ ♠❛♣ t♦ ❋✐❧⋆C✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶✳ ▲❡t A ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ I ⊂ A ❛♥ ✐❞❡❛❧ ❞❡✜♥✐♥❣ ❛ ❈❛rt✐❡r ❞✐✈✐s♦r
✐♥ ❙♣❡❝(A) ❛♥❞ C ❛♥ ♦❜❥❡❝t ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

✭✶✮ ✭❬❇▼❙✶✽✱ ▲❡♠♠❛ 6.4❪✮ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r i ∈ Z✱ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢
A✲♠♦❞✉❧❡s

❍i(LηIC) ∼= (❍i(C)/❍i(C)[I])⊗A I
i.

✭✷✮ ✭❬❇▼❙✶✾✱ Pr♦♣♦s✐t✐♦♥ 5.8❪✮ LηIC ∈ D(A) ✐s t❤❡ ❝♦♠♣❧❡① ✉♥❞❡r❧②✐♥❣ t❤❡ ❝♦♥♥❡❝t✐✈❡ ❝♦✈❡r
❢♦r t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ♦❢ t❤❡ I✲❛❞✐❝❛❧❧② ✜❧t❡r❡❞ ♦❜❥❡❝t I⋆C ∈ DF(A)✳

✶✸✼



✭✸✮ ✭❬❇▼❙✶✽✱ Pr♦♣♦s✐t✐♦♥ 6.12❪✮ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

(LηIC)⊗
L
A A/I

∼
−−→ ❍∗(C/I)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ ❍∗(C/I) ✐s t❤❡ ❇♦❝❦st❡✐♥ ♦♣✲
❡r❛t♦r ✐♥❞✉❝❡❞ ❜② t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ C✳

❇② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✱ t❤❡ ❝♦♠♣❧❡① LηI✁S/A ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②
✐♥ t❡r♠s ♦❢ t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁S/A✳ ❋♦❧❧♦✇✐♥❣ ❬❇❙✷✷✱ ❙❡❝t✐♦♥ 15❪✱

❞❡✜♥❡ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ N ⋆
✁
(1)
S/A ♦♥ t❤❡ ❋r♦❜❡♥✐✉s✲t✇✐st❡❞ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁(1)

S/A ❛s t❤❡

♣r❡✐♠❛❣❡✸ ♦❢ t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ I⋆✁S/A ✈✐❛ t❤❡ ♠♦r♣❤✐s♠ ϕ✳ ❚❤❡ ❋r♦❜❡♥✐✉s

ϕ : ✁
(1)
S/A −→ ✁S/A

♥❛t✉r❛❧❧② ✉♣❣r❛❞❡s t♦ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

ϕ : N≥⋆✁
(1)
S/A −→ I⋆✁S/A ✭✶✶✳✶✮

✐♥ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(A)✳ ❇❡✇❛r❡ t❤❛t t❤❡ ✜❧tr❛t✐♦♥ N≥⋆✁(1)
S/A ✐s ✐♥ ❣❡♥❡r❛❧

♥♦t ❝♦♠♣❧❡t❡✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② ✁̂
(1)

S/A ∈ D(A) ✭r❡s♣✳ N i
✁
(1)
S/A ∈ D(A/I)✱ ❢♦r i ≥ 0✮ t❤❡

◆②❣❛❛r❞✲❝♦♠♣❧❡t❡❞ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✭r❡s♣✳ t❤❡ ◆②❣❛❛r❞ ❣r❛❞❡❞ ♣✐❡❝❡s✮✳ ❖♥ t❤❡ ◆②❣❛❛r❞
❣r❛❞❡❞ ♣✐❡❝❡s✱ t❤❡ ❋r♦❜❡♥✐✉s ✭✶✶✳✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ ♠❛♣

ϕ : N i
✁
(1)
S/A −→ ✁S/A{i}

❢♦r ❡❛❝❤ i ≥ 0✱ ✇❤❡r❡
✁S/A{i} := ✁S/A ⊗A/I (I/I

2)⊗i.

❚♦ ❞❡s❝r✐❜❡ t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s ❋r♦❜❡♥✐✉s ♠❛♣✱ ❞❡✜♥❡ t❤❡ ❝♦♥❥✉❣❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ ✁S/A{i} ♦♥
t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❧❡① ✁S/A{i} ❛s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ s♠♦♦t❤ A/I✲❛❧❣❡❜r❛s ♦❢ t❤❡
✐♥❝r❡❛s✐♥❣ P♦st♥✐❦♦✈ ✜❧tr❛t✐♦♥ τ≤⋆✁−/A{i}✳

❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ ✭❬❇❙✷✷✱ ❇▲✷✷❪✮✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛♥ A/I✲❛❧❣❡❜r❛✳

✭✶✮ ❋♦r ❡❛❝❤ i ≥ 0✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ : N i
✁
(1)
S/A → ✁S/A{i} ❢❛❝t♦rs ❛s

N i
✁
(1)
S/A

ϕ̃
−−→ ❋✐❧❝♦♥❥i ✁S/A{i}

❝❛♥
−−→ ✁S/A{i},

❛♥❞ t❤❡ ♠❛♣ ϕ̃ : N i
✁
(1)
S/A → ❋✐❧❝♦♥❥i ✁S/A{i} ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦♠♣❧❡①

N i
✁
(1)
S/A ∈ D(A/I) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

✭✷✮ ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ : ✁
(1)
S/A → ✁S/A ❢❛❝t♦rs ❛s

✁
(1)
S/A

ϕ̃
−−→ LηI✁S/A

❝❛♥
−−→ ✁S/A.

✸❚♦ ♠❛❦❡ s❡♥s❡ ♦❢ t❤✐s ♣r❡✐♠❛❣❡✱ ♦♥❡ ♥❡❡❞s t♦ r❡str✐❝t t♦ ❧❛r❣❡ p✲q✉❛s✐s②♥t♦♠✐❝ A/I✲❛❧❣❡❜r❛s ✕❢♦r ✇❤✐❝❤
t❤❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁S/A ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✕✱ ❛♥❞ t❤❡♥ ❣❡♥❡r❛❧✐s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✉s✐♥❣ ❞❡s❝❡♥t
♦♥ t❤❡ p✲q✉❛s✐s②♥t♦♠✐❝ s✐t❡ ❛♥❞ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥✳

✶✸✽



Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ♦❢ (1) ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❬❇▲✷✷✱ Pr♦♣♦s✐t✐♦♥ 5.1.1 ❛♥❞ ❘❡♠❛r❦ 5.1.3❪✱
✇❤❡r❡ t❤❡ r❡s✉❧t ✐s ❢♦r♠✉❧❛t❡❞ ❢♦r ❛ ❣❡♥❡r❛❧ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ A/I✲❛❧❣❡❜r❛ S✳ ❆❧❧ t❤❡
♦❜❥❡❝ts ❛r❡ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ t❤❡ s♠♦♦t❤ ❝❛s❡✱ ✇❤❡r❡ t❤❡ r❡s✉❧t ✐s ❛❧s♦ ❣✐✈❡♥ ❜② ❬❇❙✷✷✱
❚❤❡♦r❡♠ 15.3❪✳ ❚❤❡ ❢✉♥❝t♦r τ≤i✁−/A{i} ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ s♦ ✐ts ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥
✭❞❡✜♥❡❞ ❛s ❛ s✐❢t❡❞ ❝♦❧✐♠✐t✮ ✐s ❛❧s♦ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✳

(2) ❚❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① N≥⋆✁(1)
S/A ∈ DF(A) ✐s ❝♦♥♥❡❝t✐✈❡ ❢♦r t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡

❜② (1)✳ ❙♦ t❤❡ ♠❛♣ ϕ : N≥⋆✁
(1)
S/A → I⋆✁S/A ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ❝♦♥♥❡❝t✐✈❡ ❝♦✈❡r ❢♦r t❤❡

❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡ ♦❢ t❤❡ t❛r❣❡t✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶ (2)✱ ❜② ❧♦♦❦✐♥❣
❛t t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦♠♣❧❡①❡s✳

❲❡ r❡❝❛❧❧ s♦♠❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡✱
❢♦❧❧♦✇✐♥❣ ❬❇❙✷✷❪✳

❚❤❡♦r❡♠ ✶✶✳✶✳✶✸ ✭Pr✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❤❡ s♠♦♦t❤ ❝❛s❡✱ ❬❇❙✷✷❪✮✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞
♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ s♠♦♦t❤ A/I✲❛❧❣❡❜r❛✳

✭✶✮ ✭LηI ❝♦♠♣❛r✐s♦♥✮ ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ̃ : ✁
(1)
S/A

∼
−−→ LηI✁S/A

♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (2) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

✭✷✮ ✭❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❛r✐s♦♥✮ ❚❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

(Ω∗S/(A/I))
∧
p

∼=
−−→ ❍∗(✁S/A{∗}) :=

⊕

i≥0

❍i(✁S/A{i})

♦❢ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ A/I✲❛❧❣❡❜r❛s✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ ❍∗(✁S/A{∗}) ✐s t❤❡ ❇♦❝❦st❡✐♥
♦♣❡r❛t♦r ✐♥❞✉❝❡❞ ❜② t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ ✁S/A✳

✭✸✮ ✭❞❡ ❘❤❛♠ ❝♦♠♣❛r✐s♦♥✮ ❚❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡

✁
(1)
S/A ⊗

L
A A/I

∼
−−→ (ΩS/(A/I))

∧
p

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳

Pr♦♦❢✳ ❇② ❬❇▲✷✷✱ ❈♦r♦❧❧❛r② 4.1.14❪✱ t❤❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ S ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r✐s✲
♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ S✳ (1) ❛♥❞ (2) t❤❡♥ r❡s♣❡❝t✐✈❡❧② ❢♦❧❧♦✇ ❢r♦♠ ❬❇❙✷✷✱
❚❤❡♦r❡♠ 15.3❪ ❛♥❞ ❬❇❙✷✷✱ ❚❤❡♦r❡♠ 4.11❪✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶ (3)✱ (3) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ (1) ❛♥❞ (2)✳

✶✶✳✶✳✸ Pr✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ❏ ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✮✱ ❝❤❛r❛❝t❡r✐s✐♥❣ p✲❈❛rt✐❡r s♠♦♦t❤
❛❧❣❡❜r❛s ✐♥ t❡r♠s ♦❢ t❤❡✐r ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②✳

❆♥② p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛ ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ❜② ❞❡✜♥✐t✐♦♥✳ ❲❡ ✜rst ❡①t❡♥❞ s♦♠❡
♣r♦♣❡rt✐❡s ♦❢ s♠♦♦t❤ ❛❧❣❡❜r❛s t♦ ❣❡♥❡r❛❧ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ❛❧❣❡❜r❛s✳ ●✐✈❡♥ ❛ ♠♦r♣❤✐s♠
R→ S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ❞❡♥♦t❡ ❜② L̂ΩS/R t❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠✲

♣❧❡①✱ ❛♥❞ ❜② (L̂ΩS/R)
∧
p ✐ts p✲❝♦♠♣❧❡t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ A/I✲❛❧❣❡❜r❛✳

✶✸✾



✭✶✮ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ (L̂ΩS/(A/I))
∧
p → (ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡✲

❣♦r② D(A/I)✳

✭✷✮ ❚❤❡ ❝♦♥❥✉❣❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ ✁S/A ♦♥ t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❧❡① ✁S/A ∈ D(A/I) ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ P♦st♥✐❦♦✈ ✜❧tr❛t✐♦♥ τ≤⋆✁S/A✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❡❛❝❤ i ≥ 0✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : N i
✁
(1)
S/A −→ ✁S/A{i}

✐♥❞✉❝❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡
ϕ̃ : N i

✁
(1)
S/A

∼
−−→ τ≤i✁S/A{i}

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳

✭✸✮ ❚❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

(Ω∗S/(A/I))
∧
p

∼=
−−→ ❍∗(✁S/A{∗})

♦❢ ❞✐✛❡r❡♥t✐❛❧ ❣r❛❞❡❞ A/I✲❛❧❣❡❜r❛s✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ ❍∗(✁S/A{∗}) ✐s t❤❡ ❇♦❝❦st❡✐♥
♦♣❡r❛t♦r ✐♥❞✉❝❡❞ ❜② t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ ✁S/A✳

✭✹✮ ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ̃ : ✁
(1)
S/A → LηI✁S/A ♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (2) ❢❛❝t♦rs ❛s

✁
(1)
S/A

❝❛♥
−−→ ✁̂

(1)

S/A
ϕ̃
−−→ LηI✁S/A,

❛♥❞ t❤❡ ♠❛♣ ϕ̃ : ✁̂
(1)

S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

Pr♦♦❢✳ (1) ❇② t❤❡ ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ❧❡♠♠❛ ✭❬❙t❛✶✾✱ ✵✾✶◆❪✮✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t
❛❢t❡r ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ❇② ❜❛s❡ ❝❤❛♥❣❡ ❢♦r t❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠
❝♦♠♣❧❡① ❛♥❞ p✲❞✐s❝r❡t❡♥❡ss✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

L̂Ω(S/p)/(A/(p,I)) −→ Ω(S/p)/(A/(p,I))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/(p, I))✳ ❇♦t❤ s✐❞❡s ❛r❡ ❝♦♠♣❧❡t❡ ❢♦r t❤❡ ❍♦❞❣❡
✜❧tr❛t✐♦♥✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤✐s ❝❛♥♦♥✐❝❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ t❤❡ ❍♦❞❣❡ ❣r❛❞❡❞
♣✐❡❝❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣

Ln(S/p)/(A/(p,I))[−n] −→ Ωn(S/p)/(A/(p,I))[−n]

✐s t❤❡ s❤✐❢t ♦❢ ❛ ✇❡❞❣❡ ♣♦✇❡r ♦❢ t❤❡ ❝♦✉♥✐t ♠❛♣

L(S/p)/(A/(p,I)) −→ Ω1
(S/p)/(A/(p,I))[0]

❢♦r ❛❧❧ n ≥ 0✱ ✇❤✐❝❤ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② p✲❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠ A/I → S✳
(2) ❇② ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❛r✐s♦♥ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✸ (2) ✭♦r ❬❇▲✷✷✱

❘❡♠❛r❦ 4.1.7❪✮✱ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡

(LnS/(A/I))
∧
p [−n]{−n}

∼
−−→ ❣r❝♦♥❥n ✁S/A

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✱ ❢♦r ❡❛❝❤ n ≥ 0✳ ❇② t❤❡ ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ❧❡♠♠❛ ✭❬❙t❛✶✾✱
✵✾✶◆❪✮ ❛♥❞ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠ A/I → S✱ t❤❡ ❝♦♠♣❧❡①

(LnS/(A/I))
∧
p ∈ D(A/I)

✶✹✵



✐s ✐♥ ❞❡❣r❡❡ ③❡r♦ ❛♥❞ t❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛❞❡❞ ♣✐❡❝❡ ❣r❝♦♥❥n ✁S/A ✐s t❤✉s ✐♥ ❞❡❣r❡❡ n✳ ❇② ✐♥❞✉❝t✐♦♥
♦♥ n ≥ 0 ❛♥❞ ✉s✐♥❣ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❤♦♠♦t♦♣②
❝♦✜❜r❡ s❡q✉❡♥❝❡

❋✐❧❝♦♥❥n−1 ✁S/A −→ ❋✐❧❝♦♥❥n ✁S/A −→ ❣r❝♦♥❥n ✁S/A,

✇❡ ❞❡❞✉❝❡ t❤❛t ❋✐❧❝♦♥❥n ✁S/A ❜❡❧♦♥❣s t♦ D[0;n](A/I)✱ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠

❋✐❧❝♦♥❥n−1 ✁S/A −→ τ≤n−1❋✐❧❝♦♥❥n ✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ t❤❛t t❤❡ ♠♦r♣❤✐s♠

❍n(❋✐❧❝♦♥❥n ✁S/A) −→ ❍n(❣r❝♦♥❥n ✁S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A/I✲♠♦❞✉❧❡s✳ ❚❤❡ ❝♦♥❥✉❣❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ ✁S/A ✐s ♠♦r❡♦✈❡r ❡①❤❛✉s✲
t✐✈❡✱ ❛s ❛ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❡①❤❛✉st✐✈❡ P♦st♥✐❦♦✈ ✜❧tr❛t✐♦♥ τ≤⋆✁−/A✳ ❙♦ t❤❡ ❝❛♥♦♥✐❝❛❧
♠❛♣

❋✐❧❝♦♥❥n ✁S/A −→ τ≤n lim
k
(❋✐❧❝♦♥❥n+k ✁S/A) ≃ τ

≤n
✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ n ≥ 0✱ ❛♥❞ t❤❡ ❝♦♥❥✉❣❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ ✁S/A ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
P♦st♥✐❦♦✈ ✜❧tr❛t✐♦♥ τ≤⋆✁S/A✳ ❚❤❡ ❧❛st st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (1)✳

(3) ❇② ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❛r✐s♦♥ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✸ (2) ✭♦r ❬❇▲✷✷✱
❘❡♠❛r❦ 4.1.7❪✮ ❛♥❞ (2)✱ t❤❡r❡ ✐s ❢♦r ❡❛❝❤ n ≥ 0 ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

(ΩnS/(A/I))
∧
p

∼=
−−→ ❍n(✁S/A{n})

♦❢ A/I✲♠♦❞✉❧❡s✳ ❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❞❡ ❘❤❛♠ ❞✐✛❡r❡♥t✐❛❧ d ❝♦✐♥❝✐❞❡s ✈✐❛ t❤❡s❡ ✐s♦♠♦r♣❤✐s♠s
✇✐t❤ t❤❡ ❇♦❝❦st❡✐♥ ♦♣❡r❛t♦r β ♦♥ ❍∗(✁S/A{∗})✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ✐t ✇❤❡♥ S ✐s ❛ ♣♦❧②♥♦♠✐❛❧
A/I✲❛❧❣❡❜r❛✱ ✇❤❡r❡ t❤✐s ✐s ❚❤❡♦r❡♠ ✶✶✳✶✳✶✸ (2)✳

(4) ❋♦r ❡❛❝❤ ✐♥t❡❣❡r k ≥ 0✱ t❤❡ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s ϕ : N≥⋆✁
(1)
S/A → I⋆✁S/A ✐♥❞✉❝❡s

❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

ϕ : N≥⋆✁
(1)
S/A/N

≥⋆+k
✁
(1)
S/A −→ I⋆✁S/A/I

⋆+k
✁S/A ≃ ✁S/A ⊗

L
A I

⋆/I⋆+k.

❚❛❦✐♥❣ t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t ♦✈❡r k ≥ 0 ❞❡✜♥❡s ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

ϕ : N≥⋆✁̂
(1)

S/A −→ I⋆✁S/A.

❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ N≥⋆✁(1)
S/A → N

≥⋆
✁̂
(1)

S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✱ s♦ t❤❡ s❛♠❡
❛r❣✉♠❡♥t ❛s ✐♥ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (2) ♣r♦✈❡s t❤❛t

✁
(1)
S/A

❝❛♥
−−→ ✁̂

(1)

S/A
ϕ
−−→ ✁S/A

❢❛❝t♦rs ❛s

✁
(1)
S/A

❝❛♥
−−→ ✁̂

(1)

S/A
ϕ̃
−−→ LηI✁S/A

❝❛♥
−−→ ✁S/A,

✇❤❡r❡ t❤❡ ❝♦♠♣♦s✐t❡ ϕ̃ : ✁
(1)
S/A → LηI✁S/A ♦❢ t❤❡ ✜rst t✇♦ ♠❛♣s ✐s t❤❡ ♠❛♣ ❞❡✜♥❡❞ ✐♥ ❚❤❡✲

♦r❡♠ ✶✶✳✶✳✶✷ (2)✳ ❘❡♠❛r❦ t❤❛t t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ LηI✁S/A ✐s ❝♦♠♣❧❡t❡ ❜② ❬❇▲✷✷✱ ❘❡✲

♠❛r❦ ❉.10❪✳ ❚♦ ♣r♦✈❡ t❤❛t ϕ̃ : ✁̂
(1)

S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✐t s✉✣❝❡s ❜② ❝♦♠♣❧❡t❡♥❡ss
t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s✳ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶ (2) ✭♠♦r❡ ♣r❡❝✐s❡❧②✱

✶✹✶



❬❇▼❙✶✾✱ ❚❤❡♦r❡♠ 5.4 (2)❪✮ ✐❞❡♥t✐✜❡s t❤❡ it❤ ❣r❛❞❡❞ ♣✐❡❝❡ ♦❢ LηI✁S/A ✇✐t❤ t❤❡ tr✉♥❝❛t✐♦♥ τ≤i

♦❢ t❤❡ I✲❛❞✐❝ ❣r❛❞❡❞ ♣✐❡❝❡ ✁S/A{i}✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ N i
✁
(1)
S/A

∼
−→ N i

✁̂
(1)

S/A✱ ✐t
t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t

ϕ̃ : N i
✁
(1)
S/A −→ τ≤i✁S/A{i}

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❛❧❧ i ≥ 0✱ ✇❤✐❝❤ ✐s (2)✳

❘❡♠❛r❦ ✶✶✳✶✳✶✺✳ ❚❤❡ ❢❛❝t♦r✐s❛t✐♦♥ ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹ (4) ❛♥❞ ✐ts ♣r♦♦❢ ❤♦❧❞ ♠♦r❡
❣❡♥❡r❛❧❧② ❢♦r (A, I) ❛ ❜♦✉♥❞❡❞ ♣r✐s♠ ❛♥❞ S ❛♥② A/I✲❛❧❣❡❜r❛✳

❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ A/I✲❛❧❣❡❜r❛✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

(CSm) ❚❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣

Ωn(S/p)/(A/(p,I)) ⊗A/(p,I),ϕA/(p,I)
A/(p, I)

C−1

−−−→ ❍n(Ω•(S/p)/(A/(p,I)))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A/(p, I)✲♠♦❞✉❧❡s ❢♦r ❛❧❧ n ≥ 0✱ ✐✳❡✳✱ S ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r
A/I✳

(LΩ = L̂Ω) ❚❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t✐♦♥ ♠❛♣ (LΩS/(A/I))
∧
p → (L̂ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡

❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳

(LΩ = Ω) ❚❤❡ ❝♦✉♥✐t ♠❛♣ (LΩS/(A/I))
∧
p → (ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡✲

❣♦r② D(A/I)✳

(dR) ❚❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✁
(1)
S/A ⊗

L
A A/I → (ΩS/(A/I))

∧
p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡

❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳

(✁) ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ ✁(1)
S/A⊗

L
AA/I → ❍∗(✁S/A{∗}) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②

D(A/I)✳

(✁ = ✁̂) ❚❤❡ ◆②❣❛❛r❞✲❝♦♠♣❧❡t✐♦♥ ♠❛♣ ✁(1)
S/A → ✁̂

(1)

S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②
D(A)✳

(Lη) ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ̃ : ✁
(1)
S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳

(N ) ❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ ❍0
❇ : ✁

(1)
S/A ⊗

L
A A/I → ❍∗(N ∗✁(1)

S/A) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(A/I)✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ ❍∗(N ∗✁(1)
S/A) ✐s t❤❡ ❇♦❝❦st❡✐♥ ♦♣❡r❛t♦r ✐♥❞✉❝❡❞

❜② t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁
(1)
S/A✳

(N≥) ❚❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ τ≤iϕ : τ≤iN≥i✁
(1)
S/A → τ≤iIi✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(A) ❢♦r ❛❧❧ i ≥ 0✳

Pr♦♦❢✳ (CSm)⇔ (LΩ = Ω) ❇② ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ✭❬❙t❛✶✾✱ ✵✾✶◆❪✮✱ t❤❡ ❝♦✉♥✐t ♠❛♣

(LΩS/(A/I))
∧
p −→ (ΩS/(A/I))

∧
p

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦✉♥✐t ♠❛♣

LΩ(S/p)/(A/(p,I)) −→ Ω(S/p)/(A/(p,I))

✶✹✷



✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/(p, I))✱ ✐✳❡✳✱ ✐❢ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

❍n(LΩ(S/p)/(A/(p,I))) −→ ❍n(Ω(S/p)/(A/(p,I)))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A/(p, I)✲♠♦❞✉❧❡s ❢♦r ❡❛❝❤ n ≥ 0✳ ❇② ❬❇❤❛✶✷✱ Pr♦♣♦s✐t✐♦♥ 3.5❪✱ t❤❡
❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① LΩ(S/p)/(A/(p,I)) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡①❤❛✉st✐✈❡ N✲✐♥❞❡①❡❞ ✐♥❝r❡❛s✐♥❣
✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ LΩ(S/p)/(A/(p,I))✱ ✇❤♦s❡ ❣r❛❞❡❞ ♣✐❡❝❡s ❛r❡ ❣✐✈❡♥ ❜②

C−1 : ∧n(L(S/p)/(A/(p,I)) ⊗
L
A/(p,I),ϕA/(p,I)

A/(p, I))[−n]
∼
−−→ ❣r❝♦♥❥n LΩ(S/p)/(A/(p,I)),

✇❤❡r❡ C−1 ✐s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣✳ ❇② ❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss
♦❢ t❤❡ ♠♦r♣❤✐s♠ A/(p, I)→ S/p✱ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡ ❣r❝♦♥❥n LΩ(S/p)/(A/(p,I)) ✐s t❤✉s ❝♦♥❝❡♥tr❛t❡❞
✐♥ ❞❡❣r❡❡ n ❢♦r ❡❛❝❤ n ≥ 0✳ ❆r❣✉✐♥❣ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n ≥ 0 ❛♥❞ ❜② ❡①❤❛✉st✐✈❡♥❡ss ♦❢ t❤❡
❝♦♥❥✉❣❛t❡ ✜❧tr❛t✐♦♥ ❋✐❧❝♦♥❥⋆ LΩ(S/p)/(A/(p,I))✱ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

❍n(❣r❝♦♥❥n LΩ(S/p)/(A/(p,I)))
∼=
−−→ ❍n(LΩ(S/p)/(A/(p,I))).

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦✉♥✐t ♠❛♣ LΩ(S/p)/(A/(p,I)) → Ω(S/p)/(A/(p,I)) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞
❝❛t❡❣♦r② D(A/(p, I)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣

C−1 : Ωn(S/p)/(A/(p,I)) ⊗A/(p,I),ϕA/(p,I)
A/(p, I) −→ ❍n(Ω•(S/p)/(A/(p,I)))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A/(p, I)✲♠♦❞✉❧❡s ❢♦r ❛❧❧ n ≥ 0✳
(LΩ = L̂Ω) ⇔ (LΩ = Ω) ⇔ (dR) ⇔ (✁) ⇔ (✁ = ✁̂) ⇔ (Lη) ❇② ❬❇▲✷✷✱ Pr♦♣♦s✐t✐♦♥ 5.2.3❪

t❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

✁̂
(1)

S/A

✁
(1)
S/A

LηI✁S/A

(L̂ΩS/(A/I))
∧
p

(LΩS/(A/I))
∧
p (ΩS/(A/I))

∧
p

❍∗(✁S/A{∗})

ϕ̃
∼

❝❛♥

ϕ̃

❝❛♥
∼

❝❛♥

❍❚
∼

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✱ ✇❤❡r❡ t❤❡ ❞❛s❤❡❞ ❛rr♦✇s ❛r❡ ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ I ✭❬❇▲✷✷✱
Pr♦♣♦s✐t✐♦♥ 5.2.5 ❛♥❞ ❈♦r♦❧❧❛r② 5.2.8❪ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶ (3)✮✳ ❚❤❡ ♠❛♣

(LΩS/(A/I))
∧
p → ❍∗(✁S/A{∗})

✶✹✸



✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣♦s✐t❡

(LΩS/(A/I))
∧
p −→ (ΩS/(A/I))

∧
p −→ ❍∗(✁S/A{∗}).

❚❤❡ t❤r❡❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤✐s ❞✐❛❣r❛♠ ❤♦❧❞ ❢♦r ❛♥② p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ A/I✲❛❧❣❡❜r❛ S ❜②
Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹✳ ❇② ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ✭❬❙t❛✶✾✱ ✵✾✶◆❪✮ ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤✐s ❞✐❛❣r❛♠✱
t❤❡ ❝♦♥❞✐t✐♦♥s (LΩ = L̂Ω)✱ (LΩ = Ω)✱ (dR)✱ (✁)✱ (Lη) ❛♥❞ (✁ = ✁̂) ❛r❡ t❤❡♥ ❡q✉✐✈❛❧❡♥t✳

(Lη)⇔ (N ) ❚❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

✁
(1)
S/A ⊗

L
A A/I ❍∗(N ∗✁(1)

S/A)

(LηI✁S/A)⊗
L
A A/I ❍∗(✁S/A{∗})

❍0
❇

ϕ̃ ϕ̃∼

❍0
❇

∼

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✱ ✇❤❡r❡ t❤❡ ♠❛♣s ϕ̃ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷✱ ❛♥❞ t❤❡
❢✉♥❝t♦r ❍0

❇ ✭✇❤❡r❡ ❇ r❡❢❡rs t♦ t❤❡ ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡✮ ✐s ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✾✱ ❚❤❡♦r❡♠ 5.4❪✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢✉♥❝t♦r ❍0

❇ s❡♥❞s t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡①

N≥⋆✁
(1)
S/A ∈ DF(A)

t♦
❍∗(N ∗✁(1)

S/A) ∈ ❈❤(A) ≃ DF(A)♡,

✇❤❡r❡ DF(A)♡ ✐s t❤❡ ❤❡❛rt ♦❢ t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② DF(A) ❢♦r ✐ts ❇❡✐❧✐♥s♦♥ t✲str✉❝t✉r❡✳

❇❡❝❛✉s❡ N ⋆
✁
(1)
S/A ✐s ♥❛t✉r❛❧❧② ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✱ t❤✐s ✐♥❞✉❝❡s ❛ ♠❛♣

✁
(1)
S/A ⊗

L
A A/I

❍0
❇−−→ ❍∗(N ∗✁(1)

S/A)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I) ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦♠♣❧❡①❡s✳ ❋♦r ❛♥② p✲❝♦t❛♥❣❡♥t s♠♦♦t❤
A/I✲❛❧❣❡❜r❛ S✱ t❤❡ r✐❣❤t ❛♥❞ ❜♦tt♦♠ ♠❛♣s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐❛❣r❛♠ ❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✭Pr♦♣♦✲
s✐t✐♦♥s ✶✶✳✶✳✶✹ (2) ❛♥❞ ✶✶✳✶✳✶✶ (3)✮✳ ❇② ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛ ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠✱
t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ̃ : ✁
(1)
S/A −→ LηI✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❍0
❇ : ✁

(1)
S/A ⊗

L
A A/I −→ ❍∗(N ∗✁(1)

S/A)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/I)✳
(N≥)⇒ (Lη) ❆ss✉♠❡ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

τ≤iϕ : τ≤iN≥i✁
(1)
S/A −→ τ≤iIi✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❡❛❝❤ i ≥ 0✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : ❍i(N≥i✁(1)
S/A) −→ ❍i(Ii✁S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A✲♠♦❞✉❧❡s ❢♦r ❡❛❝❤ i ≥ 0✳ ❚❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡ s❡q✉❡♥❝❡

N≥i✁
(1)
S/A −→ N

≥i−1
✁
(1)
S/A −→ N

i−1
✁
(1)
S/A

✶✹✹



✐♥❞✉❝❡s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

❍n−1(N i−1
✁
(1)
S/A) −→ ❍n(N≥i✁(1)

S/A) −→ ❍n(N≥i−1✁(1)
S/A) −→ ❍n(N i−1

✁
(1)
S/A)

❢♦r ❡❛❝❤ ✐♥t❡❣❡r n✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹ (2)✱ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡ N i−1
✁
(1)
S/A ✐s ✐♥ ❞❡❣r❡❡s [0; i−1]

❛♥❞ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ : N i−1
✁
(1)
S/A → ✁S/A{i−1} ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 1✳

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠♦r♣❤✐s♠ ❍n(N≥i✁(1)
S/A)→ ❍n(N≥i−1✁(1)

S/A) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛❧❧ i, n ≥ 0
s❛t✐s❢②✐♥❣ i < n✱ ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠

❍i(N≥i−1✁(1)
S/A) −→ ❍i(N≥0✁(1)

S/A) = ❍i(✁(1)
S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛❧❧ i ≥ 0✳ ❚❤❡ A✲♠♦❞✉❧❡ ❍i(LηI✁S/A) ✐s ❝❛♥♦♥✐❝❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡
✐♠❛❣❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ ❍i(Ii✁S/A)→ ❍i(I i−1✁S/A) ❜② Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✶ (1)✳ ❚❤❡ ❋r♦❜❡♥✐✉s
♠❛♣

ϕ : N≥⋆✁
(1)
S/A −→ I⋆✁S/A

t❤✉s ✐♥❞✉❝❡s ❛ ♠❛♣ ♦❢ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s

❍i−1(N≥i−1✁(1)
S/A) ❍i−1(N i−1

✁
(1)
S/A) ❍i(N≥i✁(1)

S/A) ❍i(✁(1)
S/A) 0

❍i−1(Ii−1✁S/A) ❍i−1(✁S/A{i− 1}) ❍i(Ii✁S/A) ❍i(LηI✁S/A) 0.

ϕ ϕ ϕ ϕ̃

❚❤❡ ✜rst t❤r❡❡ ✈❡rt✐❝❛❧ ♠❛♣s ❛r❡ ✐s♦♠♦r♣❤✐s♠s ❜② ❛ss✉♠♣t✐♦♥✱ t❤✉s s♦ ✐s t❤❡ r✐❣❤t ✈❡rt✐❝❛❧
♠❛♣✱ ❢♦r ❡❛❝❤ i ≥ 0✳ ❙♦ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ̃ : ✁

(1)
S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

(Lη) ⇒ (N≥) ❆ss✉♠❡ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕ̃ : ✁
(1)
S/A → LηI✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❲❡

♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i ≥ 0 t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ≤ i✱ t❤❡ ❋r♦❜❡♥✐✉s ♠♦r♣❤✐s♠

ϕ : ❍n(N≥i✁(1)
S/A) −→ ❍n(Ii✁S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ A✲♠♦❞✉❧❡s✳ ❋♦r i = 0✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♠♦r♣❤✐s♠

ϕ : ❍0(✁
(1)
S/A) −→ ❍0(✁S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❍0(LηI✁S/A) ∼= ❍0(✁S/A)/❍
0(✁S/A)[I] −→ ❍0(✁S/A)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❋♦r ❛♥② ♣r✐s♠ (B, IB) ♦✈❡r (A, I)✱ t❤❡ A✲❛❧❣❡❜r❛ B ✐s I✲t♦rs✐♦♥❢r❡❡ ❬❇❙✷✷✱
▲❡♠♠❛ 3.5❪✱ s♦

❍0(✁S/A) = lim
(B,IB)∈(S/A)

✁

B

✐s ❛❧s♦ I✲t♦rs✐♦♥❢r❡❡ ✭❬❇▲✷✷✱ ❚❤❡♦r❡♠ 4.3.6❪✮ ❛♥❞ t❤❡ ♠♦r♣❤✐s♠ ❍0(LηI✁S/A) → ❍0(✁S/A) ✐s
t❤❡ ✐❞❡♥t✐t②✳ ❆ss✉♠❡ i ✐s ♥♦✇ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❢♦r ✇❤✐❝❤ t❤❡ r❡s✉❧t ❤♦❧❞s✳ ❯s✐♥❣ t❤❡
❡q✉✐✈❛❧❡♥❝❡

ϕ̃ : ✁
(1)
S/A

∼
−−→ LηI✁S/A,

✶✹✺



t❤❡ ✜rst✱ s❡❝♦♥❞ ❛♥❞ ❢♦✉rt❤ ✈❡rt✐❝❛❧ ♠❛♣s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐❛❣r❛♠ ❛r❡ ✐s♦♠♦r♣❤✐s♠s✱ s♦ t❤❡
♠♦r♣❤✐s♠

ϕ : ❍i(N≥i✁(1)
S/A) −→ ❍i(Ii✁S/A)

✐s ❛❧s♦ ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❋♦r n < i✱ t❤❡ ❋r♦❜❡♥✐✉s ϕ : N≥⋆✁
(1)
S/A → I⋆✁S/A ✐♥❞✉❝❡s ❛ ♠❛♣ ♦❢

❡①❛❝t s❡q✉❡♥❝❡s

❍n−1(N≥i✁(1)
S/A) ❍n−1(N i

✁
(1)
S/A) ❍n(N≥i+1

✁
(1)
S/A) ❍n(N≥i✁(1)

S/A) ❍n(N i
✁
(1)
S/A)

❍n−1(Ii−1✁S/A) ❍n−1(✁S/A{i}) ❍n(Ii+1
✁S/A) ❍n(Ii✁S/A) ❍n(✁S/A{i})

ϕ∼= ϕ∼= ϕ ϕ∼= ϕ∼=

✇❤❡r❡ t❤❡ ✐s♦♠♦r♣❤✐s♠s ❛r❡ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹ (2) ❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠♦r♣❤✐s♠ ϕ : ❍n(N≥i✁(1)
S/A) → ❍n(Ii✁S/A) ✐s ❛❧s♦ ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤

❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✶✶✳✶✳✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ F ✲s♠♦♦t❤♥❡ss

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❛❜s♦❧✉t❡ ♥♦t✐♦♥ ♦❢ F ✲s♠♦♦t❤♥❡ss✱ ✐♥tr♦❞✉❝❡❞ ❜② ❇❤❛tt✕
▼❛t❤❡✇ ❬❇▼✷✸❪✱ ✇✐t❤ ♦✉r r❡❧❛t✐✈❡ ♥♦t✐♦♥ ♦❢ p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❜❛s❡
✐s ♣❡r❢❡❝t♦✐❞ ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✾✮✳ F ✲s♠♦♦t❤♥❡ss ✐s ❛ ✈❛r✐❛♥t ♦❢ ✭p✲❛❞✐❝✮ s♠♦♦t❤♥❡ss ❞❡s✐❣♥❡❞ t♦
❝❛♣t✉r❡ s♠♦♦t❤♥❡ss ✐♥ ❛♥ ❛❜s♦❧✉t❡ s❡♥s❡✳ ❋♦r ✐♥st❛♥❝❡✱ r❡❣✉❧❛r r✐♥❣s ❛r❡ F ✲s♠♦♦t❤ ✭❬❇▼✷✸✱
❚❤❡♦r❡♠ 4.15❪✮✳

❆❜s♦❧✉t❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛♥ ❛❜s♦❧✉t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡
♣r✐s♠❛t✐❝ s✐t❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✶✳✶✳✷✳ ❲❡ r❡❝❛❧❧ ♦♥❧② t❤❡ ♥❡❝❡ss❛r② ♥♦t❛t✐♦♥✱ ❛♥❞ r❡❢❡r t❤❡
r❡❛❞❡r t♦ ❬❇▲✷✷❪ ❢♦r t❤❡ ❣❡♥❡r❛❧ t❤❡♦r②✳ ❋♦❧❧♦✇✐♥❣ ❬❇▼❙✶✾✱ ❙❡❝t✐♦♥ 4❪ ♦r ❬❇▲✷✷✱ ❆♣♣❡♥❞✐① ❈❪✱
❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ S ✐s p✲q✉❛s✐s②♥t♦♠✐❝ ✐❢ S ❤❛s ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ❛♥❞

LS/Z ⊗
L
S S/p ∈ D(S/p)

❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [−1; 0]✳ ❋♦❧❧♦✇✐♥❣ ❬❇▲✷✷✱ ❙❡❝t✐♦♥s 4 ❛♥❞ 5❪ ❛♥❞ ❢♦r ❛♥② p✲q✉❛s✐s②♥t♦♠✐❝
r✐♥❣ S✱ t❤❡ ❛❜s♦❧✉t❡ ♣r✐s♠❛t✐❝ s✐t❡ (S)✁ ✐s t❤❡ s✐t❡ ❤❛✈✐♥❣ ❛s ♦❜❥❡❝ts t❤❡ ♣r✐s♠s (B, J) ✇✐t❤ ❛
♠❛♣ S → B/J ❛♥❞ ❝♦✈❡rs ❣✐✈❡♥ ❜② ✢❛t ❝♦✈❡rs✳ ❚❤❡ ❛❜s♦❧✉t❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁S ∈ D(Zp)
✐s t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ s❤❡❛❢

O✁ : (S)✁ −→ A✲❆❧❣, (B, J) 7−→ B.

■t ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ N≥⋆✁S ❛♥❞ ❛ ♠❛♣ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s

ϕ : N≥⋆✁S −→ ✁
[⋆]
S ,

✇❤❡r❡ t❤❡ ✜❧t❡r❡❞ ❝♦♠♣❧❡① ✁[⋆]
S ✐s ❛♥ ❛❜s♦❧✉t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ I✲❛❞✐❝ ✜❧tr❛t✐♦♥ ♦♥ r❡❧❛t✐✈❡ ♣r✐s✲

♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②✳ ❚❤✐s ❋r♦❜❡♥✐✉s ♠❛♣ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ♦♥ r❡❧❛t✐✈❡
♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✇❤❡♥ S ✐s ❞❡✜♥❡❞ ♦✈❡r ❛ ❜❛s❡ ♣r✐s♠✳

❉❡✜♥✐t✐♦♥ ✶✶✳✶✳✶✼ ✭F ✲s♠♦♦t❤♥❡ss✱ ❬❇▼✷✸❪✮✳ ❆ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣ S ✐s F ✲s♠♦♦t❤ ✐❢ ❢♦r
❡❛❝❤ ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁S{i} ✐s ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡
❤♦❝♦✜❜(ϕ) ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : N i
✁S −→ ✁S{i},

✇❤❡r❡ ✁S{i} := ❣ri ✁[⋆]
S ✱ ❤❛s p✲❝♦♠♣❧❡t❡ ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳

✶✹✻



❋♦❧❧♦✇✐♥❣ ❬❇❙✷✷✱ ❙❡❝t✐♦♥ 3❪✱ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠ (A, I) ✐s ♣❡r❢❡❝t ✐❢ ✐ts ❋r♦❜❡♥✐✉s ϕA ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ ❢✉♥❝t♦r (A, I) 7→ A/I ✐♥❞✉❝❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡❣♦r② ♦❢
♣❡r❢❡❝t ♣r✐s♠s ❛♥❞ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣❡r❢❡❝t♦✐❞ r✐♥❣s ✭❬❇❙✷✷✱ ❚❤❡♦r❡♠ 3.10❪✮✳ ●✐✈❡♥ ❛ ♣❡r❢❡❝t
♣r✐s♠ (A, I)✱ ❛ p✲q✉❛s✐s②♥t♦♠✐❝ A/I✲❛❧❣❡❜r❛ S ❛♥❞ ❛♥ ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣s

✁S{i} −→ ✁S/A{i} −→ ✁
(1)
S/A{i}

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ❛♥❞ t❤❡✐r ❝♦♠♣♦s✐t❡ ❝❛♥ ❜❡ r❡✜♥❡❞ ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ ❝♦♠♣❧❡①❡s
✭❬❇▲✷✷✱ ❈♦♥str✉❝t✐♦♥ 5.6.1 ❛♥❞ ❚❤❡♦r❡♠ 5.6.2❪✮

N≥⋆✁S{i}
∼
−−→ N≥⋆✁

(1)
S/A{i}.

❚❤❡♦r❡♠ ✶✶✳✶✳✶✽✳ ▲❡t (A, I) ❜❡ ❛ ❜♦✉♥❞❡❞ ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲q✉❛s✐s②♥t♦♠✐❝ A/I✲❛❧❣❡❜r❛✳
❚❤❡♥ S ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r A/I ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐✈❡ ✈❡rs✐♦♥ ♦❢
F ✲s♠♦♦t❤♥❡ss✿ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r i ≥ 0 ✭♦r ❡q✉✐✈❛❧❡♥t❧② i ∈ {0, 1}✮✱ t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡ ♦❢ t❤❡

❋r♦❜❡♥✐✉s ♠❛♣ ϕ : N i
✁
(1)
S/A → ✁S/A{i} ❤❛s p✲❝♦♠♣❧❡t❡ ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i + 1✱

❛♥❞ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁
(1)
S/A{i} ✐s ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t S ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r A/I✳ ▲❡t i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ ❝♦✜❜r❡
♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : N i
✁
(1)
S/A −→ ✁S/A{i},

❝♦✜❜r❡ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ τ≥i+1
✁S/A{i} ❜② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✹ (2)✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs

n ≥ i+1✱ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❍n(τ≥i+1
✁S/A{i}) ❛r❡ ❝❛♥♦♥✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ (ΩnS/(A/I))

∧
p

❜② t❤❡ ❍♦❞❣❡✕❚❛t❡ ❝♦♠♣❛r✐s♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹ (3)✮✳ ❇② p✲❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡
A/I✲❛❧❣❡❜r❛ S✱ t❤❡ S✲♠♦❞✉❧❡s (ΩnS/(A/I))

∧
p ❛r❡ p✲❝♦♠♣❧❡t❡❧② ✢❛t ❢♦r ❛❧❧ n✱ ❤❡♥❝❡ t❤❡ ❝♦♠♣❧❡①

τ≥i+1
✁S/A ❤❛s p✲❝♦♠♣❧❡t❡ ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳ ❚❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥

✁
(1)
S/A{i} ✐s ❞❡✜♥❡❞ ❛s t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁(1)

S/A ✇✐t❤ t❤❡ ✐♥✈❡rt✐❜❧❡

A✲♠♦❞✉❧❡ A{i} ✭❬❇▲✷✷✱ ❈♦♥str✉❝t✐♦♥ 5.6.1❪✮✱ ❛♥❞ ✐s t❤✉s ❝♦♠♣❧❡t❡ ❜② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (✁ = ✁̂)✳
❆ss✉♠❡ ♥♦✇ t❤❛t S ✐s F ✲s♠♦♦t❤✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0 ✭✇❡ ♦♥❧② ✉s❡

i ∈ {0, 1} ✐♥ t❤✐s ❛r❣✉♠❡♥t✮✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : N i
✁
(1)
S/A −→ ✁S/A{i}

❤❛s ❝♦✜❜r❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+1✱ ❛♥❞ N i
✁
(1)
S/A ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (1)✮✱

s♦ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

ϕ̃ : N i
✁
(1)
S/A −→ τ≤i✁S/A{i}.

❚❤❡ ❋r♦❜❡♥✐✉s ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

ϕ̃ : N i
✁
(1)
S/A

∼
−−→ ❋✐❧❝♦♥❥i ✁S/A{i}

♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✷ (1)✱ s♦ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❋✐❧❝♦♥❥i ✁S/A{i}
∼
−−→ τ≤i✁S/A{i}

✶✹✼



✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡ F ✲s♠♦♦t❤♥❡ss ❝♦♥❞✐t✐♦♥ ❢♦r i = 0 ❛♥❞ i = 1 ✐♠♣❧✐❡s t❤❛t t❤❡ t♦t❛❧
❝♦✜❜r❡ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❋✐❧❝♦♥❥0 ✁S/A ✁S/A

❋✐❧❝♦♥❥1 ✁S/A{1} ✁S/A{1},

✇❤✐❝❤ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❣r❝♦♥❥1 ✁S/A{1}[−1] ∈ D(S)✱ ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ ❞❡❣r❡❡s ❛t
❧❡❛st ③❡r♦✳ ❇② t❤❡ ❍♦❞❣❡✲❚❛t❡ ❝♦♠♣❛r✐s♦♥✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①

(LS/(A/I))
∧
p ∈ D(S)

❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st ③❡r♦✱ ❤❡♥❝❡ ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ✇❤❡r❡ ✐t
✐s ❣✐✈❡♥ ❜② ❛ ✢❛t S✲♠♦❞✉❧❡✳ ❙♦ t❤❡ ♠♦r♣❤✐s♠ A/I → S ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✳ ❇② ❚❤❡♦✲
r❡♠ ✶✶✳✶✳✶✻ (✁ = ✁̂)⇒ (CSm)✱ S ✐s t❤❡♥ p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r A/I✳

❈♦r♦❧❧❛r② ✶✶✳✶✳✶✾✳ ▲❡t (A, I) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲❞✐s❝r❡t❡ A/I✲❛❧❣❡❜r❛✳ ❆ss✉♠❡
t❤❛t t❤❡ r✐♥❣ S ✐s p✲q✉❛s✐s②♥t♦♠✐❝✳ ❚❤❡♥ S ✐s F ✲s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ✐s p✲❈❛rt✐❡r s♠♦♦t❤
♦✈❡r A/I✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ t❤❡ ❜❛s❡ ♣r✐s♠ (A, I) ✐s ♣❡r❢❡❝t✱ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁
(1)
S/A ✐s ♥❛t✉r❛❧❧②

✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ◆②❣❛❛r❞ ✜❧tr❛t✐♦♥ ♦♥ ✁S ✭❬❇▲✷✷✱ ❚❤❡♦r❡♠ 5.6.2❪✮✱ ❛♥❞ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❋r♦❜❡♥✐✉s ♠❛♣s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✽✳

❘❡♠❛r❦ ✶✶✳✶✳✷✵✳ ■♥ ❣❡♥❡r❛❧✱ ❣✐✈❡♥ ❛ p✲❞✐s❝r❡t❡ ♠♦r♣❤✐s♠ R → S ♦❢ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✱
t❤❡ ♥♦t✐♦♥s ♦❢ F ✲s♠♦♦t❤♥❡ss ❢♦r S ❛♥❞ p✲❈❛rt✐❡r s♠♦♦t❤♥❡ss ❢♦r R → S ❞♦ ♥♦t ❛❣r❡❡✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ r✐♥❣ Zp[p1/p] ✐s r❡❣✉❧❛r ♥♦❡t❤❡r✐❛♥ ❛♥❞ ✐s t❤✉s F ✲s♠♦♦t❤ ✭❬❇▼✷✸✱ ❚❤❡♦r❡♠ 4.15❪✮✱
❜✉t t❤❡ ♠♦r♣❤✐s♠ Zp → Zp[p

1/p] ✐s ♥♦t p✲❈❛rt✐❡r s♠♦♦t❤ ✭✐t ✐s ♥♦t p✲❝♦t❛♥❣❡♥t s♠♦♦t❤✮✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐❞❡♥t✐t② ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ R ✐s ❛❧✇❛②s p✲❈❛rt✐❡r s♠♦♦t❤✱ ❜✉t ♥♦t ❛❧❧
p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s R ❛r❡ F ✲s♠♦♦t❤✿ ❛♥② F ✲s♠♦♦t❤ p✲❝♦♠♣❧❡t❡ ♥♦❡t❤❡r✐❛♥ r✐♥❣ ✐s r❡❣✉❧❛r
✭❬❇▼✷✸✱ ❚❤❡♦r❡♠ 4.15❪✮✳ ■❢ S ✐s ❛ p✲❈❛rt✐❡r s♠♦♦t❤ Zp✲❛❧❣❡❜r❛✱ t❤❡♥ S ✐s F ✲s♠♦♦t❤ ✭❬❇▼✷✸✱
❈♦r♦❧❧❛r② 4.17❪✮✳

✶✶✳✷ ❱❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❈❛rt✐❡r s♠♦♦t❤

❘❡❝❛❧❧ t❤❛t ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ V s✉❝❤ t❤❛t ❢♦r ❛♥② ❡❧❡♠❡♥ts f ❛♥❞ g
✐♥ V ✱ ❡✐t❤❡r f ∈ gV ♦r g ∈ fV ✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ ♦♥ t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ F ♦❢ V ✐s ❞❡✜♥❡❞ ❛s t❤❡
❝❛♥♦♥✐❝❛❧ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ v : F× ↠ F×/V × =: ΓF ✱ ✇❤❡r❡ ΓF ✐s ♥❛t✉r❛❧❧② ❡q✉✐♣♣❡❞
✇✐t❤ ❛ str✉❝t✉r❡ ♦❢ t♦t❛❧❧② ♦r❞❡r❡❞ ❛❜❡❧✐❛♥ ❣r♦✉♣✱ ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡ ✈❛❧✉❡ ❣r♦✉♣ ♦❢ F ✳ ❚❤❡
✈❛❧✉❡ ❣r♦✉♣ ΓF ✭r❡s♣✳ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✮ ✐s s❛✐❞ t♦ ❜❡ ❞✐s❝r❡t❡ ✐❢ ✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ r✐♥❣
♦❢ ✐♥t❡❣❡rs Z✳ ❚❤❡ r❛♥❦ ♦❢ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐s ❞❡✜♥❡❞ ❛s ✐ts ♥✉♠❜❡r ♦❢ ♥♦♥③❡r♦ ♣r✐♠❡ ✐❞❡❛❧s✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ❤❛s r❛♥❦ ❛t ♠♦st ♦♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✈❛❧✉❡ ❣r♦✉♣ ΓF ❝❛♥
❜❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ♦r❞❡r❡❞ ❣r♦✉♣ ♦❢ r❡❛❧ ♥✉♠❜❡rs R✳ ❆ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V ′ ♦❢ V ✐s
❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✢❛t r✐♥❣ ♠♦r♣❤✐s♠ V → V ′✳ ❚❤❡ ✢❛t ♠♦❞✉❧❡s ♦✈❡r ❛
✈❛❧✉❛t✐♦♥ r✐♥❣ V ❛r❡ ❡①❛❝t❧② t❤❡ t♦rs✐♦♥❢r❡❡ V ✲♠♦❞✉❧❡s✱ s♦ ❛ ♠♦r♣❤✐s♠ V → V ′ ♦❢ ✈❛❧✉❛t✐♦♥
r✐♥❣s ✐s ✢❛t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ✐♥❥❡❝t✐✈❡✳

❱❛❧✉❛t✐♦♥ r✐♥❣s ❛r✐s❡ ✐♥ ✈❛r✐♦✉s ❝♦♥t❡①ts ✐♥ p✲❛❞✐❝ ❣❡♦♠❡tr②✱ ❡✳❣✳✱ ✐♥ ❬❇❙✶✼✱ ❍✉❜✾✻✱ ❙❝❤✶✷✱
❇▼✷✶❪✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✶✹✽



❚❤❡♦r❡♠ ✶✶✳✷✳✶✳ ▲❡t V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ▲❡t V ′

❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ❚❤❡♥ t❤❡ ♠♦r♣❤✐s♠ V → V ′ ✐s p✲❈❛rt✐❡r s♠♦♦t❤✳✹

❚❤❡ ♠❛✐♥ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✷✳✶ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❈♦r♦❧❧❛r② ✶✶✳✷✳✷✳ ▲❡t V ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞
r✐♥❣✱ ❛♥❞ V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡
♠❛♣

Z /pk(i)s②♥(V ′) −→ RΓét(❙♣❡❝(V
′[1p ]), µ

⊗i
pk
)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❝♦❤♦♠♦❧♦❣② ✐♥ ❞❡❣r❡❡s < i✱ ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ♦♥ ❍i✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✶✶✳✷✳✶ ❛♥❞ ✶✶✳✸✳✶✷✳

❊①❛♠♣❧❡s ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s V s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶✶✳✷✳✶ ✐♥❝❧✉❞❡ t❤❡ r✐♥❣
♦❢ ✐♥t❡❣❡rs Zp ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ Qp ♦❢ Qp✱ t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs OCp ♦❢ t❤❡ p✲❛❞✐❝ ❝♦♠♣❧❡①
♥✉♠❜❡rs Cp ❛♥❞ t❤❡ r✐♥❣ Zp[p

1/p∞ ] ✭❊①❛♠♣❧❡ ✶✶✳✷✳✻ ❜❡❧♦✇✮✳

❘❡♠❛r❦ ✶✶✳✷✳✸✳ ❇② ❊①❛♠♣❧❡ ✶✶✳✶✳✷ (2)✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✐s p✲❞✐s❝r❡t❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s V → V ′ ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
♠♦r♣❤✐s♠ V/p→ V ′/p ✐s ❈❛rt✐❡r s♠♦♦t❤✱ ✐✳❡✳✱ ✐❢ V/p→ V ′/p s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠
❛♥❞ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p) ✐s ❛ ✢❛t (V ′/p)✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦✳

❲❡ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✳ ■❢ p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡♥ t❤❡ r✐♥❣s
V/p ❛♥❞ V ′/p ❛r❡ ③❡r♦✺ ❛♥❞ t❤❡ r❡s✉❧t ✐s tr✐✈✐❛❧✳ ■❢ p ✐s ③❡r♦ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡ r❡s✉❧t
✐s ❡ss❡♥t✐❛❧❧② ❞✉❡ t♦ ●❛❜❜❡r✕❘❛♠❡r♦ ❛♥❞ ●❛❜❜❡r✱ ❛s ✇❡ r❡❝❛❧❧ ♥♦✇✳ ❲❡ ✇✐❧❧ t❤❡♥ ❢♦❝✉s ♦♥ t❤❡
r❡♠❛✐♥✐♥❣ ❝❛s❡✱ ✐✳❡✳✱ t❤❛t ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳

❆ss✉♠❡ t❤❛t p = 0 ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✳ ❇② ❬❇▼❙✶✽✱ ❊①❛♠♣❧❡ 3.15❪ ❛♥ Fp✲❛❧❣❡❜r❛✱ ♦r
❡q✉✐✈❛❧❡♥t❧② ✐ts p✲❝♦♠♣❧❡t✐♦♥✱ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ♣❡r❢❡❝t ✭✐✳❡✳✱ ✐ts ❋r♦❜❡♥✐✉s
❡♥❞♦♠♦r♣❤✐s♠ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✮✳ ❚❤❡♦r❡♠ ✶✶✳✷✳✶ ✐s t❤❡♥ ❞✉❡ t♦ ●❛❜❜❡r✕❘❛♠❡r♦ ❛♥❞ ●❛❜✲
❜❡r✳ ❘❡♠❛r❦ t❤❛t ❈❛rt✐❡r s♠♦♦t❤♥❡ss ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ✐♥❝❧✉❞✐♥❣ ✐ts r❡❧❛t✐♦♥ t♦ ✈❛❧✉❛t✐♦♥
r✐♥❣s ❛♥❞ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ ✇❛s ♣r❡✈✐♦✉s❧② st✉❞✐❡❞ ✐♥ ❬❑▼✷✶❪✳

❚❤❡♦r❡♠ ✶✶✳✷✳✹ ✭❈❛rt✐❡r s♠♦♦t❤♥❡ss ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ❬●❘✵✸✱ ❑❙❚✷✶❪✮✳
▲❡t V ❜❡ ❛ ♣❡r❢❡❝t ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥❞ V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳
❚❤❡♥ t❤❡ ♠♦r♣❤✐s♠ V → V ′ ✐s ❈❛rt✐❡r s♠♦♦t❤✳ ❊q✉✐✈❛❧❡♥t❧②✿

✭✶✮ ❚❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① LV ′/V ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❛♥❞ Ω1
V ′/V ✐s ❛ ✢❛t V ′✲♠♦❞✉❧❡✳

✭✷✮ ❚❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣

C−1 : ΩnV ′/V ⊗V,ϕV V −→ ❍n(Ω•V ′/V )

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ V ✲♠♦❞✉❧❡s ❢♦r ❡❛❝❤ n ≥ 0✳

Pr♦♦❢✳ (1) ❚❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①❡s LV ′/V ❛♥❞ LV ′/Fp
❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦ ✭❬●❘✵✸✱

❚❤❡♦r❡♠ 6.5.8 (ii)❪✮ ✇❤❡r❡ t❤❡② ❛r❡ ❣✐✈❡♥ ❜② Ω1
V ′/V ❛♥❞ Ω1

V ′/Fp
✱ ❛♥❞ Ω1

V ′/Fp
✐s ❛ t♦rs✐♦♥❢r❡❡

V ′✲♠♦❞✉❧❡ ✭❬●❘✵✸✱ ❈♦r♦❧❧❛r② 6.5.21❪✮✳ ❚❤❡r❡ ✐s ❛ ❤♦♠♦t♦♣② tr❛♥s✐t✐✈✐t② ✜❜r❡ s❡q✉❡♥❝❡

LV/Fp
⊗L
V V

′ −→ LV ′/Fp
−→ LV ′/V ,

✹❇② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✾✱ ♥♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ✐s F ✲s♠♦♦t❤✳
✺❚❤❡r❡ ✐s ❛ s❧✐❣❤t ❛♠❜✐❣✉✐t② ✇❤❡t❤❡r t❤❡ ③❡r♦ r✐♥❣ ✐s ♣❡r❢❡❝t♦✐❞ ♦r ♥♦t✳ ❲❡ ✐♥❝❧✉❞❡ t❤✐s ❝❛s❡ t♦ ❛✈♦✐❞ ❛♥②

❛♠❜✐❣✉✐t②✳

✶✹✾



❛♥❞ LV/Fp
≃ 0 ❜❡❝❛✉s❡ V ✐s ❛ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛✳ ❙♦ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠

Ω1
V ′/Fp

−→ Ω1
V ′/V

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ V ′✲♠♦❞✉❧❡s✳ ❚♦rs✐♦♥❢r❡❡ ♠♦❞✉❧❡s ♦✈❡r ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❛r❡ ✢❛t✱ s♦ Ω1
V ′/V

✐s ❛ ✢❛t V ′✲♠♦❞✉❧❡✳
(2) ❚❤❡ ♠♦r♣❤✐s♠ Fp → V ′ s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✭❬❑❙❚✷✶✱ ❈♦r♦❧❧❛r② ❆.4❪✮✳

❇② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

Ω1
V ′/Fp

∼=
−−→ Ω1

V ′/V

♦❢ V ′✲♠♦❞✉❧❡s✱ s♦ t❤❡ ♠♦r♣❤✐s♠ V → V ′ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳

❆ss✉♠❡ ♥♦✇✱ ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❛t p ✐s ♥❡✐t❤❡r ✐♥✈❡rt✐❜❧❡ ♥♦r ③❡r♦ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥
r✐♥❣ V ❀ ✇❡ s❛② ✐♥ t❤✐s ❝❛s❡ t❤❛t V ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡ ❤②♣♦t❤❡s✐s ♦♥
V ✐♥ ❚❤❡♦r❡♠ ✶✶✳✷✳✶ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✶✶✳✷✳✺✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ ❚❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✳

✭✷✮ ❚❤❡ r✐♥❣ V/p ❤❛s ❛ ♥♦♥③❡r♦ ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥t✱ ❛♥❞ ✐ts ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ ✐s s✉r✲
❥❡❝t✐✈❡✳

Pr♦♦❢✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r✐♥❣ V/p✱ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡ ✈❛❧✉❛t✐♦♥
r✐♥❣ V ✐s p✲❝♦♠♣❧❡t❡✳ ❇❡❝❛✉s❡ p ✐s ♥♦♥③❡r♦ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ t❤❡ r✐♥❣ V ✐s ✐♥ ♣❛rt✐❝✉❧❛r
p✲t♦rs✐♦♥❢r❡❡✳

❇② ❬❇▼❙✶✽✱ ▲❡♠♠❛s 3.9 ❛♥❞ 3.10❪✱ ❛ p✲t♦rs✐♦♥❢r❡❡ r✐♥❣ R ✐s ♣❡r❢❡❝t♦✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R
✐s p✲❝♦♠♣❧❡t❡✱ t❤❡ ❋r♦❜❡♥✐✉s ♦♥ R/p ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ up ∈ R ❛❞♠✐ts ❛ ❝♦♠♣❛t✐❜❧❡ s②st❡♠
♦❢ p✲♣♦✇❡r r♦♦ts ❢♦r s♦♠❡ ✉♥✐t u ∈ R×✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t V ❜❡ ❛ ♥♦♥③❡r♦ p✲❝♦♠♣❧❡t❡ ❛♥❞
p✲t♦rs✐♦♥❢r❡❡ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ s✉❝❤ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♦♥ V/p ✐s s✉r❥❡❝t✐✈❡✳

(1)⇒ (2) ▲❡t u ∈ V × ❜❡ ❛ ✉♥✐t s✉❝❤ t❤❛t up ❛❞♠✐ts ❛ ❝♦♠♣❛t✐❜❧❡ s②st❡♠ ((up)1/p
n
)n∈N ♦❢

p✲♣♦✇❡r r♦♦ts ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✳ ❇❡❝❛✉s❡ V ✐s p✲t♦rs✐♦♥❢r❡❡ ❛♥❞ ♥♦t t❤❡ ③❡r♦ r✐♥❣✱ p ✐s
♥♦♥③❡r♦ ✐♥ V ❛♥❞ ♥❡✐t❤❡r ✐s (up)1/p✳ ❚❤❡ ❡❧❡♠❡♥t (up)1/p ∈ V t❤✉s ❞❡✜♥❡s ❛ ♥♦♥③❡r♦ ♥✐❧♣♦t❡♥t
❡❧❡♠❡♥t ✐♥ t❤❡ r✐♥❣ V/p✳

(2)⇒ (1) ❆ss✉♠❡ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ❤❛s ❛♥ ❡❧❡♠❡♥t π ∈ V ❞❡✜♥✐♥❣ ❛ ♥♦♥③❡r♦ ♥✐❧♣♦t❡♥t
❡❧❡♠❡♥t ✐♥ V/p✳ ❇❡❝❛✉s❡ t❤❡ ❋r♦❜❡♥✐✉s ♦♥ V/p ✐s s✉r❥❡❝t✐✈❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t πp ✐s ♥♦♥③❡r♦
✐♥ V/p✳ ❇❡❝❛✉s❡ V ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ t❤✐s ✐♠♣❧✐❡s t❤❛t πp ❞✐✈✐❞❡s p ❛♥❞ t❤❛t p ❞✐✈✐❞❡s s♦♠❡
♣♦✇❡r ♦❢ π ✐♥ V ✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s π✲❝♦♠♣❧❡t❡ ❢♦r t❤✐s ❡❧❡♠❡♥t π ∈ V ✳
❇② ❬❇▼❙✶✽✱ ▲❡♠♠❛ 3.9❪✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐t u ∈ V × s✉❝❤ t❤❛t up ∈ V ❛❞♠✐ts ❛ ❝♦♠♣❛t✐❜❧❡
s②st❡♠ ♦❢ p✲♣♦✇❡r r♦♦ts ✐♥ V ✳

❊①❛♠♣❧❡ ✶✶✳✷✳✻✳ ❚❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ r✐♥❣ Zp[p
1/p∞ ] ✐s ❛ ♣❡r❢❡❝t♦✐❞ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ❜❡✲

❝❛✉s❡ ✐t s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ▲❡♠♠❛ ✶✶✳✷✳✺ (2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥② ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①✲
t❡♥s✐♦♥ V ′ ♦❢ Zp ❝♦♥t❛✐♥✐♥❣ ❛ ❝♦♠♣❛t✐❜❧❡ s②st❡♠ ♦❢ p✲♣♦✇❡r r♦♦ts ♦❢ p ✐s p✲❈❛rt✐❡r s♠♦♦t❤
♦✈❡r Zp[p

1/p∞ ] ❜② ❚❤❡♦r❡♠ ✶✶✳✷✳✶✳ ❇❡✇❛r❡ t❤❛t p✲❝♦♠♣❧❡t✐♦♥ ✭♦r ❡✈❡♥ t❛❦✐♥❣ t❤❡ p✲❛❞✐❝❛❧❧②
s❡♣❛r❛t❡❞ q✉♦t✐❡♥t✮ ❞♦❡s ♥♦t ♣r❡s❡r✈❡ t❤❡ ✈❛❧✉❡ ❣r♦✉♣ ♦❢ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ r✐♥❣ Zp[X/p

n, n ≥ 0] ❛t t❤❡ ✐❞❡❛❧ (X/pn, n ≥ 0) ⊂ Zp[X/p
n, n ≥ 0] ✐s ❛

✈❛❧✉❛t✐♦♥ r✐♥❣✱ ✇✐t❤ ❢r❛❝t✐♦♥ ✜❡❧❞ Qp(X) ❛♥❞ ✇✐t❤ p✲❝♦♠♣❧❡t✐♦♥ Zp❀ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤✐s ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐s t❤❡ ✜❜❡r ♣r♦❞✉❝t Zp×Qp

Qp[X](X)✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡

r✐♥❣ Zp[p
1/p∞ , X/pn, n ≥ 0] ❛t t❤❡ ✐❞❡❛❧ (X/pn, n ≥ 0) ⊂ Zp[p

1/p∞ , X/pn, n ≥ 0] ✐s ❛ ✈❛❧✉❛t✐♦♥
r✐♥❣✱ ✇✐t❤ ❢r❛❝t✐♦♥ ✜❡❧❞ Qp(p

1/p∞ , X) ❛♥❞ p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ q✉♦t✐❡♥t Zp[p1/p
∞

]✳

✶✺✵



❚♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✶✳✷✳✶ ❢♦r t❤❡ ♠♦r♣❤✐s♠ V → V ′✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠♦r♣❤✐s♠
V/p→ V ′/p ✐s ❝♦t❛♥❣❡♥t s♠♦♦t❤ ✭✐✳❡✳✱ ✐ts ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p) ✐s ❣✐✈❡♥ ❜② ❛ ✢❛t
V ′/p✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✭❘❡♠❛r❦ ✶✶✳✷✳✸✮✳ ❲❡ ✜rst
♣r♦✈❡ t❤❡ ❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss✳

▲❡♠♠❛ ✶✶✳✷✳✼✳ ▲❡t V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐♥ ✇❤✐❝❤ p ✐s ♥♦♥③❡r♦✱ ❛♥❞ M ❜❡ ❛ V ′✲♠♦❞✉❧❡✳ ■❢
t❤❡ V ′✲♠♦❞✉❧❡ M ✐s p✲t♦rs✐♦♥❢r❡❡✱ t❤❡♥ ✐ts ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ M ⊗L

V ′ V ′/p ♠♦❞✉❧♦ p ✐s ❛ ✢❛t
V ′/p✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ p ✐s ❛ ♥♦♥③❡r♦❞✐✈✐s♦r ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′✱ t❤❡ ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥M⊗L
V ′V ′/p

♠♦❞✉❧♦ p ♦❢ ❛♥② V ′✲♠♦❞✉❧❡ M ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s p✲t♦rs✐♦♥❢r❡❡✳
❆ss✉♠✐♥❣ M ✐s ❛ p✲t♦rs✐♦♥❢r❡❡ V ′✲♠♦❞✉❧❡✱ ✇❡ ♣r♦✈❡ ♥♦✇ t❤❛t M/p ✐s ❛ ✢❛t V ′/p✲♠♦❞✉❧❡✳

❈♦♥s✐❞❡r t❤❡ p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ q✉♦t✐❡♥t Ṽ ′ ♦❢ V ′✱ ✐✳❡✳✱ t❤❡ q✉♦t✐❡♥t ♦❢ V ′ ❜② ✐ts ✐❞❡❛❧⋂
n≥0 p

nV ′✳ ❚❤❡ r✐♥❣ Ṽ ′ ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ❜❡❝❛✉s❡ ✐t ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ❛♥❞ s❛t✐s✜❡s

t❤❡ ❞✐✈✐s✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✳ ❉❡✜♥❡ M ′ ❛s t❤❡ Ṽ ′✲♠♦❞✉❧❡ M ⊗V ′ Ṽ ′✳ ❚❤❡ ♠♦r✲
♣❤✐s♠ M →M ′ ♦❢ V ′✲♠♦❞✉❧❡s ✐s s✉r❥❡❝t✐✈❡✱ ✇✐t❤ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② ❛ q✉♦t✐❡♥t ♦❢ t❤❡ V ′✲♠♦❞✉❧❡
M ⊗V ′

⋂
n≥0 p

nV ′✳ ❚❤❡ V ′✲♠♦❞✉❧❡ M ⊗V ′

⋂
n≥0 p

nV ′ ✐s p✲❞✐✈✐s✐❜❧❡✱ s♦ t❤❡ ♠♦r♣❤✐s♠ M →M ′

❜❡❝♦♠❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛❢t❡r r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ❇❡❝❛✉s❡ Ṽ ′ ✐s ❛ p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ ✈❛❧✉❛✲
t✐♦♥ r✐♥❣✱ ❛♥② p✲t♦rs✐♦♥❢r❡❡ Ṽ ′✲♠♦❞✉❧❡ ✐s t♦rs✐♦♥❢r❡❡ ❛♥❞ t❤✉s ✢❛t✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ Ṽ ′✲♠♦❞✉❧❡
M ′ ✐s ✢❛t✱ ❛♥❞ t❤❡ Ṽ ′/p✲♠♦❞✉❧❡ M ′/p ✐s ❛❧s♦ ✢❛t✳ ❙♦ t❤❡ V ′/p✲♠♦❞✉❧❡ M/p ✐s ✢❛t✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽ ✭❈♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠ V/p→ V ′/p✮✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞
❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ▲❡t V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥
r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ❚❤❡♥ t❤❡ V ′✲♠♦❞✉❧❡ Ω1

V ′/V ✐s p✲t♦rs✐♦♥❢r❡❡ ❛♥❞ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①
L(V ′/p)/(V/p) ✐s ❛ ✢❛t V ′/p✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦✳

Pr♦♦❢✳ ◆♦t❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ L(V ′/p)/(V/p) ≃ LV ′/V ⊗
L
V ′ V ′/p✳ ❚❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦❢ ❛♥②

❡①t❡♥s✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❢r❛❝t✐♦♥ ✜❡❧❞s ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡
③❡r♦ ✭❬●❘✵✸✱ ❚❤❡♦r❡♠ 6.5.8 (ii)❪✻✮✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① LV ′/V ✐s ❝♦♥❝❡♥tr❛t❡❞
✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② t❤❡ V ′✲♠♦❞✉❧❡ Ω1

V ′/V ✳ ■❢ t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V ✐s p✲t♦rs✐♦♥❢r❡❡✱ t❤❡♥

t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p) ✐s ❛ ✢❛t V ′/p✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦ ✭▲❡♠♠❛ ✶✶✳✷✳✼✮✳
❲❡ ♣r♦✈❡ ♥♦✇ t❤❛t t❤❡ V ′✲♠♦❞✉❧❡ Ω1

V ′/V ✐s p✲t♦rs✐♦♥❢r❡❡✳ ▲❡t F ′ ❜❡ t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ t❤❡

✈❛❧✉❛t✐♦♥ r✐♥❣ V ′✱ ❛♥❞ F ′ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ ♦❢ F ′✳ ❲❡ ✜① ❛ ✈❛❧✉❛t✐♦♥ ♦♥ F ′ ❡①t❡♥❞✐♥❣ t❤❡
✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡❞ ✜❡❧❞ F ′✱ ❛♥❞ ❞❡♥♦t❡ ❜② V ′ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✐♥❣ ♦❢ ✐♥t❡❣❡rs✳ ❆♣♣❧②✐♥❣
❛❣❛✐♥ ❬●❘✵✸✱ ❚❤❡♦r❡♠ 6.5.8 (ii)❪ t♦ V ✱ V ′ ❛♥❞ V ′ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ♠♦r♣❤✐s♠ V ′ → V ′ ✐s ✢❛t✱
t❤❡ tr❛♥s✐✈✐t② s❡q✉❡♥❝❡ ❢♦r t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡
♦❢ V ′✲♠♦❞✉❧❡s✿

0 −→ Ω1
V ′/V ⊗V ′ V ′ −→ Ω1

V ′/V
−→ Ω1

V ′/V ′ −→ 0.

❆♥ V ′✲♠♦❞✉❧❡ ✭r❡s♣✳ V ′✲♠♦❞✉❧❡✮ M ✐s p✲t♦rs✐♦♥❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② p
♠♦r♣❤✐s♠ p : M → M ✐s ✐♥❥❡❝t✐✈❡✳ ❚❤❡ ♠♦r♣❤✐s♠ V ′ → V ′ ❜❡✐♥❣ ❢❛✐t❤❢✉❧❧② ✢❛t✱ t❤❡
V ′✲♠♦❞✉❧❡ Ω1

V ′/V ✐s t❤✉s p✲t♦rs✐♦♥❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V
⊗V ′V ′ ✐s p✲t♦rs✐♦♥❢r❡❡✳

❇② t❤❡ ♣r❡✈✐♦✉s s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✱ ✐t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V

✐s

p✲t♦rs✐♦♥❢r❡❡✳ ❚❤❡ p✲❝♦♠♣❧❡t✐♦♥s V ∧p ❛♥❞ V ′
∧

p ♦❢ V ❛♥❞ V ′ ❛r❡ ♣❡r❢❡❝t♦✐❞ r✐♥❣s✱ r❡s♣❡❝t✐✈❡❧②

✻▼♦r❡ ♣r❡❝✐s❡❧②✱ ❬●❘✵✸✱ ❚❤❡♦r❡♠ 6.5.8 (ii)❪ ✐s ❢♦r♠✉❧❛t❡❞ ❢♦r ❡①t❡♥s✐♦♥s ♦❢ ✈❛❧✉❡❞ ✜❡❧❞s✳ ❆♥ ❡①t❡♥s✐♦♥ ♦❢
✈❛❧✉❛t✐♦♥ r✐♥❣s V →֒ V ′ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ V →֒ Vp ❛t t❤❡ ♣r✐♠❡ ✐❞❡❛❧ p := V ∩ mV ′ ❛♥❞
t❤❡ ♠♦r♣❤✐s♠ Vp →֒ V ′✳ ❚❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① ♦❢ t❤❡ ✜rst ♠♦r♣❤✐s♠ ✐s tr✐✈✐❛❧ ❛♥❞ t❤❡ s❡❝♦♥❞ ♠♦r♣❤✐s♠ ✐s
✐♥❞✉❝❡❞ ❜② ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✈❛❧✉❡❞ ✜❡❧❞s✳

✶✺✶



❜② ❛ss✉♠♣t✐♦♥ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ✜❡❧❞ F ′ ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦t❛♥❣❡♥t
❝♦♠♣❧❡① L

(V ′∧

p )/p/(V
∧
p )/p

✐s ③❡r♦ ✭❬❇▼❙✶✽✱ ▲❡♠♠❛ 3.14❪✮✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①

L(V ′/p)/(V/p) ✐s ③❡r♦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ Ω1
V ′/V

⊗L

V ′
V ′/p ♠♦❞✉❧♦ p ♦❢ t❤❡

V ′✲♠♦❞✉❧❡ Ω1
V ′/V

✐s ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V

✐s p✲t♦rs✐♦♥❢r❡❡✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❢♦r t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣
❡①t❡♥s✐♦♥s V → V ′✱ ✇❤❡r❡ V ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s
❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❢♦r ♣♦s✐t✐✈❡ ❝❤❛r❛t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥
r✐♥❣s ❬❑❙❚✷✶✱ ❈♦r♦❧❧❛r② ❆.4❪ r❡❧✐❡s ♦♥ s✉❜t❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ ●❛❜❜❡r✱ ✇❤✐❝❤ ❞♦ ♥♦t
✐♠♠❡❞✐❛t❡❧② ♣❛ss t♦ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳ ❖✉r str❛t❡❣② ♦❢ ♣r♦♦❢ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✐s t♦
r❡❞✉❝❡ t♦ t❤✐s r❡s✉❧t ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✳ ❲❡ ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❢❛❝❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
✐ss✉❡✿ ✐❢ V ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ t❤❡ r✐♥❣ V/p ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t ❛♥ ✐♥t❡❣r❛❧
❞♦♠❛✐♥✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♥♦t ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✳

❍❡r❡ ✇❡ ✉s❡ t❤❡ ♣❡r❢❡❝t♦✐❞ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❜❛s❡ V t♦ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ❛ ♣❡r❢❡❝t
✈❛❧✉❛t✐♦♥ r✐♥❣ V ♭ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✭t❤❡ t✐❧t ♦❢ V ✮ ✇❤♦s❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ s♦♠❡ ❡❧❡♠❡♥t
d ∈ V ♭ ✐s ♥❛t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ V/p✳ ❚❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ✐s ♣r❡s❡r✈❡❞ ❜② ❜❛s❡ ❝❤❛♥❣❡
✭▲❡♠♠❛ ✶✶✳✶✳✾✮✳ ❙♦ ✐t ✇♦✉❧❞ s✉✣❝❡ t♦ ✜♥❞ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V ′ ♭ ♦❢ V ♭ ✇❤♦s❡
r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ d ✐s V ′/p t♦ ♣r♦✈❡ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❢♦r V/p → V ′/p✳ ❚♦ ❝♦♥str✉❝t
s✉❝❤ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ♭ ♦✈❡r t❤❡ d✲❝♦♠♣❧❡t❡ ❧✐❢t V ♭ ♦❢ V/p✱ ✇❡ ✉s❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ♦❢
■❧❧✉s✐❡ ❬■❧❧✼✶✱ ■■■.2.1.2.3❪ ✭s❡❡ ❛❧s♦ ❬❙❝❤✶✷✱ ❚❤❡♦r❡♠ 5.11❪✮✳ ◆❛♠❡❧②✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✱ ✇❤❡r❡ R ✐s ❛ r✐♥❣✱ I ⊂ R ✐s ❛♥ ✐❞❡❛❧ s✉❝❤ t❤❛t I2 = 0✱ ❛♥❞ S0 ✐s ❛ ✢❛t R0 := R/I✲❛❧❣❡❜r❛✳

❚❤❡♦r❡♠ ✶✶✳✷✳✾ ✭❉❡❢♦r♠❛t✐♦♥ t❤❡♦r②✱ ❬■❧❧✼✶❪✮✳ ❚❤❡r❡ ✐s ❛♥ ♦❜str✉❝t✐♦♥ ❝❧❛ss ω(S0) ✐♥ t❤❡
❛❜❡❧✐❛♥ ❣r♦✉♣ ❊①t2S0

(LS0/R0
, S0⊗R0I) ✇❤✐❝❤ ✈❛♥✐s❤❡s ♣r❡❝✐s❡❧② ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✢❛t R✲❛❧❣❡❜r❛

S s✉❝❤ t❤❛t S ⊗R R0 = S0✳ ■❢ t❤❡r❡ ❡①✐sts s✉❝❤ ❛ ❞❡❢♦r♠❛t✐♦♥✱ t❤❡♥ t❤❡ s❡t ♦❢ ❛❧❧ ✐s♦♠♦r♣❤✐s♠
❝❧❛ss❡s ♦❢ s✉❝❤ ❞❡❢♦r♠❛t✐♦♥s ❢♦r♠s ❛ t♦rs♦r ✉♥❞❡r ❊①t1S0

(LS0/R0
, S0 ⊗R0 I)✱ ❛♥❞ ❡✈❡r② ❞❡❢♦r✲

♠❛t✐♦♥ ❤❛s ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ❍♦♠S0(LS0/R0
, S0 ⊗R0 I)✳

❚♦ ❛♣♣❧② t❤✐s ❞❡❢♦r♠❛t✐♦♥ r❡s✉❧t r❡❝✉rs✐✈❡❧② ✉♣ t♦ ❛ d✲❛❞✐❝ ❞❡❢♦r♠❛t✐♦♥ V ′ ♭ ♦❢ t❤❡ ✢❛t
V/p✲❛❧❣❡❜r❛ V ′/p✱ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ❝♦♥tr♦❧ ♦♥ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p)✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✐❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p) ✇❛s ❛ ♣r♦❥❡❝t✐✈❡ V ′/p✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦
t❤❡♥ t❤❡ ❤✐❣❤❡r ❊①t✲❣r♦✉♣s ✐♥ t❤✐s ❞❡❢♦r♠❛t✐♦♥ r❡s✉❧t ✇♦✉❧❞ ✈❛♥✐s❤ ❛♥❞ ✇❡ ❝♦✉❧❞ ❝♦♥str✉❝t
t❤❡ ❧✐❢t V ′ ♭ ✐♥ ❛ ✉♥✐q✉❡ ✇❛②✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽✱ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(V ′/p)/(V/p) ✐s
❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② t❤❡ ✢❛t V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p)✳ ❚❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r
♠❛♣ ❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✱ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡ ✜❡❧❞ ❡①t❡♥s✐♦♥ F → F ′ ✐♥❞✉❝❡❞ ❜②
t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V → V ′ ✐s ♦❢ ✜♥✐t❡ t②♣❡ t♦ ♣r♦✈❡ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳ ❇✉t
❡✈❡♥ ❢♦r s✉❝❤ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥s✱ t❤❡ V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p) ✇✐❧❧ ♥♦t ❜❡ ♣r♦❥❡❝t✐✈❡ ✐♥
❣❡♥❡r❛❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ F ′ ∼= F (X)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❬●❘✵✸✱ Pr♦♣♦s✐t✐♦♥ 6.5.6❪
t❤❛t t❤❡ V ′✲♠♦❞✉❧❡ Ω1

V ′/V ❝❛♥ ❜❡ ✐s♦♠♦r♣❤✐❝ t♦ mV V
′✱ ✇❤❡r❡ mV ✐s t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢

V ✳ ❚❤❡ ♥❡①t r❡s✉❧t ✇✐❧❧ ❡♥s✉r❡ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ r❡❧❡✈❛♥t ❊①t2✲❣r♦✉♣s ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥
t❤❡♦r②✱ ❛♥❞ t❤✉s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐❢t V ′ ♭ ✭s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✶✶✳✷✳✶✺ ❛❜♦✉t t❤❡ ✉♥✐q✉❡♥❡ss ♦❢
s✉❝❤ ❛ ❧✐❢t✮✳

▲❡♠♠❛ ✶✶✳✷✳✶✵✳ ▲❡t V ❜❡ ❛ ✜♥✐t❡ r❛♥❦ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ✇✐t❤ ❢r❛❝t✐♦♥ ✜❡❧❞ F ✳ ■❢M ✐s ❛ t♦rs✐♦♥✲
❢r❡❡ V ✲♠♦❞✉❧❡ s✉❝❤ t❤❛t M ⊗V F ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ F ✲✈❡❝t♦r s♣❛❝❡✱ t❤❡♥ t❤❡ V/p✲♠♦❞✉❧❡
M/p ✐s ❛ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ ❢r❡❡ V/p✲♠♦❞✉❧❡s ♦❢ r❛♥❦ ❛t ♠♦st ❞✐♠F (M ⊗V F )✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ V ′/p✲♠♦❞✉❧❡ M/p ❤❛s ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✳

✶✺✷



Pr♦♦❢✳ ❚❤❡ ♠♦r♣❤✐s♠ ♦❢ V ✲♠♦❞✉❧❡s M → M ⊗V F ✐s ✐♥❥❡❝t✐✈❡ ❜❡❝❛✉s❡ t❤❡ V ✲♠♦❞✉❧❡ M ✐s
t♦rs✐♦♥❢r❡❡✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ V ✲♠♦❞✉❧❡M ✇✐t❤ ❛ s✉❜♠♦❞✉❧❡ ♦❢ t❤❡ V ✲♠♦❞✉❧❡M ⊗V F ✈✐❛ t❤✐s
♠♦r♣❤✐s♠✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ d ♦❢ t❤❡ F ✲✈❡❝t♦r s♣❛❝❡ M ⊗V F t❤❛t M
✐s ❛ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ❢r❡❡ V ✲♠♦❞✉❧❡s✳

❋♦r d = 0✱ t❤❡ V ✲♠♦❞✉❧❡ M ✐s ❢r❡❡ ♦❢ r❛♥❦ ③❡r♦✳ ❋♦r d = 1✱ t❤❡ V ✲♠♦❞✉❧❡ M ✐s ✐s♦♠♦r♣❤✐❝
t♦ ❛ s✉❜♠♦❞✉❧❡ ♦❢ F ✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✳ ■❢ M ✐s ❡q✉❛❧ t♦ F ✱ t❤❡♥ M ✐s t❤❡ ✜❧t❡r❡❞
✉♥✐♦♥ ♦❢ t❤❡ ❢r❡❡ V ✲s✉❜♠♦❞✉❧❡s ♦❢ r❛♥❦ ♦♥❡ ♦❢ F ✳ ■❢ M ✐s ♥♦t ❡q✉❛❧ t♦ F ✱ t❤❡♥ ✉♣ t♦ s❤✐❢t✐♥❣
M ♠✉❧t✐♣❧✐❝❛t✐✈❡❧② ❜② ❛♥ ❡❧❡♠❡♥t ♦❢ V ✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t M ✐s ❝♦♥t❛✐♥❡❞ ✐♥ V ✱ ✐✳❡✳✱ t❤❛t M
✐s ❛♥ ✐❞❡❛❧ ♦❢ V ✳ ❊✈❡r② ✐❞❡❛❧ ♦❢ ❛ r✐♥❣ ✐s t❤❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ✐ts ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜✐❞❡❛❧s✱
❛♥❞ ❡✈❡r② s✉❝❤ ✐❞❡❛❧ ✐s ♣r✐♥❝✐♣❛❧ ✐♥ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❙♦ t❤❡ V ✲♠♦❞✉❧❡ M ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
❛ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ❢r❡❡ V ✲s✉❜♠♦❞✉❧❡s ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❛♥❞ ❜❡❝❛✉s❡ t❤❡
✈❛❧✉❛t✐♦♥ r✐♥❣ V ❤❛s ✜♥✐t❡ r❛♥❦✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ✐s ❝♦✉♥t❛❜❧❡✳ ❙♦ t❤❡
V ✲♠♦❞✉❧❡ M ✐s ❛ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ❢r❡❡ V ✲♠♦❞✉❧❡s ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡✳

❋✐① ❛♥ ✐♥t❡❣❡r d ≥ 1✱ ❛ss✉♠❡ t❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞ ❢♦r ❛❧❧ ✐♥t❡❣❡rs ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ d✱
❛♥❞ ❧❡t M ❜❡ ❛ V ✲s✉❜♠♦❞✉❧❡ ♦❢ t❤❡ (d+ 1)✲❞✐♠❡♥s✐♦♥❛❧ F ✲✈❡❝t♦r s♣❛❝❡ ⊕d+1

i=1Fei✳ ▲❡t Med+1

❜❡ t❤❡ ✐♠❛❣❡ ♦❢ M ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ pd+1 : ⊕d+1
i=1Fei → Fed+1✳ ❇② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛✲

❣r❛♣❤✱ t❤❡ V ✲♠♦❞✉❧❡ Med+1
✐s t❤❡ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ❛ s②st❡♠ (M

(n)
ed+1)n∈N ♦❢ ❢r❡❡

V ✲♠♦❞✉❧❡s ♦❢ r❛♥❦ ❛t ♠♦st ♦♥❡✳ ▲❡t M (n) := p−1d+1(M
(n)
ed+1)✱ s♦ t❤❛t M ✐s t❤❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢

t❤❡ V ✲♠♦❞✉❧❡s M (n)✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r n ≥ 0✱ t❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ V ′✲♠♦❞✉❧❡s

0 −→M (n) ∩ ⊕di=1Fei −→M (n) −→M (n)
ed+1
−→ 0,

✇❤✐❝❤ ✐s s♣❧✐t s✐♥❝❡ t❤❡ V ✲♠♦❞✉❧❡M (n)
ed+1 ✐s ❢r❡❡✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡❛❝❤

✐♥t❡❣❡r n ≥ 0✱ t❤❡ V ✲♠♦❞✉❧❡ M (n) ∩ ⊕di=1Fei ✐s ❛ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ ❢r❡❡ V ✲♠♦❞✉❧❡s✳

❚❛❦✐♥❣ t❤❡ ❞✐r❡❝t s✉♠ ✇✐t❤ t❤❡ V ✲♠♦❞✉❧❡M (n)
ed+1 ✱ t❤✐s ✐♠♣❧✐❡s t❤❛tM (n) ✐s t❤❡ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞

✉♥✐♦♥ ♦❢ ❛ s②st❡♠ (M (n,m))m∈N ♦❢ ❢r❡❡ V ′✲♠♦❞✉❧❡s✳ ❚❤❡ V ✲♠♦❞✉❧❡ M ✐s t❤✉s t❤❡ ❝♦✉♥t❛❜❧❡
✉♥✐♦♥ ♦❢ t❤❡ ❢r❡❡ V ✲♠♦❞✉❧❡sM (n,m)✱ n,m ∈ N✱ ❛♥❞ t❤✐s ✉♥✐♦♥ ✐s ✜❧t❡r❡❞ ❜② ❝♦♥str✉❝t✐♦♥✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ V/p✲♠♦❞✉❧❡M/p ✐s ❛ ❝♦✉♥t❛❜❧❡ ✜❧t❡r❡❞ ❝♦❧✐♠✐t (P (n))n∈N ♦❢ ❢r❡❡ V/p✲♠♦✲
❞✉❧❡s ♦❢ r❛♥❦ ❛t ♠♦st ❞✐♠F (M ⊗V F )✳ ❚♦ ♣r♦✈❡ t❤❡ ❧❛st ❝❧❛✐♠✱ ❝♦♥s✐❞❡r t❤❡ ▼✐❧♥♦r ❡①❛❝t
s❡q✉❡♥❝❡

0 −→ ⊕n∈NP
(n) ∂
−−→ ⊕n∈NP

(n) −→M/p −→ 0

♦❢ V ✲♠♦❞✉❧❡s✱ ✇❤❡r❡ fn : P (n) → P (n+1) ✐s t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣ ❛♥❞

∂ : (xn)n≥0 7−→ (xn − fn−1(xn−1)),

✇❤❡r❡ f−1(x−1) := 0✳ ❋♦r ❡✈❡r② V/p✲♠♦❞✉❧❡ Q✱ t❤❡ ❊①t✲❣r♦✉♣s ❊①tiV/p(P
(n), Q) ✈❛♥✐s❤ ❢♦r ❛❧❧

✐♥t❡❣❡rs n ≥ 0 ❛♥❞ i ≥ 1✳ ❆♣♣❧②✐♥❣ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❊①t✲❣r♦✉♣s t♦ t❤❡ ♣r❡✈✐♦✉s
s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ V/p✲♠♦❞✉❧❡s ✐♠♣❧✐❡s t❤❛t

❊①tiV/p(M/p,Q) ∼= 0

❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 2 ❛♥❞ ❡✈❡r② V/p✲♠♦❞✉❧❡ Q✱ ✐✳❡✳✱ t❤❛t t❤❡ V/p✲♠♦❞✉❧❡M/p ❤❛s ♣r♦❥❡❝t✐✈❡
❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✳

❈♦r♦❧❧❛r② ✶✶✳✷✳✶✶✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛
♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ▲❡t V ′ ❜❡ ❛ ✜♥✐t❡ r❛♥❦ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ❆ss✉♠❡ t❤❛t V ❛♥❞ V ′

❛r❡ p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞✱ ❛♥❞ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ✜❡❧❞ ❡①t❡♥s✐♦♥ F → F ′ ✐s ♦❢ ✜♥✐t❡ t②♣❡✳ ❚❤❡♥
t❤❡ V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p) ❤❛s ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✳

✶✺✸



Pr♦♦❢✳ ❲❡ ❛♣♣❧② ▲❡♠♠❛ ✶✶✳✷✳✶✵ t♦ t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V ✳ ❚❤❡ V

′✲♠♦❞✉❧❡ Ω1
V ′/V ✐s p✲t♦rs✐♦♥❢r❡❡

✭Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽✮✱ ❛♥❞ t❤✉s t♦rs✐♦♥❢r❡❡ s✐♥❝❡ V ′ ✐s p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞✳ ❚❤❡ ❧♦❝❛❧✐s❛t✐♦♥ ❛t
❛ ♣r✐♠❡ ✐❞❡❛❧ ❤❛s tr✐✈✐❛❧ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①✱ s♦ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ Ω1

V ′/V ⊗V ′ F ′ → Ω1
F ′/F ✐s ❛♥

✐s♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r✱ t❤❡ F ′✲✈❡❝t♦r s♣❛❝❡ Ω1
F ′/F ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♥❝❡ F → F ′ ✐s ❛ ✜❡❧❞

❡①t❡♥s✐♦♥ ♦❢ ✜♥✐t❡ t②♣❡✳ ❚❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ♦❢ t❤❡ V ′✲♠♦❞✉❧❡ Ω1
V ′/V ✐s t❤❡ V ′/p✲♠♦❞✉❧❡

Ω1
(V ′/p)/(V/p)✱ ❤❡♥❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥✳

❲❡ ♥♦✇ ✉s❡ t❤✐s r❡s✉❧t ♦♥ t❤❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ Ω1
(V ′/p)/(V/p) t♦ ❧✐❢t t❤❡ V/p✲❛❧❣❡❜r❛

V ′/p t♦ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V ′ ♭ ♦❢ V ♭✳

◆♦t❛t✐♦♥ ✶✶✳✷✳✶✷✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛
♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ❉❡♥♦t❡ ❜②

V ♭ := lim
x7→xp

V/p

t❤❡ t✐❧t ♦❢ t❤✐s ♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ❚❤❡ r✐♥❣ V ♭ ✐s ❛ ♣❡r❢❡❝t ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ✇❤✐❝❤
✐s d✲❝♦♠♣❧❡t❡ ❢♦r s♦♠❡ ❡❧❡♠❡♥t d ∈ V ♭ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ r✐♥❣ ✐s♦♠♦r♣❤✐s♠

V/p ∼= V ♭/d.

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ✢❛t ❧✐❢t V ′ ♭ ♣r♦❞✉❝❡❞ ❜② ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r②
✐s ❛❝t✉❛❧❧② ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✳

▲❡♠♠❛ ✶✶✳✷✳✶✸✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r✲
❢❡❝t♦✐❞ r✐♥❣✳ ▲❡t V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ❛♥❞ V ′ ♭ ❛ d✲❝♦♠♣❧❡t❡ ✢❛t V ♭✲❛❧❣❡❜r❛✳
❆ss✉♠❡ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ V ♭/d = V/p✲❛❧❣❡❜r❛s V ′ ♭/d ∼= V ′/p✳ ❚❤❡♥ V ′ ♭ ✐s ❛ ✈❛❧✉❛✲
t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ♭✳

Pr♦♦❢✳ ❚❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ V ′ ♭ ✐s ❛ ✢❛t V ♭✲❛❧❣❡❜r❛✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❛♥
✐♥t❡❣r❛❧ ❞♦♠❛✐♥ s✉❝❤ t❤❛t ❢♦r ❛♥② ❡❧❡♠❡♥ts f ❛♥❞ g ✐♥ V ′ ♭✱ ❡✐t❤❡r f ❞✐✈✐❞❡s g ♦r g ❞✐✈✐❞❡s f ✳
❲❡ ✜rst ♣r♦✈❡ t❤❡ ❧❛tt❡r ♣r♦♣❡rt②✳

❚❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ♭ ✐s ♣❡r❢❡❝t ❜② ❞❡✜♥✐t✐♦♥✳ ❉❡♥♦t❡ ❜② (d1/p
n
)n∈N ∈ (V ♭)N ❛ ❝♦♠♣❛t✐❜❧❡

s②st❡♠ ♦❢ p✲♣♦✇❡r r♦♦ts ♦❢ d ∈ V ♭✳ ❆ ♠♦❞✉❧❡ ♦✈❡r t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ♭ ✐s ✢❛t ✐❢ ❛♥❞ ♦♥❧② ✐❢
✐t ✐s t♦rs✐♦♥❢r❡❡✱ s♦ t❤❡ V ♭✲♠♦❞✉❧❡ V ′ ♭ ✐s d1/p

n
✲t♦rs✐♦♥❢r❡❡ ❢♦r ❡❛❝❤ n ≥ 0✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡

✐❞❡♥t✐❢② t❤❡ r✐♥❣s V/p ❛♥❞ V ♭/d❀ ✐♥ ♣❛rt✐❝✉❧❛r ❛♥② ✭r❛t✐♦♥❛❧✮ ♣♦✇❡r dα ♦❢ d ∈ V ♭ ❞❡✜♥❡s ❛♥
❡❧❡♠❡♥t ♦❢ V/p✱ ✇❤✐❝❤ ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② dα✳

▲❡t f ❛♥❞ g ❜❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ r✐♥❣ V ′ ♭✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t ❡✐t❤❡r f ❞✐✈✐❞❡s g ♦r g ❞✐✈✐❞❡s f ✳
❋✐rst ❛ss✉♠❡ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ t❤❛t g = d✳ ❲❡ ❛ss✉♠❡ t❤❛t d ❞♦❡s ♥♦t ❞✐✈✐❞❡ f ✐♥ V ′ ♭✱ ❛♥❞
♣r♦✈❡ t❤❛t f ❞✐✈✐❞❡s d✳ ❇❡❝❛✉s❡ V ′ ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ❛♥❞ ❢♦r ❡✈❡r② α ∈ Z[1p ]✱ α < 1✱ ❡✐t❤❡r

f ❞✐✈✐❞❡s dα✱ ♦r dα ❞✐✈✐❞❡s f ✐♥ t❤❡ r✐♥❣ V ′ ♭/d✳ ■❢ f ❞✐✈✐❞❡s dα ❢♦r s✉❝❤ ❛♥ α ✐♥ V ′ ♭/d✱ t❤❡♥
✇❡ ❝❛♥ ✇r✐t❡ fh = dα + dt ✐♥ V ′ ♭ ❢♦r s♦♠❡ ❡❧❡♠❡♥ts h, t ∈ V ′ ♭✳ ❇❡❝❛✉s❡ V ′ ♭ ✐s d✲❝♦♠♣❧❡t❡ ✐t
✐s ❛❧s♦ d1−α✲❝♦♠♣❧❡t❡✳ ■♥ ♣❛rt✐❝✉❧❛r 1 + d1−αt ✐s ❛ ✉♥✐t ✐♥ V ′ ♭✱ s♦ f ❞✐✈✐❞❡s dα✱ ❛♥❞ t❤✉s f
❞✐✈✐❞❡s d✳ ■❢ f ❞♦❡s ♥♦t ❞✐✈✐❞❡ dα ❢♦r ❛♥② α ∈ Z[1p ]✱ α < 1✱ t❤❡♥ ✐♥ ♣❛rt✐❝✉❧❛r d1/p ❞✐✈✐❞❡s f

✐♥ V ′ ♭/d✳ ❇❡❝❛✉s❡ d1/p ❞✐✈✐❞❡s d ✐♥ V ′ ♭✱ ✐t t❤❡♥ ❛❧s♦ ❞✐✈✐❞❡s f ✐♥ V ′ ♭✳ ❇❡❝❛✉s❡ V ′ ♭ ✐s d1/p✲
t♦rs✐♦♥❢r❡❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❡❧❡♠❡♥t f/d1/p ∈ V ′ ♭✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❛♥② ❧✐❢ts f̃ , d̃1/p ∈ V ′

♦❢ f, d1/p ∈ V ′ ♭/d s❛t✐s❢② t❤❛t f̃ ❞✐✈✐❞❡s p✱ f̃ ✐s ❞✐✈✐s✐❜❧❡ ❜② p1/p✱ ❛♥❞ t❤❡ q✉♦t✐❡♥t f̃/d̃1/p ✐s
s❡♥t t♦ f/d1/p ❜② t❤❡ ♠❛♣ V ′ → V ′/p✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t f/d1/p ❞✐✈✐❞❡s d1−1/p ✐♥ V ′ ♭/d✳ ❚❤❡
s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✐♠♣❧✐❡s t❤❛t f ❞✐✈✐❞❡s d ✐♥ V ′ ♭✳

●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ❡❧❡♠❡♥ts f ❛♥❞ g ♦❢ V ′ ♭✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ f ✐s ♥♦t ❞✐✈✐s✐❜❧❡
❜② d ❛♥❞ g ✐s ❞✐✈✐s✐❜❧❡ ❜② d✱ t❤❡♥ f ❞✐✈✐❞❡s g✳ ❚❤❡ r✐♥❣ V ′ ♭ ✐s d✲t♦rs✐♦♥❢r❡❡✱ s♦ ✇❡ ❝❛♥ ❛❧s♦

✶✺✹



❛ss✉♠❡ t❤❛t d ❞♦❡s ♥♦t ❞✐✈✐❞❡ ♦♥❡ ♦❢ f ❛♥❞ g✳ ❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t d ❞♦❡s ♥♦t ❞✐✈✐❞❡ f ♦r g✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛♥❞ ❜❡❝❛✉s❡ V ′ ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t h ∈ V ′/p
s✉❝❤ t❤❛t f = gh ✐♥ V ′ ♭/d✳ ❲❡ ❝❛♥ t❤❡♥ ✇r✐t❡ f = gh̃ + dt ❢♦r s♦♠❡ ❡❧❡♠❡♥ts h̃, t ∈ V ′ ♭✳
❇② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ❛♥❞ ❜❡❝❛✉s❡ d ❞♦❡s ♥♦t ❞✐✈✐❞❡ g✱ ✇❡ ❦♥♦✇ t❤❛t g ❞✐✈✐❞❡s d✳ ❙♦ g
❞✐✈✐❞❡s f ✐♥ V ′ ♭✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ r✐♥❣ V ′ ♭ ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❞✐✈✐s✐❜✐❧✐t② ♣r♦♣❡rt②✱
❛♥❞ ❜❡❝❛✉s❡ t❤❡ r✐♥❣ V ′ ♭ ✐s d✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞✱ ❛♥② ♥♦♥③❡r♦ ❡❧❡♠❡♥t ✐♥ V ′ ♭ ❞✐✈✐❞❡s dn ❢♦r
s♦♠❡ ✐♥t❡❣❡r n ≥ 1✳ ❚❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ V ′ ♭ ✇♦✉❧❞ t❤✉s ✐♠♣❧② t❤❛t ❛
❝❡rt❛✐♥ ♣♦✇❡r ♦❢ d ✈❛♥✐s❤❡s ✐♥ V ′ ♭✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ r✐♥❣ V ′ ♭ ✐s d✲t♦rs✐♦♥❢r❡❡✳ ❚❤❡
r✐♥❣ V ′ ♭ ✐s t❤❡♥ ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✱ ❛s ❞❡s✐r❡❞✳

❚❤❡♦r❡♠ ✶✶✳✷✳✶✹✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛
♣❡r❢❡❝t♦✐❞ r✐♥❣✱ ❛♥❞ V ′ ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ■❢ t❤❡ V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p)
❤❛s ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ d✲❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥
V ′ ♭ ♦❢ V ♭ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ r✐♥❣ ✐s♦♠♦r♣❤✐s♠ V ′ ♭/d ∼= V ′/p✳

❚❤❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ t❤❡ ✐♥❞✉❝❡❞ ✜❡❧❞ ❡①t❡♥s✐♦♥
F → F ′ ✐s ♦❢ ✜♥✐t❡ t②♣❡ ❛♥❞ V ′ ✐s ♦❢ ✜♥✐t❡ r❛♥❦ ✭❈♦r♦❧❧❛r② ✶✶✳✷✳✶✶✮✳ ■t ✐s ❛❧s♦ s❛t✐s✜❡❞ ❢♦r t❤❡
p✲❝♦♠♣❧❡t✐♦♥ ♦❢ s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥✱ ❛s ✐t ❞❡♣❡♥❞s ♦♥❧② ♦♥ ✐ts r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n ≥ 1 t❤❛t t❤❡r❡ ❛r❡✱ ❢♦r ❛❧❧ 1 ≤ m ≤ n✱ ✢❛t V ♭/dm✲❛❧❣❡❜r❛s

V ′ ♭m ✇✐t❤ ✐s♦♠♦r❤✐s♠s V ′ ♭m /d
∼=
−→ V ′/p ❛♥❞ ✇✐t❤ ❞✐s❝r❡t❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①❡s LV ′ ♭

m /(V ♭/dm)

❤❛✈✐♥❣ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✳ ❇② ❚❤❡♦r❡♠ ✶✶✳✷✳✾✱ t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ♦❜str✉❝t✐♦♥s
✐♥ t❤✐s ♣r♦❝❡ss ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①❡s L(V ′ ♭

n )/(V ♭/dn)✳ ❋♦r n = 1✱

❞❡✜♥❡ V ′ ♭1 ❛s t❤❡ ✢❛t V ♭/d✲❛❧❣❡❜r❛ V ′/p✳
◆♦✇ ❧❡t n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ ❛ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❢♦r ❡❛❝❤ 1 ≤ m ≤ n ❛ ✢❛t

V ♭/dm✲❛❧❣❡❜r❛ V ′ ♭m ✱ ✇✐t❤ ✐s♦♠♦r♣❤✐s♠s V ′ ♭m /d
m−1 ∼= V ′ ♭m−1 ❢♦r ❛❧❧ 2 ≤ m ≤ n✳ ❲❡ ❝❧❛✐♠ t❤❛t

t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① LV ′ ♭
n /(V ♭/dn) ✐s ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② ❛ V ′ ♭n ✲♠♦❞✉❧❡ ♦❢ ♣r♦❥❡❝t✐✈❡

❞✐♠❡♥s✐♦♥ ❛t ♠♦st ♦♥❡✳ ❚❡♥s♦r✐♥❣ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 −→ V ′ ♭1
dn−1

−−−→ V ′ ♭n −→ V ′ ♭n−1 −→ 0

♦❢ V ♭/dn✲♠♦❞✉❧❡s ❜② t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① LV ′ ♭
n /(V ♭/dn) ✐♥❞✉❝❡s ❛ ❞✐st✐♥❣✉✐s❤❡❞ tr✐❛♥❣❧❡

L(V ′/p)/(V/p) −→ LV ′ ♭
n /(V ♭/dn) −→ LV ′ ♭

n−1/(V
♭/dn−1) −→

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(V ′ ♭n )✳ ❚❤❡ ❞✐s❝r❡t❡♥❡ss ❛♥❞ t❤❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ LV ′ ♭
n /(V ♭/dn)

❜❡✐♥❣ ❛t ♠♦st ♦♥❡ t❤✉s r❡❞✉❝❡ ✐♥❞✉❝t✐✈❡❧② t♦ t❤❡ ❝❛s❡ n = 1✳ ❋♦r n = 1✱ L(V ′/p)/(V/p) ✐s ✐♥
❞❡❣r❡❡ ③❡r♦ ❜② Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽✱ ❛♥❞ t❤❡ V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p) ❤❛s ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥
❛t ♠♦st ♦♥❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❊①t2✲❣r♦✉♣ ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ❚❤❡♦r❡♠ ✶✶✳✷✳✾ ✈❛♥✐s❤❡s✱ ❛♥❞ s♦
❞♦❡s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❝❧❛ss✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ✢❛t V ♭/dn+1✲❛❧❣❡❜r❛ V ′ ♭n+1 ✇✐t❤ ❛♥

✐s♦♠♦r♣❤✐s♠ V ′ ♭n+1/d
n
∼=
−→ V ′ ♭n ✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥✳

▲❡t V ′ ♭ ❜❡ t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t ♦❢ t❤❡ s②st❡♠ (V ′ ♭n )n≥1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ V ♭✲❛❧❣❡❜r❛ V ′ ♭ ✐s
d✲❝♦♠♣❧❡t❡✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r n ≥ 2✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ V ♭✲♠♦❞✉❧❡s✿

0 −→ V ′ ♭n−1
d
−−→ V ′ ♭n −→ V ′ ♭1 .

P❛ss✐♥❣ t♦ t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t ♦✈❡r n ≥ 2 ✐♠♣❧✐❡s t❤❛t t❤❡ V ♭✲♠♦❞✉❧❡s V ′ ♭ ❤❛s ♥♦ d✲t♦rs✐♦♥✱ ❛♥❞
✐s t❤✉s ✢❛t✳ ❇② ▲❡♠♠❛ ✶✶✳✷✳✶✸✱ V ′ ♭ ✐s t❤✉s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ♭✳

✶✺✺



Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✷✳✶✳ ❆s ❛ ✢❛t ♠♦r♣❤✐s♠ ♦❢ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥s✱ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥
V → V ′ ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠♦r♣❤✐s♠ V/p → V ′/p ✐s ❈❛rt✐❡r s♠♦♦t❤
✭❘❡♠❛r❦ ✶✶✳✷✳✸✮✳ ❚❤❡ r❡s✉❧t ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p ✐s ❚❤❡♦r❡♠ ✶✶✳✷✳✹✱ ❛♥❞ t❤❡ r❡s✉❧t ✇❤❡♥ p ✐s
✐♥✈❡rt✐❜❧❡ ✐♥ V ′ ✐s tr✐✈✐❛❧✳ ■♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ t❤❡ ❝♦t❛♥❣❡♥t s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠♦r♣❤✐s♠
V/p → V ′/p ✐s Pr♦♣♦s✐t✐♦♥ ✶✶✳✷✳✽✳ ❚❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♠♦r♣❤✐s♠
V/p→ V ′/p✱ s♦ ✇❡ ❝❛♥ r❡♣❧❛❝❡ V ❛♥❞ V ′ ❜② t❤❡✐r p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ q✉♦t✐❡♥ts t♦ ♣r♦✈❡ t❤❡
❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠✳

❲❡ ♥♦✇ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ V ✐s ❛ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡ ✐❞❡❛❧ p :=
√

(p) ♦❢
t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ ❛♥❞✱ ❛s s✉❝❤✱ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 −→ V −→ Vp ⊕ V/p −→ Vp/pVp −→ 0

♦❢ V ✲♠♦❞✉❧❡s ✭❬❍❑❑✶✽✱ ▲❡♠♠❛ 3.12❪✮✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ Vp ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝✲
t❡r✐st✐❝ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✳ ❋♦r ❡✈❡r② ♠♦r♣❤✐s♠
A→ B ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ❧❡t

F (B/A) := ✜❜
(
(LΩB/A)

∧
p −→ (ΩB/A)

∧
p

)
.

❇② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (LΩ = L̂Ω)✱ ❛ p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ♠♦r♣❤✐s♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s A→ B
✭❡✳❣✳✱ V → V ′✮ ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ F (B/A) ∈ D(A) ✈❛♥✐s❤❡s✳ ❚❡♥s♦r✐♥❣ ❛♥❞
p✲❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r❡✈✐♦✉s s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✇✐t❤ F (V ′/V ) ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(V )
✐♥❞✉❝❡s✱ ❜② ❜❛s❡ ❝❤❛♥❣❡ ❢♦r ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✱ ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

F (V ′/V ) −→ F (V ′pV ′/Vp)⊕ F
(
(V ′/pV ′)/(V/p)

)
−→ F

(
(V ′pV ′/pVpV ′)/(Vp/pVp)

)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(V )✳ ❍❡r❡ ✇❡ ✉s❡ t❤❛t t❤❡ ♠♦r♣❤✐s♠ V → V ′ ✐s ✢❛t✱ t❤❛t pV ′ ✐s ❛
♣r✐♠❡ ✐❞❡❛❧ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s V ′pV ′

∼= V ′⊗V Vp✳ ❚❤❡ ♠♦r♣❤✐s♠s V/p→ V ′/pV ′ ❛♥❞ Vp/pVp → V ′pV ′/pV ′pV ′ ❛r❡ ❡①t❡♥s✐♦♥s

♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ s♦ F
(
(V ′/pV ′)/(V/p)

)
❛♥❞ F

(
(V ′pV ′/pVpV ′)/(Vp/pVp)

)
❛r❡

③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(V ) ✭❚❤❡♦r❡♠ ✶✶✳✷✳✹✮✳ ❚❤❡ ♠♦r♣❤✐s♠ V → V ′ ✐s t❤❡♥ p✲❈❛rt✐❡r
s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠♦r♣❤✐s♠ Vp → V ′pV ′ ✐s p✲❈❛rt✐❡r s♠♦♦t❤✱ ✐✳❡✳✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ❤❛s r❛♥❦ ♦♥❡✳

❚❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ F ′ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ✐s t❤❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ t②♣❡ ✜❡❧❞
❡①t❡♥s✐♦♥s F ′i ♦❢ F ❝♦♥t❛✐♥❡❞ ✐♥ F ′✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ✐s t❤❡ ✜❧t❡r❡❞ ✉♥✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞
✈❛❧✉❛t✐♦♥ r✐♥❣s V ′i ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❈❛rt✐❡r ♠❛♣ ❝♦♠♠✉t❡s ✇✐t❤ ✜❧t❡r❡❞ ❝♦❧✐♠✐ts✱ s♦ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t t❤❡ ✜❡❧❞ ❡①t❡♥s✐♦♥ F → F ′ ✐s ♦❢ ✜♥✐t❡ t②♣❡✳ ❲❡ ❛ss✉♠❡ ♥♦✇ t❤❛t V ✐s ❛ ♠✐①❡❞
❝❤❛r❛❝t❡r✐st✐❝ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✭✐♥ ♣❛rt✐❝✉❧❛r p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞✮ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥
✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✱ t❤❛t V ′ ✐s ❛ p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V s✉❝❤ t❤❛t t❤❡
✜❡❧❞ ❡①t❡♥s✐♦♥ F → F ′ ✐s ♦❢ ✜♥✐t❡ t②♣❡✱ ❛♥❞ ♣r♦✈❡ t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❢♦r t❤❡ ♠♦r♣❤✐s♠
V/p→ V ′/p✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ❤❛s ✜♥✐t❡ r❛♥❦ ✭❬●❘✵✸✱ 6.1.24❪✮✱ s♦ t❤❡r❡ ❡①✐sts
❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ V ♭ → V ′ ♭ s✉❝❤ t❤❛t V ′ ♭/d ✐s ✐s♦♠♦r♣❤✐❝ t♦ V ′/p ✭❚❤❡♦r❡♠ ✶✶✳✷✳✶✹✮✳
❚❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠ ❢♦r V ♭ → V ′ ♭ ✭❚❤❡♦r❡♠ ✶✶✳✷✳✹✮ t❤❡♥ ✐♠♣❧✐❡s t❤❡ ❈❛rt✐❡r ✐s♦♠♦r♣❤✐s♠
❢♦r V/p→ V ′/p ❜② ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤❡ ♠♦r♣❤✐s♠ V ♭ → V ♭/d ✭▲❡♠♠❛ ✶✶✳✶✳✾✮✳

❘❡♠❛r❦ ✶✶✳✷✳✶✺✳ ▲❡t V ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ r❛♥❦ ♦♥❡ ♣❡r❢❡❝t♦✐❞ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ❛♥❞ V ′

❛ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V ✱ s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ✜❡❧❞ ❡①t❡♥s✐♦♥ F → F ′ ✐s ♦❢
✜♥✐t❡ t②♣❡✳ ■♥ t❤✐s r❡♠❛r❦✱ ✇❡ s❦❡t❝❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ d✲❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣
V ′ ♭✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✶✳✷✳✶✱ ✐s ✉♥✐q✉❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ❚♦ ❞♦ s♦✱ ✇❡ ❝♦♥s✐❞❡r ❛❧♠♦st
♠❛t❤❡♠❛t✐❝s ✭❬●❘✵✸✱ ❆●❚✶✻❪✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛✐r (V ♭,

√
(d)) ✭◆♦t❛t✐♦♥ ✶✶✳✷✳✶✷✮✳ ❚❤❡

✶✺✻



♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✶✳✷✳✶✵✱ ✇❤❡r❡ ✇❡ ✉s❡ ❬●❘✵✸✱ ▲❡♠♠❛ 2.4.15❪✱ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ♣r♦✈❡ t❤❛t
t❤❡ V ′/p✲♠♦❞✉❧❡ Ω1

(V ′/p)/(V/p) ✐s ❛❧♠♦st ❢r❡❡✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛❧♠♦st ♣r♦❥❡❝t✐✈❡✳ ❚❤❡ ❛❧♠♦st

❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ❬●❘✵✸✱ ❈♦r♦❧❧❛r② 3.2.11❪ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ d✲❝♦♠♣❧❡t❡ ✢❛t ❧✐❢t V ′ ♭ ♦❢
❚❤❡♦r❡♠ ✶✶✳✷✳✶✹ ♠✉st ❜❡ ✉♥✐q✉❡ ✇❤❡♥ s❡❡♥ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❧♠♦st V ♭✲❛❧❣❡❜r❛s✳ ❖♥❡ ❝❛♥
❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t♦r

(−)∗ : V ✲❆❧❣
(−)a

−−−→ V a✲❆❧❣
(−)∗
−−−→ V ✲❆❧❣,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s t❤❡ r✐❣❤t ❛❞❥♦✐♥t t♦ t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ ❢✉♥❝t♦r ❢r♦♠ V ✲❛❧❣❡❜r❛s t♦
❛❧♠♦st V ✲❛❧❣❡❜r❛s ✭❬●❘✵✸✱ Pr♦♣♦s✐t✐♦♥ 2.2.13 (ii)❪✮✱ ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥ r✐♥❣s
❡①t❡♥s✐♦♥s ♦❢ V ♭✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ′ ♭ ✐s ♦❢ r❛♥❦ ♦♥❡ ❜❡❝❛✉s❡ t❤❡ ✈❛❧✉❛t✐♦♥
r✐♥❣ V ′ ✐s ♦❢ r❛♥❦ ♦♥❡✱ ❤❡♥❝❡ t❤❡ r❡s✉❧t✳

✶✶✳✸ ❚❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠s ✶✶✳✸✳✶✵ ❛♥❞ ✶✶✳✸✳✶✷✱ ❝♦♠♣❛r✐♥❣ t❤❡ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧✲
♦❣② ♦❢ ❛ p✲❈❛rt✐❡r s♠♦♦t❤ ❛❧❣❡❜r❛ ♦✈❡r ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣ t♦ t❤❡ ét❛❧❡ ❝♦❤♦♠♦❧♦❣② ♦❢ ✐ts ❣❡♥❡r✐❝
✜❜r❡✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✇❛s ❛❧s♦ ♣r♦✈❡❞ ✐♥ ❬❑▼✷✶✱ ▲▼✷✸❪ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ❛♥❞ ✐♥
❬❇▼✷✸❪ ❢♦r p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡s✱ ✉s✐♥❣ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳

✶✶✳✸✳✶ ❙②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②

❚❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s Zp(i)s②♥ ✇❡r❡ ✜rst ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✾✱ ❙❡❝t✐♦♥ 7.4❪ ❢♦r p✲❝♦♠♣❧❡t❡
p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ✐♥ t❡r♠s ♦❢ p✲❝♦♠♣❧❡t❡❞ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❆♥♦t❤❡r ❡q✉✐✈❛❧❡♥t
❞❡✜♥✐t✐♦♥ ✇❛s ❣✐✈❡♥ ✐♥ ❬❇❙✷✷❪ ✐♥ t❡r♠s ♦❢ ❛❜s♦❧✉t❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②✱ ❛♥❞ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥
❢♦r ❣❡♥❡r❛❧ s❝❤❡♠❡s ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 8.4❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❜❡ ✐♥t❡r❡st❡❞
♠❛✐♥❧② ✐♥ p✲❝♦♠♣❧❡t❡✼ ❛❧❣❡❜r❛s ♦✈❡r Z❝②❝

p := Z[ζp∞ ]∧p ✱ ✇❤♦s❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞
✐♥ t❡r♠s ♦❢ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ✭❉❡✜♥✐t✐♦♥ ✶✶✳✸✳✶✮✳

❚❤❡ ✐❞❡❛❧ I ⊂ A ♦❢ ❛ ♣❡r❢❡❝t ♣r✐s♠ ✭❙❡❝t✐♦♥ ✶✶✳✶✳✹ ♦r ❬❇❙✷✷✱ ❉❡✜♥✐t✐♦♥ 3.2 (2)❪✮ ✐s ♥❡❝❡ss❛r✐❧②
♣r✐♥❝✐♣❛❧✱ ❣❡♥❡r❛t❡❞ ❜② ❛ ♥♦♥③❡r♦❞✐✈✐s♦r d ∈ A✳ ❲❤❡♥ ❞❡✜♥✐♥❣ ❛ ♣❡r❢❡❝t ♣r✐s♠ (A, (d)) ✐♥ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ✐♠♣❧✐❝✐t❧② ✜① ❛ ❝❤♦✐❝❡ ♦❢ ❣❡♥❡r❛t♦r d ∈ A✳ ■❢ t❤❡ ♣❡r❢❡❝t ♣r✐s♠ (A, (d)) ✐s ❛ ♣r✐s♠
♦✈❡r t❤❡ ♣❡r❢❡❝t❡❞ q✲❞❡ ❘❤❛♠ ♣r✐s♠ (Z[q1/p

∞

]∧(p,q−1), ([p]q))✱ ✇❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t t❤✐s
❡❧❡♠❡♥t d ✐s [p]q ∈ A✳ ❲❤❡♥ t❤❡ ❜❛s❡ ♣r✐s♠ (A, I) ✐s ♣❡r❢❡❝t✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ◆②❣❛❛r❞
✜❧tr❛t✐♦♥ N≥⋆✁S/A ♦♥ t❤❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✁S/A ✭✇✐t❤♦✉t ❋r♦❜❡♥✐✉s t✇✐st✮✱ ❛♥❞ ✇❡ ❞❡♥♦t❡
❜②

ϕ : N≥⋆✁S/A
∼
−−→ N≥⋆✁

(1)
S/A

ϕ
−−→ I⋆✁S/A

t❤❡ ❋r♦❜❡♥✐✉s ♦♥ t❤❡ r❡❧❛t✐✈❡ ♣r✐s♠❛t✐❝ ❝♦♠♣❧❡① ✭s❡❡ ❙❡❝t✐♦♥ ✶✶✳✶✳✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
s❡❝♦♥❞ ♠❛♣✮✳ ❋♦❧❧♦✇✐♥❣ ❬❇❙✷✷✱ ❙❡❝t✐♦♥ 12❪ ❛♥❞ ❢♦r ❡❛❝❤ i ≥ 0✱ ❛ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣

ϕi = ✏
ϕ

di
✑ : N≥i✁S/A −→ ✁S/A

✼❆s ✐♥ ❘❡♠❛r❦ ✸✳✷✳✷✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❞❡r✐✈❡❞ ♦r t❤❡ ❝❧❛ss✐❝❛❧ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳
❚❤❡ t✇♦ ♥♦t✐♦♥s ❝♦✐♥❝✐❞❡ ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t
p✲❝♦♠♣❧❡t❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ♠❡❛♥s p✲❝♦♠♣❧❡t❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✳ ◆♦t❡ t❤❛t✱
❜② ❞❡✜♥✐t✐♦♥✱ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s ❤❛✈❡ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥✳

✶✺✼



✐s ❞❡✜♥❡❞ ❛♥❞ s✐ts ✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

N≥i✁S/A

ϕ
%%❑

❑

❑

❑

❑

❑

❑

❑

❑

ϕi
// ✁S/A

di

��

di✁S/A.

❉❡✜♥✐t✐♦♥ ✶✶✳✸✳✶ ✭❙②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s✮✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠ ♦✈❡r t❤❡ ♣r✐s♠
(Z[q1/p

∞

]∧(p,q−1), ([p]q))✱ ❛♥❞ S ❜❡ ❛ p✲❝♦♠♣❧❡t❡ A/d✲❛❧❣❡❜r❛✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r i ≥ 0✱ t❤❡

s②♥t♦♠✐❝ ❝♦♠♣❧❡① Zp(i)
s②♥(S) ∈ D≥0(Zp) ✐s

Zp(i)
s②♥(S) := ❤♦✜❜(ϕi − 1 : N≥i✁S/A −→ ✁S/A).

❋♦r ❡❛❝❤ ✐♥t❡❣❡r k ≥ 1✱ ❛❧s♦ ❞❡✜♥❡ Z /pk(i)s②♥(S) := Zp(i)
s②♥(S)⊗L

Zp
Z /pk✳

❖✈❡r ❛ s❝❤❡♠❡ ✐♥ ✇❤✐❝❤ p ✐s ✐♥✈❡rt✐❜❧❡✱ t❤❡ ♦❜❥❡❝t Zp(i)✱ ❝❛❧❧❡❞ p✲❛❞✐❝ ét❛❧❡ ❚❛t❡ t✇✐st✱ ✇✐❧❧
❞❡♥♦t❡ t❤❡ ✭♣r♦✲✮ét❛❧❡ s❤❡❛❢ ❞❡✜♥❡❞ ❛s t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t ♦✈❡r k ≥ 1 ♦❢ t❤❡ ét❛❧❡ s❤❡❛✈❡s µ⊗i

pk
✳

❋♦❧❧♦✇✐♥❣ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 8.3❪✱ t❤❡r❡ ✐s ❛ ♠❛♣ ❝♦♠♣❛r✐♥❣ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s ❛♥❞ t❤❡ p✲❛❞✐❝
ét❛❧❡ ❚❛t❡ t✇✐sts✳

❈♦♥str✉❝t✐♦♥ ✶✶✳✸✳✷ ✭❚❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣✱ ❬❇▲✷✷❪✮✳ ▲❡t S ❜❡ ❛ p✲❝♦♠♣❧❡t❡
r✐♥❣ ✭❡✳❣✳✱ ❛ p✲❝♦♠♣❧❡t❡ Z❝②❝

p ✲❛❧❣❡❜r❛✮✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ♠❛♣

Zp(i)
s②♥(S) −→ RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i)),

❝❛❧❧❡❞ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r k ≥ 1✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡
❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ pk ♦❢ t❤✐s ❝❛♥♦♥✐❝❛❧ ♠❛♣

Z /pk(i)s②♥(S) −→ RΓét(❙♣❡❝(S[1p ]), µ
⊗i
pk
).

❘❡♠❛r❦ ✶✶✳✸✳✸✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛♥ A/d✲❛❧❣❡❜r❛✳ ❋♦r ❡❛❝❤ i ≥ 0✱
t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

(N≥i✁S/A)[
1
d ]/p −→ ✁S/A[

1
d ]/p

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A)✳ ❇② ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❛♥❞ p✲q✉❛s✐s②♥t♦♠✐❝
❞❡s❝❡♥t✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ✐t ❢♦r q✉❛s✐r❡❣✉❧❛r s❡♠✐♣❡r❢❡❝t♦✐❞ A/d✲❛❧❣❡❜r❛s S✱ ❢♦r ✇❤✐❝❤ t❤❡r❡
❛r❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥s ♦❢ (p, d)✲❝♦♠♣❧❡t❡❧② ✢❛t A✲♠♦❞✉❧❡s ϕ−1A (d)i✁S/A ⊆ N

≥i
✁S/A ⊆ ✁S/A✳

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ✉s✐♥❣ t❤❡ ❡q✉❛❧✐t② (ϕ−1A (d))p = d ✐♥ A/p✳

❚❤❡♦r❡♠ ✶✶✳✸✳✹ ✭Pr✐s♠❛t✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥✱ ❬❇❙✷✷✱ ❇▲✷✷❪✮✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠
♦✈❡r t❤❡ ♣r✐s♠ (Z[q1/p

∞

]∧(p,q−1), ([p]q))✱ ❛♥❞ S ❜❡ ❛ p✲❝♦♠♣❧❡t❡ A/d✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❛♥②
✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡r❡ ❛r❡ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥s

RΓét(❙♣❡❝(S[1p ]), µ
⊗i
pk
)
∼
−−→ ❤♦✜❜(ϕi − 1 : ✁S/A[

1
d ]/p

k −→ ✁S/A[
1
d ]/p

k)

❛♥❞
RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i))

∼
−−→ ❤♦✜❜(ϕi − 1 : ✁S/A[

1
d ]
∧
p −→ ✁S/A[

1
d ]
∧
p ).

Pr♦♦❢✳ ❋♦r i = 0 t❤✐s ✐s ❬❇❙✷✷✱ ❚❤❡♦r❡♠ 9.1❪✳ ❲❤❡♥ (A, (d)) ✐s t❤❡ ♣❡r❢❡❝t❡❞ q✲❞❡ ❘❤❛♠ ♣r✐s♠
(Z[q1/p

∞

]∧(p,q−1), ([p]q))✱ ❬❇▲✷✷✱ ❚❤❡♦r❡♠ 8.5.1❪ ❛♥❞ ✐ts ♣r♦♦❢ ❡①t❡♥❞ ❬❇❙✷✷✱ ❚❤❡♦r❡♠ 9.1❪ t♦
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ i ≥ 0✳ ❇② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣❡r❢❡❝t ❜❛s❡ ♣r✐s♠ ❢♦r ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②
❬❇▲✷✷✱ ❚❤❡♦r❡♠ 5.6.2❪✱ t❤❡ s❛♠❡ r❡s✉❧t ❛❧s♦ ❤♦❧❞s ❢♦r ❛♥② ♣❡r❢❡❝t ❜❛s❡ ♣r✐s♠ (A, (d)) ❛❞♠✐ts
❛ ♠❛♣ ❢r♦♠ t❤❡ ♣❡r❢❡❝t❡❞ q✲❞❡ ❘❤❛♠ ♣r✐s♠ (Z[q1/p

∞

]∧(p,q−1), ([p]q))✳

✶✺✽



✶✶✳✸✳✷ ❚❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p
✐♥ t❡r♠s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❞❡ ❘❤❛♠✕❲✐tt ❢♦r♠s ✭❢♦❧❧♦✇✐♥❣ ❬❑▼✷✶✱ ▲▼✷✸❪✮✱ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡
♦♥ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❈♦♥str✉❝t✐♦♥ ✶✶✳✸✳✷✮✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✸✳✺ ✭❙②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✮✳ ▲❡t R ❜❡ ♣❡r❢❡❝t
Fp✲❛❧❣❡❜r❛✱ ❛♥❞ S ❜❡ ❛ ❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱
t❤❡r❡ ❛r❡ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥s

Z /pk(i)s②♥(S) ≃ RΓét(❙♣❡❝(S),WkΩ
i
❧♦❣)[−i]

❛♥❞
Zp(i)

s②♥(S) ≃ RΓ♣r♦ét(❙♣❡❝(S),WΩi❧♦❣)[−i].

Pr♦♦❢✳ ❚❤❡ ✜rst ❡q✉✐✈❛❧❡♥❝❡ ❢♦❧❧♦✇s ❢r♦♠ ❬▲▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 5.1 (ii)❪✱ t❤❡ s❡❝♦♥❞ ❜② t❛❦✐♥❣
❧✐♠✐ts ♦✈❡r k ≥ 1✳

❈♦r♦❧❧❛r② ✶✶✳✸✳✻✳ ▲❡t R ❜❡ ❛ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛✱ ❛♥❞ S ❜❡ ❛ ❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✳ ❚❤❡♥
❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣s

Z /pk(i)s②♥(S) −→ RΓét(❙♣❡❝(S[1p ]), µ
⊗i
pk
)

❛♥❞
Zp(i)

s②♥(S) −→ RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i))

❤❛✈❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i− 1✳

Pr♦♦❢✳ ❚❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡①❡s Z /pk(i)s②♥(S) ❛♥❞ Zp(i)
s②♥(S) ❛r❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i ❜②

Pr♦♣♦s✐t✐♦♥ ✶✶✳✸✳✺✱ ❛♥❞ t❤❡ ❣❡♥❡r✐❝ ✜❜r❡ S[1p ] ♦❢ S ✐s ③❡r♦✳

✶✶✳✸✳✸ ❚❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ♦✈❡r ❛ ❣❡♥❡r❛❧ ♣❡r❢❡❝✲
t♦✐❞ Z❝②❝

p ✲❛❧❣❡❜r❛ ✭❚❤❡♦r❡♠ ✶✶✳✸✳✶✵✮✱ ❣❡♥❡r❛❧✐s✐♥❣ ❈♦r♦❧❧❛r② ✶✶✳✸✳✻✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (N≥) ✇❤❡♥ t❤❡ ❜❛s❡ ♣r✐s♠

✐s ♣❡r❢❡❝t✳

▲❡♠♠❛ ✶✶✳✸✳✼✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲❈❛rt✐❡r s♠♦♦t❤ A/d✲❛❧❣❡❜r❛✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♠❛♣

τ≤iN≥i✁S/A
ϕi−−→ τ≤i✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

Pr♦♦❢✳ ❚❤❡ ❞✐❛❣r❛♠

N≥i✁S/A
ϕ

%%❏
❏

❏

❏

❏

❏

❏

❏

❏

ϕi
// ✁S/A

di

��

di✁S/A

✐s ❝♦♠♠✉t❛t✐✈❡ ❢♦r ❛♥② A/d✲❛❧❣❡❜r❛ S ❛♥❞ t❤❡ ♠❛♣ di : ✁S/A → di✁S/A ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳
▲♦❝❛❧❧② ♦♥ t❤❡ p✲q✉❛s✐s②♥t♦♠✐❝ s✐t❡ ✁S/A ✐s ❛ d✲t♦rs✐♦♥❢r❡❡ A✲♠♦❞✉❧❡ ✐♥ ❞❡❣r❡❡ ③❡r♦ ❛♥❞ t❤✐s

✶✺✾



✐s ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi✱ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ t❤✐s ✐s tr✉❡ ❜② ❞❡s❝❡♥t ♦♥
t❤❡ p✲q✉❛s✐s②♥t♦♠✐❝ s✐t❡ ❛♥❞ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥✳ ❲❤❡♥ S ✐s p✲❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r A/d✱ t❤❡
❋r♦❜❡♥✐✉s ♠❛♣ ϕ : N≥i✁S/A → di✁S/A ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❤❡♥❝❡ t❤❡
r❡s✉❧t✳

▲❡♠♠❛ ✶✶✳✸✳✽✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠✱ ❛♥❞ S ❜❡ ❛ p✲❈❛rt✐❡r s♠♦♦t❤ A/d✲❛❧❣❡❜r❛✳
❋♦r ❛❧❧ ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≤ i− 1✱ ❞❡✜♥❡ t❤❡ ♠❛♣

ϕ−1i : ❍k(✁S/A/p) −→ ❍k(✁S/A/p)

❛s t❤❡ ❝♦♠♣♦s✐t❡

❍k(✁S/A/p)
ϕ−1
i−−→ ❍k(N≥i✁S/A/p)

❝❛♥
−−→ ❍k(✁S/A/p)

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s ❣✐✈❡♥ ❜② t❤❡ ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ♦❢ ▲❡♠♠❛ ✶✶✳✸✳✼✳ ❚❤❡♥ ❢♦r
❡✈❡r② k ≤ i− 2✱ t❤❡ ♠❛♣ ϕ−1i ✐s ③❡r♦ ♦♥ t❤❡ d✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ❍k(✁S/A/p)[d]✳

✽ ❋♦r k = i− 1✱
t❤❡ ♠❛♣ ϕ−1i ◦ ϕ

−1
i ✐s ③❡r♦ ♦♥ t❤❡ d✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ❍i−1(✁S/A/p)[d]✳

Pr♦♦❢✳ ❋✐rst ❛ss✉♠❡ t❤❛t k ≤ i− 2✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛♣

ϕ−1i : ❍k(✁S/A/p) −→ ❍k(✁S/A/p)

❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t❤❡ ♠❛♣ d1/pϕ−1i−1✱ ✇❤❡r❡ ϕ
−1
i−1 ✐s ❞❡✜♥❡❞ ❛s ϕ−1i ✳ ▲❡t x ❜❡ ❛ d✲t♦rs✐♦♥

❡❧❡♠❡♥t ♦❢ t❤❡ A/p✲♠♦❞✉❧❡ ❍k(✁S/A/p)✳ ❚❤❡♥

ϕ−1i (x) = d1/pϕ−1i−1(x) = ϕ−1i−1(dx) = 0,

❤❡♥❝❡ t❤❡ r❡s✉❧t✳
◆♦✇ ❛ss✉♠❡ t❤❛t k = i− 1✱ ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t (ϕ−1i )2 := ϕ−1i ◦ ϕ

−1
i ✐s t❤❡ ③❡r♦ ♠❛♣ ♦♥

t❤❡ A/p✲♠♦❞✉❧❡ ❍i−1(✁S/A/p)[d]✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ A/p✲♠♦❞✉❧❡s

0 −→ ❍i−1(✁S/A)/p −→ ❍i−1(✁S/A/p) −→ ❍i(✁S/A)[p] −→ 0,

❛♥❞ ❝♦♠♣❛t✐❜❧❡ ♠❛♣s ϕ−1i ♦♥ ❡❛❝❤ ♦❢ ✐ts t❡r♠s✳ ❚❤✐s s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✐♥❞✉❝❡s✱ ❜② t❤❡
s♥❛❦❡ ❧❡♠♠❛✱ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ A/p✲♠♦❞✉❧❡s

0 −→ (❍i−1(✁S/A)/p)[d] −→ ❍i−1(✁S/A/p)[d] −→ (❍i(✁S/A)[p])[d],

❛♥❞ t❤❡ ♠❛♣s ϕ−1i r❡str✐❝t t♦ t❤❡s❡ A/p✲♠♦❞✉❧❡s✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣ ϕ−1i ✐s ③❡r♦
♦♥ ❜♦t❤ (❍i−1(✁S/A)/p)[d] ❛♥❞ (❍i(✁S/A)[p])[d]✳ ■♥❞❡❡❞✱ ✐❢ x ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ ❍i−1(✁S/A/p)[d]✱
t❤❡♥ ϕ−1i (x) ✐s ♥❛t✉r❛❧❧② ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❍i−1(✁S/A/p)[d] −→ (❍i(✁S/A)[p])[d].

❙♦ ϕ−1i (x) ✐s ✐♥ t❤❡ s✉❜❣r♦✉♣ (❍i−1(✁S/A)/p)[d] ⊆ ❍i−1(✁S/A/p)[d]✱ ❛♥❞ t❤✉s ϕ−1i (ϕ−1i (x)) = 0✳

✽❊q✉✐✈❛❧❡♥t❧②✱ ❜② ▲❡♠♠❛ ✶✶✳✸✳✼✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❝❛♥ : ❍k(N≥i
✁S/A/p) −→ ❍k(✁S/A/p)

✐s ③❡r♦ ♦♥ t❤❡ d1/p✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ❍k(N≥i
✁S/A/p)[d

1/p]✳

✶✻✵



❖♥ t❤❡ A/p✲♠♦❞✉❧❡ ❍i−1(✁S/A)/p✱ t❤❡ ♠❛♣ ϕ−1i ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t❤❡ ♠❛♣ d1/pϕ−1i−1✱
❛♥❞ ✐s t❤✉s ③❡r♦ ♦♥ (❍i−1(✁S/A)/p)[d]✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ✜rst ♣❛r❛❣r❛♣❤ ♦❢ t❤✐s ♣r♦♦❢✳ ❲❡
♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣ ϕ−1i ✐s ③❡r♦ ♦♥ t❤❡ A/p✲♠♦❞✉❧❡ (❍i(✁S/A)[p])[d]✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♠❛♣ ϕ−1i ✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❝❛♥ : ❍i(N≥i✁S/A)[p] −→ ❍i(✁S/A)[p]

✐s ③❡r♦ ♦♥ t❤❡ d1/p✲t♦rs✐♦♥ s✉❜❣r♦✉♣ (❍i(N≥i✁S/A)[p])[d
1/p]✳ ❇② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻✱ t❤❡r❡ ✐s ❛

❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❍i(N≥i✁S/A)[p]
ϕ

∼=
//

❝❛♥

��

❍i(di✁S/A)[p]

❝❛♥

��

❍i(✁S/A)[p]
ϕ

∼=
// ❍i(Lηd✁S/A)[p],

✇❤❡r❡ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✽✱ ▲❡♠♠❛ 6.9❪✳ ❇② ❬❇▼❙✶✽✱ ▲❡♠♠❛ 6.4❪ ❛♥❞
✐ts ♣r♦♦❢✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❝❛♥ : ❍i(di✁S/A) −→ ❍i(Lηd✁S/A)

✐s s✉r❥❡❝t✐✈❡✱ ✇✐t❤ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② t❤❡ d✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ❍i(di✁S/A)[d]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❞✐❛❣r❛♠ ✐s s✉r❥❡❝t✐✈❡✱ ✇✐t❤ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② t❤❡ d✲t♦rs✐♦♥
s✉❜❣r♦✉♣ (❍i(di✁S/A)[p])[d]✳ ❚❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ♦❢ t❤✐s ❞✐❛❣r❛♠ ✐s t❤✉s ❛❧s♦ s✉r❥❡❝t✐✈❡✱ ✇✐t❤
❦❡r♥❡❧ ❣✐✈❡♥ ❜② t❤❡ d1/p✲t♦rs✐♦♥ s✉❜❣r♦✉♣ (❍i(N≥i✁S/A)[p])[d

1/p]✳ ❍❡♥❝❡ t❤❡ r❡s✉❧t✳

❘❡♠❛r❦ ✶✶✳✸✳✾✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ t❤❡ r❡s✉❧t ❝❛♥ ❜❡ s❧✐❣❤t❧② ✐♠♣r♦✈❡❞ ✐❢ t❤❡ ♣❡r❢❡❝t♦✐❞
❜❛s❡ r✐♥❣ A/d ✐s p✲t♦rs✐♦♥❢r❡❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛♣ ϕ−1i ✐s ③❡r♦ ♦♥ ❍k(✁S/A/p)[d]✱ ❢♦r ❡✈❡r②
✐♥t❡❣❡r k ≤ i− 1❀ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✸✳✶✷ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✶✶✳✸✳✶✵ ✭❙②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠✮✳ ▲❡t R ❜❡ ❛ ♣❡r❢❡❝t♦✐❞ Z❝②❝

p ✲❛❧❣❡❜r❛✱
❛♥❞ S ❜❡ ❛ p✲❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ❤♦♠♦t♦♣②
❝♦✜❜r❡s ♦❢ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣s

Z /pk(i)s②♥(S) −→ RΓét(❙♣❡❝(S[1p ]), µ
⊗i
pk
)

❛♥❞
Zp(i)

s②♥(S) −→ RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i))

❛r❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i− 1✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✳ ▲❡t i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✱ (A, (d)) t❤❡ ♣❡r❢❡❝t ♣r✐s♠
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❡r❢❡❝t♦✐❞ r✐♥❣ R ❛♥❞ RΦ(S,Fp(i)) ∈ D(Fp) t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡ ♦❢ t❤❡
s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Fp(i)
s②♥(S) −→ RΓét(❙♣❡❝(S[1p ]), µ

⊗i
p ).

❋♦❧❧♦✇✐♥❣ ❬❇▲✷✷✱ ❙❡❝t✐♦♥ 8.4❪ ✭s❡❡ ❛❧s♦ ◆♦t❛t✐♦♥ ✻✳✷✳✶✮✱ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡① Fp(i)
s②♥(S)✱

✇❤❡r❡ S ✐s ❛ ♥♦t ♥❡❝❡ss❛r✐❧② p✲❝♦♠♣❧❡t❡ r✐♥❣✱ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❝❛rt❡s✐❛♥ sq✉❛r❡

Fp(i)
s②♥(S) //

��

RΓét(❙♣❡❝(S[1p ]), µ
⊗i
p )

��

Fp(i)
s②♥(S∧p ) // RΓét(❙♣❡❝(S∧p [

1
p ]), µ

⊗i
p ),

✶✻✶



✇❤❡r❡ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❈♦♥str✉❝t✐♦♥ ✶✶✳✸✳✷✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡ ♦❢ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❛t
♦❢ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣✳ ❚❤❡ ❞❡s✐r❡❞ st❛t❡♠❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤✐s ❤♦♠♦t♦♣② ❝♦✜❜r❡✱
❛♥❞ ✐♥ ❧✐❣❤t ♦❢ ❘❡♠❛r❦ ✶✶✳✶✳✻✱ ✇❡ ❛ss✉♠❡ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ t❤❛t t❤❡ r✐♥❣ S ✐s p✲❝♦♠♣❧❡t❡✳

❇② ❚❤❡♦r❡♠ ✶✶✳✸✳✹ ❛♥❞ ❘❡♠❛r❦ ✶✶✳✸✳✸✱ t❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Fp(i)
s②♥(S) //

��

N≥i✁S/A/p
ϕi−1

//

λi
��

✁S/A/p

λ
��

RΓét(❙♣❡❝(S[1p ]), µ
⊗i
p ) //

��

✁S/A[
1
d ]/p

ϕi−1
//

��

✁S/A[
1
d ]/p

��

RΦ(S,Fp(i)) // ❤♦❝♦✜❜(λi)
ϕi−1

// ❤♦❝♦✜❜(λ)

✇❤❡r❡ ❛❧❧ t❤❡ ❤♦r✐③♦♥t❛❧ ♠❛♣s ❛r❡ ❤♦♠♦t♦♣② ✜❜r❡ s❡q✉❡♥❝❡s✳ ❚❤❡ ♠❛♣s λi ❛♥❞ λ ❝♦rr❡s♣♦♥❞
t♦ ✐♥✈❡rt✐♥❣ d✳

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t RΦ(S,Fp(i)) ∈ D≥i−1(Fp)✱ ✐✳❡✳✱ t❤❛t RΦ(S,Fp(i)) ✐s ③❡r♦ ✐♥ ❞❡❣r❡❡s
❛t ♠♦st i− 2✳ ❚❤✐s st❛t❡♠❡♥t ❞❡♣❡♥❞s ♦♥❧② ♦♥

τ≤i−2❤♦❝♦✜❜(λi)
ϕi−1−−−→ τ≤i−2❤♦❝♦✜❜(λ),

❛♥❞ t❤✉s ♦♥❧② ♦♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

τ≤i−1(N≥i✁S/A/p)
ϕi−1

//

τ≤i−1λi
��

τ≤i−1(✁S/A/p)

τ≤i−1λ
��

τ≤i−1(✁S/A[
1
d ]/p)

ϕi−1
// τ≤i−1(✁S/A[

1
d ]/p).

■♥ t❡r♠s ♦❢ t❤✐s ❞✐❛❣r❛♠✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣

❤♦❝♦✜❜(τ≤i−1λi)
ϕi−1−−−→ ❤♦❝♦✜❜(τ≤i−1λ)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 3 ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i− 2✳
❇② ▲❡♠♠❛ ✶✶✳✸✳✼✱ t❤❡ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : N≥i✁S/A/p→ ✁S/A/p ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 1✳ ❉❡✜♥❡

1− ϕ−1i : τ≤i−1(✁S/A/p) −→ τ≤i−1(✁S/A/p)

❛s t❤❡ ♠❛♣ ϕi − 1 : τ≤i−1(N≥i✁S/A/p) → τ≤i−1(✁S/A/p) ♣r❡❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦❢

t❤❡ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : τ≤i−1(N≥i✁S/A/p)
∼
−→ τ≤i−1(✁S/A/p)✳ ❙✐♠✐❧❛r❧② t❤❡ ❞✐✈✐❞❡❞

❋r♦❜❡♥✐✉s ♠❛♣ ϕi : ✁S/A[
1
d ]/p → ✁S/A[

1
d ]/p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (Lη)✱ ❛♥❞

✇❡ ❞❡✜♥❡
1− ϕ−1i : τ≤i−1(✁S/A[

1
d ]/p) −→ τ≤i−1(✁S/A[

1
d ]/p)

❛s t❤❡ ♠❛♣ ϕi−1 : τ≤i−1(✁S/A[
1
d ]/p)→ τ≤i−1(✁S/A[

1
d ]/p) ♣r❡❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡

❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : τ
≤i−1(✁S/A[

1
d ]/p)

∼
−→ τ≤i−1(✁S/A[

1
d ]/p)✳ ❲❡ t❤✉s ✇❛♥t t♦ ♣r♦✈❡

t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

❤♦❝♦✜❜(τ≤i−1λ)
1−ϕ−1

i−−−−→ ❤♦❝♦✜❜(τ≤i−1λ)

✶✻✷



✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i − 3 ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i − 2✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 2✳

▲❡t k ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t k ≤ i− 2✳ ❚❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ A/p✲♠♦❞✉❧❡s✿

0 −→ ❈♦❦❡r(❍k(λ)) −→ ❍k(❤♦❝♦✜❜(λ)) −→ ❑❡r(❍k+1(λ)) −→ 0.

❚♦ ♣r♦✈❡ t❤❛t 1− ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❍k(❤♦❝♦✜❜(λ))✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✐t ✐s ❛♥ ✐s♦♠♦r✲
♣❤✐s♠ ♦♥ ❜♦t❤ ❑❡r(❍k+1(λ)) ❛♥❞ ❈♦❦❡r(❍k(λ))✳

❋✐rst ❝♦♥s✐❞❡r t❤❡ ♠❛♣

❍k+1(λ) : ❍k+1(✁S/A/p) −→ ❍k+1(✁S/A/p)[
1
d ].

■ts ❦❡r♥❡❧ ✐s ❣✐✈❡♥ ❜② t❤❡ d✲♣♦✇❡r t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦❢ ❍k+1(✁S/A/p)✱ s♦ ✇❡ ✇❛♥t t♦ ♣r♦✈❡
t❤❛t t❤❡ ♠❛♣ 1 − ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ t❤❡ A/p✲♠♦❞✉❧❡ ❍k+1(✁S/A/p)[d

∞]✳ ❚❤❡ r❡✲
❧❛t✐♦♥ ϕA(d) = dp ❤♦❧❞s ✐♥ t❤❡ r✐♥❣ A/p✳ ❙♦ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 1 ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t
x ∈ ❍k+1(✁S/A/p)[d

pj ]✿

dp
j−1
ϕ−1i (x) = ϕ−1i (dp

j
x) = 0,

❛♥❞ t❤✉s ϕ−1i (x) ∈ ❍k+1(✁S/A/p)[d
pj−1

]✳ ❇② ▲❡♠♠❛ ✶✶✳✸✳✽✱ t❤❡ ♠❛♣ (ϕ−1i )2 ✐s ③❡r♦ ♦♥ t❤❡
A/p✲♠♦❞✉❧❡ ❍k+1(✁S/A/p)[d]✳ ❙♦ t❤❡ ♠❛♣ 1 − ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ t❤❡ A/p✲♠♦❞✉❧❡

❍k+1(✁S/A/p)[d
pj ]✱ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r j ≥ 1✱ ✇✐t❤ ✐♥✈❡rs❡ ❣✐✈❡♥ ❜② t❤❡ ♠❛♣

1 + ϕ−1i + · · ·+ (ϕ−1i )j+1.

❙♦ t❤❡ ♠❛♣ 1− ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ t❤❡ A/p✲♠♦❞✉❧❡ ❍k+1(✁S/A/p)[d
∞]✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♠❛♣

❍k(λ) : ❍k(✁S/A/p) −→ ❍k(✁S/A/p)[
1
d ].

■t ✐s t❤❡ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦✈❡r m ≥ 0 ♦❢ t❤❡ ♠❛♣s

λ(m) : ✁S/A/p −→ ✁S/A/p

❣✐✈❡♥ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② dm✳ ❚❤❡ A/p✲♠♦❞✉❧❡ ❈♦❦❡r(❍k(λ)) ❛♥❞ t❤❡ ♠❛♣ 1 − ϕ−1i ❛❝t✐♥❣
♦♥ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s t❤❡ ❝♦❧✐♠✐t ♦✈❡r m ≥ 0 ♦❢ t❤❡ A/p✲♠♦❞✉❧❡s ❍k(✁S/A/p)/d

m ✇✐t❤

♠❛♣s 1− d
(p−1)m

p ϕ−1i ✳ ▲❡t m ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ♠❛♣

d
(p−1)m

p ϕ−1i : ❍k(✁S/A/p)/d
m −→ ❍k(✁S/A/p)/d

m

✐s ♥✐❧♣♦t❡♥t✳ ❇❡❝❛✉s❡ k ≤ i− 2✱ t❤✐s ♠❛♣ d
(p−1)m

p ϕ−1i ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♠❛♣

d
(p−1)m

p +
1
pϕ−1i−1 : ❍

k(✁S/A/p)/d
m −→ ❍k(✁S/A/p)/d

m,

✇❤❡r❡
ϕi−1 : τ

≤i−1N≥i−1✁S/A −→ τ≤i−1✁S/A

✐s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✶✳✸✳✼✳ ❈♦♠♣♦s✐♥❣ ✇✐t❤ ✐ts❡❧❢ k t✐♠❡s ❢♦r s♦♠❡ ✐♥t❡❣❡r k ≥ 1 ❛♥❞

✉s✐♥❣ t❤❡ ϕ−1A ✲❧✐♥❡❛r✐t② ♦❢ ϕ−1i−1 ❣✐✈❡s t❤❡ ♠❛♣ d
(pk−1)m

pk
+

pk−1
pk(p−1) (ϕ−1i−1)

k✳ ❚❤✐s ♠❛♣ ✐s ③❡r♦ ❢♦r

✶✻✸



❡✈❡r② ✐♥t❡❣❡r k ≥ 1 s❛t✐s❢②✐♥❣ (pk−1)m
pk

+ pk−1
pk(p−1)

≥ m✱ t❤❛t ✐s pk ≥ m(p − 1) + 1✳ ❚❤❡ ♠❛♣

1− d
(p−1)m

p ϕ−1i ✐s t❤✉s ❛ s✉♠ ♦❢ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ ❛ ♥✐❧♣♦t❡♥t ♠❛♣✱ s♦ ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳
❚❛❦✐♥❣ t❤❡ ❝♦❧✐♠✐t ♦✈❡r m ≥ 0✱ t❤❡ ♠❛♣ 1 − ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❈♦❦❡r(❍k(λ))✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ✐♥t❡❣r❛❧ ❝♦❡✣❝✐❡♥ts✳ ▲❡t RΦ(S,Zp(i)) ∈ D(Zp) ❜❡ t❤❡ ❤♦♠♦✲
t♦♣② ❝♦✜❜r❡ ♦❢ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Zp(i)
s②♥(S) −→ RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i)).

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t RΦ(S,Zp(i)) ∈ D≥i−1(Zp)✱ ✐✳❡✳✱ t❤❛t τ≤i−2RΦ(S,Zp(i)) ≃ 0✳ ❚❤❡
tr✉♥❝❛t✐♦♥ ♦❢ ❛ ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ♦❜❥❡❝t ✐s ❞❡r✐✈❡❞ p✲❝♦♠♣❧❡t❡ ✭❬❙t❛✶✾✱ ✵✾✶◆❪✮✳ ❇② ❞❡r✐✈❡❞
◆❛❦❛②❛♠❛✱ ✐t t❤✉s s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t

(τ≤i−2RΦ(S,Zp(i)))/p ≃ 0.

❋♦r ❡✈❡r② ✐♥t❡❣❡r k ≤ i− 3✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❍k((τ≤i−2RΦ(S,Zp(i)))/p) −→ ❍k(RΦ(S,Zp(i))/p) ∼= ❍k(RΦ(S,Fp(i)))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞ ✐ts t❛r❣❡t ✐s ③❡r♦ ❜② t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ■♥ ❞❡❣r❡❡ i − 2✱
t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i−2((τ≤i−2RΦ(S,Zp(i)))/p) ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ✭❝❧❛ss✐❝❛❧✮
r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ❍i−2(RΦ(S,Zp(i)))✱ ❛♥❞ t❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t
s❡q✉❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✿

0 −→ ❍i−2(RΦ(S,Zp(i)))/p −→ ❍i−2(RΦ(S,Fp(i))) −→ ❍i−1(RΦ(S,Zp(i)))[p] −→ 0.

❚❤❡ ♠✐❞❞❧❡ t❡r♠ ♦❢ t❤✐s s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✐s ③❡r♦ ❜② t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢❀ s♦ t❤❡ ❧❡❢t
♦♥❡ ❛❧s♦ ✐s✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ❢♦r ✐♥t❡❣r❛❧ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ r❡s✉❧t ♠♦❞✉❧♦ pk ❝❛♥ ❜❡
♣r♦✈❡❞ ❧✐❦❡ t❤❡ r❡s✉❧t ❢♦r ✐♥t❡❣r❛❧ ❝♦❡✣❝✐❡♥ts✱ ♦r ❞❡❞✉❝❡❞ ❢r♦♠ ✐t ❜② r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ pk✳

✶✶✳✸✳✹ ❚❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ♦✈❡r ❛ p✲t♦rs✐♦♥❢r❡❡ ❜❛s❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❛ r❡✜♥❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠
✭❚❤❡♦r❡♠ ✶✶✳✸✳✶✷✮✱ ❛ss✉♠✐♥❣ t❤❡ ♣❡r❢❡❝t♦✐❞ ❜❛s❡ r✐♥❣ ✐s p✲t♦rs✐♦♥❢r❡❡✳

▲❡♠♠❛ ✶✶✳✸✳✶✶✳ ▲❡t (A, (d)) ❜❡ ❛ ♣❡r❢❡❝t ♣r✐s♠ s✉❝❤ t❤❛t A/d ✐s p✲t♦rs✐♦♥❢r❡❡✱ ❛♥❞ S ❜❡ ❛
p✲❈❛rt✐❡r s♠♦♦t❤ A/d✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣s ❛♥❞ ❞✐✈✐❞❡❞
❋r♦❜❡♥✐✉s ♠❛♣

ϕ : ✁S/A/p −→ Lηd(✁S/A/p)

ϕ : τ≤i(N≥i✁S/A/p) −→ τ≤i(di✁S/A/p)

ϕi : τ
≤i(N≥i✁S/A/p) −→ τ≤i(✁S/A/p)

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (Lη)✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : ✁S/A −→ Lηd✁S/A

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ t❤✉s s♦ ✐s ✐ts ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ◆♦t❡ t❤❛t p ✐s ❛ ♥♦♥③❡r♦❞✐✈✐s♦r
✐♥ t❤❡ r✐♥❣ A ✭❬❇❙✷✷✱ ▲❡♠♠❛ 2.28 (1)❪✮✳ ▼♦r❡♦✈❡r✱ S ✐s p✲❝♦t❛♥❣❡♥t s♠♦♦t❤ ♦✈❡r A/d✱ s♦ t❤❡

✶✻✹



❣r♦✉♣s (ΩnS/(A/d))
∧
p ❛r❡ p✲✢❛t ♠♦❞✉❧❡s ♦✈❡r t❤❡ p✲t♦rs✐♦♥❢r❡❡ r✐♥❣ A/d ❛♥❞ ❛r❡ ✐♥ ♣❛rt✐❝✉❧❛r

p✲t♦rs✐♦♥❢r❡❡✳ ❚❤❡ ❣r♦✉♣s ❍n(✁S/A) ❛r❡ t❤✉s ❛❧s♦ p✲t♦rs✐♦♥❢r❡❡ ✭Pr♦♣♦s✐t✐♦♥ ✶✶✳✶✳✶✹ (3)✮✱ ❛♥❞
t❤❡ ♥❛t✉r❛❧ ♠❛♣

(Lηd✁S/A)/p −→ Lηd(✁S/A/p)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/p) ✭❬❇❤❛✶✽✱ ▲❡♠♠❛ 5.16❪✮✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡
✜rst st❛t❡♠❡♥t✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (Lη)⇒ (N≥)✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❛t t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡

0 −→ ❍−1(✁S/A/p)/d −→ ❍−1(✁S/A/(p, d)) −→ ❍0(✁S/A/p)[d] −→ 0

t♦ ♣r♦✈❡ t❤❛t ❍0(✁S/A/p) ✐s d✲t♦rs✐♦♥❢r❡❡✱ t❤❡♥ ❛❞❛♣ts r❡❛❞✐❧② t♦ ♣r♦✈❡ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣

ϕ : τ≤i(N≥i✁S/A/p) −→ τ≤i(di✁S/A/p)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(A/p)✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤✐r❞ st❛t❡♠❡♥t ✐s t❤❡
s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✶✶✳✸✳✼✳

❚❤❡♦r❡♠ ✶✶✳✸✳✶✷ ✭❙②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ♦✈❡r ❛ p✲t♦rs✐♦♥❢r❡❡ ❜❛s❡✮✳ ▲❡t R ❜❡
❛ p✲t♦rs✐♦♥❢r❡❡ ♣❡r❢❡❝t♦✐❞ Z❝②❝

p ✲❛❧❣❡❜r❛✱ ❛♥❞ S ❜❡ ❛ p✲❈❛rt✐❡r s♠♦♦t❤ R✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❛♥②
✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡s ♦❢ t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣s

Z /pk(i)s②♥(S) −→ RΓét(❙♣❡❝(S[1p ]), µ
⊗i
pk
)

❛♥❞
Zp(i)

s②♥(S) −→ RΓ♣r♦ét(❙♣❡❝(S[1p ]),Zp(i))

❛r❡ ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i✳

Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✸✳✶✵✱ ✇❡ ✜rst r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ S ✐s ❛ p✲❝♦♠♣❧❡t❡
r✐♥❣ ❛♥❞✱ ❜② ❞❡r✐✈❡❞ ◆❛❦❛②❛♠❛✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✳ ❲❡ ❦❡❡♣ t❤❡ s❛♠❡
♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✸✳✶✵✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t

RΦ(S,Fp(i)) ∈ D
≥i(Fp),

✐✳❡✳✱ t❤❛t RΦ(S,Fp(i)) ✐s ③❡r♦ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 1✳ ❚❤✐s st❛t❡♠❡♥t ❞❡♣❡♥❞s ♦♥❧② ♦♥

τ≤i−1❤♦❝♦✜❜(λi)
ϕi−1−−−→ τ≤i−1❤♦❝♦✜❜(λ),

❛♥❞ t❤✉s ♦♥❧② ♦♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

τ≤i(N≥i✁S/A/p)
ϕi−1

//

τ≤iλi
��

τ≤i(✁S/A/p)

τ≤iλ
��

τ≤i(✁S/A[
1
d ]/p)

ϕi−1
// τ≤i(✁S/A[

1
d ]/p).

■♥ t❡r♠s ♦❢ t❤✐s ❞✐❛❣r❛♠✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣

❤♦❝♦✜❜(τ≤iλi)
ϕi−1−−−→ ❤♦❝♦✜❜(τ≤iλ)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 2 ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i− 1✳

✶✻✺



❚❤❡ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : N
≥i
✁S/A/p → ✁S/A/p ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t

♠♦st i ❜② ▲❡♠♠❛ ✶✶✳✸✳✶✶✳ ❉❡✜♥❡

1− ϕ−1i : τ≤i(✁S/A/p) −→ τ≤i(✁S/A/p)

❛s t❤❡ ♠❛♣ ϕi − 1 : τ≤i(N≥i✁S/A/p) → τ≤i(✁S/A/p) ♣r❡❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡

❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : τ≤i(N≥i✁S/A/p)
∼
−→ τ≤i(✁S/A/p)✳ ❙✐♠✐❧❛r❧② t❤❡ ❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s

♠❛♣ ϕi : ✁S/A[
1
d ]/p→ ✁S/A[

1
d ]/p ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❚❤❡♦r❡♠ ✶✶✳✶✳✶✻ (Lη)✮✱ ❛♥❞ ✇❡ ❞❡✜♥❡

1− ϕ−1i : τ≤i(✁S/A[
1
d ]/p) −→ τ≤i(✁S/A[

1
d ]/p)

❛s t❤❡ ♠❛♣ ϕi − 1 : τ≤i(✁S/A[
1
d ]/p) → τ≤i(✁S/A[

1
d ]/p) ♣r❡❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡

❞✐✈✐❞❡❞ ❋r♦❜❡♥✐✉s ♠❛♣ ϕi : τ≤i(✁S/A[
1
d ]/p)

∼
−→ τ≤i(✁S/A[

1
d ]/p)✳ ❲❡ t❤✉s ✇❛♥t t♦ ♣r♦✈❡ t❤❛t

t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

❤♦❝♦✜❜(τ≤iλ)
1−ϕ−1

i−−−−→ ❤♦❝♦✜❜(τ≤iλ)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i − 2 ❛♥❞ ✐s ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i − 1✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i− 1✳

▲❡t k ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t k ≤ i− 1✳ ❚❤❡r❡ ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ A/p✲♠♦❞✉❧❡s✿

0 −→ ❈♦❦❡r(❍k(λ/p)) −→ ❍k(❤♦❝♦✜❜(λ/p)) −→ ❑❡r(❍k+1(λ/p)) −→ 0.

❚♦ ♣r♦✈❡ t❤❛t 1 − ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❍k(❤♦❝♦✜❜(λ/p))✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✐t ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ♦♥ ❜♦t❤ ❈♦❦❡r(❍k(λ/p)) ❛♥❞ ❑❡r(❍k+1(λ/p))✳

❋♦r ❈♦❦❡r(❍k(λ/p))✱ t❤❡ ❛r❣✉♠❡♥t ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✸✳✶✵✱ ✇❤❡r❡
✇❡ ♥❡❡❞ ▲❡♠♠❛ ✶✶✳✸✳✶✶ ❢♦r t❤❡ ❝❛s❡ ♦❢ k = i− 1✳

❋♦r ❑❡r(❍k+1(λ/p))✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❧✐♥❡s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✸✳✶✵✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡
t❤❡ ❝❛s❡ ♦❢ k = i−1✱ ✐✳❡✳✱ t❤❛t 1−ϕ−1i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ t❤❡ A/p✲♠♦❞✉❧❡ ❍i(✁S/A/p)[d

∞]✳
■t t❤❡♥ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ϕ−1i ✐s ♥✐❧♣♦t❡♥t ♦♥ t❤❡ A/p✲♠♦❞✉❧❡ ❍i(✁S/A/p)[d]❀ ✇❡ ♣r♦✈❡ t❤❛t
✐t ✐s ③❡r♦✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛♣ ϕ−1i ✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣

❝❛♥ : ❍i(N≥i✁S/A/p) −→ ❍i(✁S/A/p)

✐s ③❡r♦ ♦♥ t❤❡ d1/p✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ❍i(N≥i✁S/A/p)[d
1/p]✳ ❇② ▲❡♠♠❛ ✶✶✳✸✳✶✶✱ t❤❡r❡ ✐s ❛

❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

❍i((N≥i✁S/A)/p)
ϕ

∼=
//

❝❛♥

��

❍i(di✁S/A/p)

❝❛♥

��

❍i(✁S/A/p)
ϕ

∼=
// ❍i(Lηd(✁S/A/p)),

✇❤❡r❡ t❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❞❡✜♥❡❞ ✐♥ ❬❇▼❙✶✽✱ ▲❡♠♠❛ 6.9❪✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✶✶✳✸✳✽✱ t❤❡
r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ♦❢ t❤✐s ❞✐❛❣r❛♠ ✐s s✉r❥❡❝t✐✈❡✱ ✇✐t❤ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② t❤❡ d✲t♦rs✐♦♥ s✉❜❣r♦✉♣ ♦❢
❍i(di✁S/A/p)✳ ❙♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✱ ✇✐t❤ ❦❡r♥❡❧ ❣✐✈❡♥ ❜② t❤❡ d1/p✲t♦rs✐♦♥
s✉❜❣r♦✉♣ ❍i((N≥i✁S/A)/p)[d

1/p]✳ ❍❡♥❝❡ t❤❡ r❡s✉❧t✳

❘❡♠❛r❦ ✶✶✳✸✳✶✸ ✭❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❬❇▼❙✶✾❪✮✳ ▲❡t C ❜❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞
❡①t❡♥s✐♦♥ ♦❢ Qp✱ ❛♥❞ OC ❜❡ ✐ts r✐♥❣ ♦❢ ✐♥t❡❣❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ OC ✐s ❛ p✲t♦rs✐♦♥❢r❡❡ ♣❡r❢❡❝t♦✐❞

✶✻✻



r✐♥❣✳ ❲❤❡♥ S ✐s ❛ s♠♦♦t❤ OC✲❛❧❣❡❜r❛✱ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✇❛s ❛❧r❡❛❞② ♣r♦✈❡❞ ❜② ❇❤❛tt✕
▼♦rr♦✇✕❙❝❤♦❧③❡ ✭❬❇▼❙✶✾✱ ❚❤❡♦r❡♠ 10.1❪✮✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡✐r r❡s✉❧t ✐s s❧✐❣❤❧t② str♦♥❣❡r✱
❛s t❤❡② ♣r♦✈❡ t❤❛t t❤❡ s②♥t♦♠✐❝✲ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡ i ✭❛♥❞
✐s t❤✉s ♥♦t ♦♥❧② ✐♥❥❡❝t✐✈❡✮✳ ◆♦t❡ t❤❛t t❤✐s ❢❛❝t ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❣❡♥❡r❛❧ p✲❈❛rt✐❡r s♠♦♦t❤
OC✲❛❧❣❡❜r❛s✱ ❡✳❣✳✱ ❢♦r ❣❡♥❡r❛❧ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥s ♦❢ OC ✳

❘❡♠❛r❦ ✶✶✳✸✳✶✹✳ ❲✐t❤♦✉t ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♣❡r❢❡❝t♦✐❞ ❜❛s❡ ✐s p✲t♦rs✐♦♥❢r❡❡✱ t❤❡ ♣r❡✈✐♦✉s
r❡s✉❧t ✇♦✉❧❞ ❜❡ ❢❛❧s❡✿ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✱ t❤❡ ❤♦♠♦t♦♣② ❝♦✜❜r❡ ♦❢ t❤❡ s②♥t♦♠✐❝✲
ét❛❧❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s t②♣✐❝❛❧❧② ♥♦♥③❡r♦ ✐♥ ❞❡❣r❡❡ i− 1 ✭Pr♦♣♦s✐t✐♦♥ ✶✶✳✸✳✺✮✳

✶✶✳✹ ▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✭❚❤❡♦r❡♠s ✶✶✳✹✳✶
❛♥❞ ✶✶✳✹✳✻✮✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ st❛t✐♥❣ t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t✱ ♦♥
❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s✱ ❤❛✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♣✉r❡❧② ✐♥ t❡r♠s ♦❢ ❛❧❣❡❜r❛✐❝ ❝②❝❧❡s✳ ❙❡❡ ❬❊▼✷✸✱
❙❡❝t✐♦♥ ✾❪ ❢♦r r❡❧❛t❡❞ r❡s✉❧ts ♦✈❡r ❛ ✜❡❧❞✳

❚❤❡♦r❡♠ ✶✶✳✹✳✶✳ ▲❡t V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡
♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(i)♠♦t(V ) ∈ D(Z) ✐s ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i✱ ❛♥❞ t❤❡ ❧✐ss❡✲♠♦t✐✈✐❝ ❝♦♠♣❛r✐s♦♥
♠❛♣ ✭❉❡✜♥✐t✐♦♥ ✽✳✶✳✶✮

Z(i)❧✐ss❡(V ) −→ Z(i)♠♦t(V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❛❧r❡❛❞② ❛♣♣❡❛rs ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✵✳✸✳✶✳ ❆s ✐♥ ▲❡♠♠❛ ✶✵✳✸✳✶
♦r ❈♦r♦❧❧❛r② ✽✳✶✳✶✷✱ t❤❡ ✜rst st❛t❡♠❡♥t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬●❡✐✵✹✱ ❈♦r♦❧❧❛r② 4.4❪✳

❊①❛♠♣❧❡ ✶✶✳✹✳✷✳ ▲❡t V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❇② ❊①❛♠♣❧❡ ✺✳✻✳✽✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧
❡q✉✐✈❛❧❡♥❝❡

Z(0)♠♦t(V ) ≃ Z[0]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❙✐♠✐❧❛r❧②✱ ❚❤❡♦r❡♠ ✶✶✳✹✳✶✱ ❊①❛♠♣❧❡ ✹✳✷✳✹✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
t❤❡ P✐❝❛r❞ ❣r♦✉♣ ♦❢ ❛ ❧♦❝❛❧ r✐♥❣ ✐s ③❡r♦✱ ✐♠♣❧② t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(1)♠♦t(V ) ∈ D(Z) ✐s
❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ♦♥❡✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜②

❍1
♠♦t(V,Z(1))

∼= V ×.

❲❡ ♥♦✇ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t♦ ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧
❜❡ ✉s❡❞ t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ♦♥ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ✐♥ t❡r♠s
♦❢ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣✳ ❚❤❡♥
❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)♠♦t(V )
∼
−−→ τ≤i Z /pk(i)s②♥(V )

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❍❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❧♦❝❛❧ r✐♥❣s ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✱ s♦ t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ ❚❤❡♦r❡♠ ✻✳✷✳✹✳

✶✻✼



❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛♥ ❛♥❛❧♦❣✉❡ ❢♦r ✈❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ ●❡✐ss❡r✕▲❡✈✐♥❡✬s ❞❡s❝r✐♣t✐♦♥ ♦❢
♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ Fp✲❛❧❣❡❜r❛s ❬●▲✵✵❪✳ ■t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢
❑❡❧❧②✕▼♦rr♦✇ ❬❑▼✷✶❪ ❛♥❞ ❊❧♠❛♥t♦✕▼♦rr♦✇ ❬❊▼✷✸❪✳

❚❤❡♦r❡♠ ✶✶✳✹✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ❝❤❛r❛❝✲
t❡r✐st✐❝ p✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)♠♦t(V )
∼
−−→WkΩ

i
V,❧♦❣[−i]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❱❛❧✉❛t✐♦♥ r✐♥❣s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ❛r❡ ❈❛rt✐❡r s♠♦♦t❤ ♦✈❡r Fp ✭❚❤❡♦r❡♠ ✶✶✳✷✳✹✮✱ s♦ t❤✐s
✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥s ✶✶✳✸✳✺ ❛♥❞ ✶✶✳✹✳✸✳

❲❡ t❤❡♥ ♣r♦✈❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✹✳✹✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
ℓ✲❛❞✐❝ ❣❡♥❡r❛❧ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳✺✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ s✉❝❤
t❤❛t p ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ V ✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠
❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❉❡✜♥✐t✐♦♥ ✻✳✶✳✸✮ ♥❛t✉r❛❧❧② ❢❛❝t♦rs t❤r♦✉❣❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)♠♦t(V )
∼
−−→ τ≤iRΓét(❙♣❡❝(V ), µ⊗i

pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳✸✱ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z /pk(i)♠♦t(V ) ∈ D(Z /pk) ✐s ✐♥ ❞❡❣r❡❡s ❛t
♠♦st i✱ s♦ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✻✳✶✳✻✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣❡♥❡r❛❧✐s❡s Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳✺ ✇❤❡♥ p ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✈❡rt✐❜❧❡ ✐♥
t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✱ ❛t ❧❡❛st ♦✈❡r ❛ ♣❡r❢❡❝t♦✐❞ ❜❛s❡✳

❚❤❡♦r❡♠ ✶✶✳✹✳✻ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✇✐t❤ ✜♥✐t❡ ❝♦❡✣❝✐❡♥ts✮✳ ▲❡t p ❜❡
❛ ♣r✐♠❡ ♥✉♠❜❡r✱ V0 ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ r✐♥❣✱
❛♥❞ V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ V0✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱
t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✭❉❡✜♥✐t✐♦♥ ✻✳✶✳✸✮ ✐♥❞✉❝❡s ❛ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)♠♦t(V ) −→ τ≤iRΓét(❙♣❡❝(V [1p ]), µ
⊗i
pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk)✱ ✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i − 1✳ ❖♥ ❍i✱
t❤✐s ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡✱ ✇✐t❤ ✐♠❛❣❡ ❣❡♥❡r❛t❡❞ ❜② s②♠❜♦❧s✱ ✈✐❛ t❤❡ s②♠❜♦❧ ♠❛♣

(V ×)⊗i → ❍iét(❙♣❡❝(V [1p ]), µ
⊗i
pk
).

Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ❝♦♠♣❧❡①

τ≤iRΓét(❙♣❡❝(V [1p ]), µ
⊗i
pk
) ∈ D(Z /pk)

✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳✹✳✸✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✐♥ ❞❡❣r❡❡s ❛t ♠♦st i − 1 ❛♥❞ t❤❡
✐♥❥❡❝t✐✈✐t② ✐♥ ❞❡❣r❡❡ i ♦❢ t❤✐s ♠❛♣ ❛r❡ t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✶✶✳✷✳✶ ❛♥❞ ✶✶✳✸✳✶✷✳ ❚❤❡
❧❛st st❛t❡♠❡♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠

❑̂▼
i (V )/pk

∼=
−−→ ❍i♠♦t(V,Z /p

k(i))

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✭❚❤❡♦r❡♠ ✽✳✷✳✻ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✶✳✶✵✮✳

✶✻✽



❘❡♠❛r❦ ✶✶✳✹✳✼✳ ❚❤❡ ❣❡♥❡r❛t✐♦♥ ❜② s②♠❜♦❧s ❛♣♣❡❛r✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✶✶✳✹✳✻ ✇❛s ❛❧s♦ st✉❞✲
✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❣❡♥❡r❛❧ p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡s ❜②
❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪✳ ◆♦t❡ t❤❛t ❛❧❧ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❝♦♥❥❡❝t✉r❛❧❧② F ✲s♠♦♦t❤ ✭s❡❡ ❈♦♥✲
❥❡❝t✉r❡ ✶✷✳✷✳✶✮✱ ❛♥❞ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✹✳✻ ❛❞❛♣ts ♠♦r❡ ❣❡♥❡r❛❧❧② t♦ ❛♥② ❤❡♥s❡❧✐❛♥
F ✲s♠♦♦t❤ ✈❛❧✉❛t✐♦♥ r✐♥❣✳

✶✻✾



✶✼✵



❈❤❛♣t❡r ✶✷

A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

❚❤❡ t❤❡♦r② ♦❢ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ ❬❇❧♦✽✻✱ ▲❡✈✵✶✱ ●❡✐✵✹❪✱ ❛s ❛ t❤❡♦r② ♦❢ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ❛❞✲
♠✐ts ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐s❛t✐♦♥ t♦ ❣❡♥❡r❛❧ q❝qs s❝❤❡♠❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❙♣✐t③✇❡❝❦ ❝♦♥str✉❝t❡❞
✐♥ ❬❙♣✐✶✽❪✱ ❢♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ ❛♥ A1✲♠♦t✐✈✐❝ s♣❡❝tr✉♠ H Z❙♣✐ ∈ ❙❍(Z)✱ ✇❤✐❝❤ r❡♣✲
r❡s❡♥ts ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s ♦♥ s♠♦♦t❤ Z✲s❝❤❡♠❡s✱ ❛♥❞ ✇❤♦s❡ ♣✉❧❧❜❛❝❦ t♦ ❙❍(B)✱ ❢♦r B
❛ ✜❡❧❞ ♦r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ st✐❧❧ r❡♣r❡s❡♥ts ❇❧♦❝❤✬s ❝②❝❧❡ ❝♦♠♣❧❡①❡s
♦♥ s♠♦♦t❤ B✲s❝❤❡♠❡s✳ ❇❛❝❤♠❛♥♥ t❤❡♥ ♣r♦✈❡❞ ✐♥ ❬❇❛❝✷✷❪ t❤❛t ❙♣✐t③✇❡❝❦✬s ❝♦♥str✉❝t✐♦♥ ❝♦✐♥✲
❝✐❞❡s ✇✐t❤ t❤❡ ③❡r♦t❤ s❧✐❝❡ ♦❢ t❤❡ ❤♦♠♦t♦♣②K✲t❤❡♦r② ♠♦t✐✈✐❝ s♣❡❝tr✉♠ ❑●▲ ∈ ❙❍(Z)✳ ❋✐♥❛❧❧②✱
❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕▼♦rr♦✇ r❡❝❡♥t❧② ♣r♦✈❡❞ ✐♥ ❬❇❊▼✷✹❪ t❤❛t t❤❡ s❧✐❝❡ ✜❧tr❛t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡
✇✐t❤ ❛r❜✐tr❛r② ♣✉❧❧❜❛❝❦s✱ t❤✉s ❞❡✜♥✐♥❣ ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ A1✲♠♦t✐✈✐❝ s♣❡❝tr✉♠ H ZX ∈ ❙❍(X)
❢♦r ❛r❜✐tr❛r② q❝qs s❝❤❡♠❡s X✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s

Z(i)A
1
(X) ∈ D(Z)

❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❤♦♠♦t♦♣② K✲t❤❡♦r② ❑❍(X) ❜② ❛♥ A1✲✐♥✈❛r✐❛♥t ❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧
s❡q✉❡♥❝❡✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠❛♣

Z(i)❝❞❤(X) −→ Z(i)A
1
(X)

✇❤✐❝❤ ❡①❤✐❜✐ts t❤❡ t❛r❣❡t ❛s t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡✱ ❛♥❞ ✇❤✐❝❤ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐❢
t❤❡ q❝qs s❝❤❡♠❡ X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X) ✭s❡❡ ❚❤❡♦r❡♠ ✶✷✳✸✳✶✮✳

✶✷✳✶ ❈♦♠♣❛r✐s♦♥ t♦ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t r❡❝♦✈❡r
❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕▼♦rr♦✇✬s A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)A

1
✭❚❤❡♦r❡♠ ✶✷✳✶✳✺✮✳ ❚❤✐s

✐s ❛ ♠♦t✐✈✐❝ r❡✜♥❡♠❡♥t ♦❢ ❬❊❧♠✷✶✱ ❚❤❡♦r❡♠ 1.0.1❪✱ ❛♥❞ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s
Z(i)♠♦t r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)❝❧❛ ♦♥ s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r✲
❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥ ❛❢t❡r A1✲❧♦❝❛❧✐s❛t✐♦♥ ✭❈♦r♦❧❧❛r② ✶✷✳✶✳✾✮✳

▲❡♠♠❛ ✶✷✳✶✳✶✳ ▲❡t C ❜❡ ❛ ♣r❡s❡♥t❛❜❧❡ st❛❜❧❡ ∞✲❝❛t❡❣♦r②✱ ❛♥❞ F : ❙❝❤q❝qs✱♦♣ → C ❜❡ ❛
♣r❡s❤❡❛❢✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣

LA1L❝❞❤F −→ LA1L❝❞❤LA1F

✐♥❞✉❝❡❞ ❜② A1✲❧♦❝❛❧✐s❛t✐♦♥ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ C✲✈❛❧✉❡❞ ♣r❡s❤❡❛✈❡s✳

✶✼✶



Pr♦♦❢✳ ❆ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ ❝❞❤ s❤❡❛✈❡s ✐s ❛ ❝❞❤ s❤❡❛❢ ✭▲❡♠♠❛ ✺✳✺✳✶✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
A1✲❧♦❝❛❧✐s❛t✐♦♥ ♦❢ ❛ ❝❞❤ s❤❡❛❢ ✐s ❛ ❝❞❤ s❤❡❛❢✱ s♦ t❤❡ ♥❛t✉r❛❧ ❝♦♠♣♦s✐t❡s

LA1L❝❞❤F −→ LA1L❝❞❤LA1F −→ LA1L❝❞❤LA1L❝❞❤F

❛♥❞
LA1L❝❞❤LA1F −→ LA1L❝❞❤LA1L❝❞❤F −→ LA1L❝❞❤LA1L❝❞❤LA1F

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤❡ ∞✲❝❛t❡❣♦r② C✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

▲❡♠♠❛ ✶✷✳✶✳✷✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❤❡❛❢

RΓ❩❛r
(
−,LΩ<i

−Q/Q

)
: ❞❙❝❤q❝qs✱♦♣ −→ D(Q)

✐s ③❡r♦✳

Pr♦♦❢✳ ❇② ❩❛r✐s❦✐ ❞❡s❝❡♥t✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❚❤❡
❢✉♥❝t♦r LΩ<i

−Q/Q
✱ ❢r♦♠ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s t♦ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✐s ❧❡❢t ❑❛♥

❡①t❡♥❞❡❞ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✐t ❝♦♠♠✉t❡s ✇✐t❤ s✐❢t❡❞ ❝♦❧✐♠✐ts✳ ❚❤✐s
♣r♦♣❡rt② ❜❡✐♥❣ ♣r❡s❡r✈❡❞ ❜② A1✲❧♦❝❛❧✐s❛t✐♦♥✱ t❤❡ ❢✉♥❝t♦r LA1LΩ<i

−Q/Q
✐s ❛❧s♦ ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞

❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✳ ❆s ✐t ✐s ❛❧s♦ ❝♦♥st❛♥t ♦♥ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s✱ ❛♥❞ ③❡r♦ ♦♥ t❤❡
③❡r♦ r✐♥❣✱ ✐t ✐s t❤❡ ③❡r♦ ❢✉♥❝t♦r✳

❈♦r♦❧❧❛r② ✶✷✳✶✳✸✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧
♠❛♣

(
LA1L̂Ω

≥i

−Q/Q

)
(X) −→

(
LA1L̂Ω−Q/Q

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

(
LA1L̂Ω

≥i

−Q/Q

)
(X) −→

(
LA1L̂Ω−Q/Q

)
(X) −→

(
LA1LΩ<i

−Q/Q

)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✷✳✶✳✷✳

▲❡♠♠❛ ✶✷✳✶✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥
♦❢ t❤❡ ♣r❡s❤❡❛❢

Fp(i)
❇▼❙(−) : ❞❙❝❤q❝qs✱♦♣ −→ D(Fp)

✐s ③❡r♦✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛❢ Fp(i)❇▼❙ ✐s ❛ ❩❛r✐s❦✐ s❤❡❛❢✱ ❛♥❞ ✐ts r❡str✐❝t✐♦♥ t♦ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣s ✐s ❧❡❢t ❑❛♥ ❡①t❡♥❞❡❞ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ Z✲❛❧❣❡❜r❛s ✭❈♦r♦❧❧❛r② ✸✳✷✳✶✷✮✳ ❚❤❡ r❡s✉❧t t❤❡♥
❢♦❧❧♦✇s ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✷✳✶✳✷✳

❚❤❡♦r❡♠ ✶✷✳✶✳✺✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
LA1 Z(i)♠♦t

)
(X) −→

(
LA1 Z(i)❝❞❤

)
(X) ≃ Z(i)A

1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✶✼✷



Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❇②
▲❡♠♠❛ ✶✷✳✶✳✷✱ t❤❡ ♦❜❥❡❝t (

LA1RΓ❩❛r
(
X,LΩ<i

−Q/Q

))
(X)

✐s ③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ▲❡♠♠❛ ✶✷✳✶✳✶ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦❜❥❡❝t

(
LA1RΓ❝❞❤(−,LΩ

<i
−Q/Q

))
(X)

✐s ③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
LA1RΓ❩❛r

(
−,LΩ<i

−Q/Q

))
(X) −→

(
LA1RΓ❝❞❤(−,LΩ

<i
−Q/Q

))
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t r❛t✐♦♥❛❧❧②
❜② ❈♦r♦❧❧❛r② ✺✳✻✳✼✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ s②♥t♦♠✐❝ ❝♦♠♣❧❡① Fp(i)

❇▼❙

✈❛♥✐s❤❡s ❛❢t❡r A1✲❧♦❝❛❧✐s❛t✐♦♥ ❜② ▲❡♠♠❛ ✶✷✳✶✳✹✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ♠♦❞✉❧♦ p ❜②
▲❡♠♠❛ ✶✷✳✶✳✶ ❛♥❞ ❈♦r♦❧❧❛r② ✹✳✸✳✶✷✳

❘❡♠❛r❦ ✶✷✳✶✳✻✳ ▲❡t X ❜❡ ❛ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡✳ ❖♥❡ ❝❛♥ ♣r♦✈❡✱ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts
❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷✳✶✻✱ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❡ s❡q✉❡♥❝❡

(
LA1 Z(i)❚❈

)
(X) −→ RΓ❩❛r

(
X, L̂Ω−Q/Q

)
−→ RΓ❩❛r

(
X,

∏

p∈P

′

L̂Ω−Qp/Qp

)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ◆♦t❡ t❤❛t t❤✐s ✐♠♣❧✐❡s ❚❤❡♦r❡♠ ✶✷✳✶✳✺ ♦♥ q❝qs ❝❧❛ss✐❝❛❧ s❝❤❡♠❡s✱
✈✐❛ t❤❡ ❝❞❤ ❞❡s❝❡♥t r❡s✉❧ts ❬❊▼✷✸✱ ▲❡♠♠❛ 4.5❪ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✹✳✹✳

❚❤❡♦r❡♠ ✶✷✳✶✳✼✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳
❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❝❧❛❑(X) −→
(
LA1❋✐❧⋆♠♦t❑

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✼✳✶✳✷ ❛♥❞ ✐ts ♣r♦♦❢✱ t❤✐s ♥❛t✉r❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦♥❛❧❧②✱ s♦ ✐t
s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♠♦❞✉❧♦ ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡
♥✉♠❜❡r✳ ❇② ❬❇❊▼✷✹❪✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆❝❧❛❑(X) −→
(
LA1❋✐❧⋆❝❞❤❑❍

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
LA1❋✐❧⋆♠♦t❑

)
(X)/p −→

(
LA1❋✐❧⋆❝❞❤❑❍

)
(X)/p

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ♥❛t✉r❛❧ ♠❛♣

(
LA1❋✐❧⋆❇▼❙❚❈(−;Fp)

)
(X) −→

(
L❆1L❝❞❤❋✐❧

⋆
❇▼❙❚❈(−;Fp)

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✳ ❚❤❡ ✜❧t❡r❡❞ s♣❡❝tr✉♠
(
LA1❋✐❧⋆❇▼❙❚❈(−;Fp)

)
(X) ✐s

❝♦♠♣❧❡t❡ ❜② t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❜♦✉♥❞ ♦❢ ▲❡♠♠❛ ✸✳✷✳✼✱ ❛♥❞ ✐ts ❣r❛❞❡❞ ♣✐❡❝❡s ❛r❡ ③❡r♦ ❜②
▲❡♠♠❛ ✶✷✳✶✳✹✱ s♦ ✐t ✐s ③❡r♦✳ ❇② ▲❡♠♠❛ ✶✷✳✶✳✶✱ t❤❡ t❛r❣❡t

(
L❆1L❝❞❤❋✐❧

⋆
❇▼❙❚❈(−;Fp)

)
(X)

♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❛♣ ✐s t❤❡♥ ❛❧s♦ ③❡r♦✱ ❛♥❞ t❤✐s ♠❛♣ ✐s ✐♥ ♣❛rt✐❝✉❧❛r ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

✶✼✸



❘❡♠❛r❦ ✶✷✳✶✳✽✳ ❲❡ ❡①♣❡❝t t❤❛t t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✶✷✳✶✳✼ ✐s ♥♦t ♥❡❝❡ss❛r②✱ ✐✳❡✳✱
t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

❋✐❧⋆♠♦t❑(X) −→
(
LA1❋✐❧⋆♠♦t❑

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛ ❢♦r s♠♦♦t❤ s❝❤❡♠❡s X ♦✈❡r ❛ t♦rs✐♦♥❢r❡❡ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳
❇② ❚❤❡♦r❡♠ ✶✷✳✶✳✺✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♣♦s✐t❡

❋✐❧⋆♠♦t❑(X)
L❝❞❤−−−→ ❋✐❧⋆❝❞❤❑❍(X)

L
A1−−→

(
LA1❋✐❧⋆❝❞❤❑❍

)
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ♠❛♣ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡
❢♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X ✭❬❇❊▼✷✹❪✮✳

❈♦r♦❧❧❛r② ✶✷✳✶✳✾✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

zi(X, •)[−2i] ≃
(
LA1 Z(i)♠♦t

)
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✷✳✶✳✼✳

✶✷✳✷ F ✲s♠♦♦t❤♥❡ss ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❦❡② ❤②♣♦t❤❡s✐s ✉s❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❇❛❝❤♠❛♥♥✕❊❧♠❛♥t♦✕
▼♦rr♦✇ ❬❇❊▼✷✹❪ ♦♥ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ✭❉❡✜♥✐t✐♦♥ ✶✷✳✷✳✸✮✳ ❚❤✐s ❤②♣♦t❤❡✲
s✐s r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡✱ ✐♠♣❧✐❝✐t ✐♥ t❤❡ ✇♦r❦ ♦❢ ❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪ ♦♥
F ✲s♠♦♦t❤♥❡ss✳

❈♦♥❥❡❝t✉r❡ ✶✷✳✷✳✶ ✭❇❤❛tt✕▼❛t❤❡✇✮✳ ❊✈❡r② ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐s F ✲s♠♦♦t❤✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s✉♠♠❛r✐③❡s t❤❡ ❦♥♦✇♥ ❝❛s❡s ♦❢ ❈♦♥❥❡❝t✉r❡ ✶✷✳✷✳✶✳ ◆♦t❡ t❤❛t t❤❡
♥♦t✐♦♥ ♦❢ F ✲s♠♦♦t❤♥❡ss ✐♠♣❧✐❝✐t❧② ❞❡♣❡♥❞s ♦♥ ❛ ✜①❡❞ ♣r✐♠❡ ♥✉♠❜❡r p✱ ❛♥❞ t❤❛t ❛ ❝♦♠♠✉t❛t✐✈❡
r✐♥❣ ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ✐s F ✲s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts p✲❝♦♠♣❧❡t✐♦♥ ✐s F ✲s♠♦♦t❤✳

❚❤❡♦r❡♠ ✶✷✳✷✳✷✳ ▲❡t V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳

✭✶✮ ✭❇❤❛tt✕▼❛t❤❡✇ ❬❇▼✷✸❪✮ ■❢ V ✐s ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣✱ t❤❡♥ V ✐s F ✲s♠♦♦t❤✳

✭✷✮ ✭●❛❜❜❡r✕❘❛♠❡r♦ ❬●❘✵✸❪✱ ●❛❜❜❡r ❬❑❙❚✷✶❪✱ ❑❡❧❧②✕▼♦rr♦✇ ❬❑▼✷✶❪✮ ■❢ V ✐s ❛ ✈❛❧✉❛t✐♦♥
r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ Fp✱ t❤❡♥ V ✐s F ✲s♠♦♦t❤✳

✭✸✮ ✭❇♦✉✐s ❬❇♦✉✷✸❪✮ ■❢ V ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ ❛ p✲t♦rs✐♦♥❢r❡❡ ♣❡r❢❡❝t♦✐❞ ✈❛❧✉❛t✐♦♥
r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✱ t❤❡♥ V ✐s F ✲s♠♦♦t❤✳

❉❡✜♥✐t✐♦♥ ✶✷✳✷✳✸✳ ✭✶✮ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r ✭♦♥ ✇❤✐❝❤ t❤❡ ♥♦t✐♦♥ ♦❢ F ✲s♠♦♦t❤♥❡ss
✐♠♣❧✐❝✐t❧② ❞❡♣❡♥❞s✮✳ ❆ q❝qs s❝❤❡♠❡ X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X, p) ✐❢ ❡✈❡r② ✈❛❧✉❛t✐♦♥
r✐♥❣ V ✇✐t❤ ❛ ♠❛♣ ❙♣❡❝(V )→ X ✐s F ✲s♠♦♦t❤✳

✭✷✮ ❆ q❝qs s❝❤❡♠❡ X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X) ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X, p) ❢♦r
❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳

❊①❛♠♣❧❡s ✶✷✳✷✳✹✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳

✶✼✹



✭✶✮ ❊✈❡r② q❝qs Z[1p ]✲s❝❤❡♠❡ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X, p) ❜❡❝❛✉s❡ ❡✈❡r② ✈❛❧✉❛t✐♦♥ r✐♥❣ ✐♥
✇❤✐❝❤ p ✐s ✐♥✈❡rt✐❜❧❡ ✐s ✈❛❝✉♦✉s❧② F ✲s♠♦♦t❤✳ ❈♦♥s❡q✉❡♥t❧②✱ ❡✈❡r② q❝qs Q✲s❝❤❡♠❡ s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X)✳

✭✷✮ ❊✈❡r② q❝qs Fp✲s❝❤❡♠❡ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X) ✭❚❤❡♦r❡♠ ✶✷✳✷✳✷ (2)✮✳ ▼♦r❡ ❣❡♥❡r✲
❛❧❧②✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r N ≥ 1✱ ❡✈❡r② q❝qs Z /N ✲s❝❤❡♠❡ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X)✳

✭✸✮ ❊✈❡r② q❝qs V ✲s❝❤❡♠❡✱ ✇❤❡r❡ V ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ✇✐t❤ ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ❛♥❞
✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ❛ ♣❡r❢❡❝t♦✐❞ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)✱ s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X) ✭❚❤❡♦r❡♠ ✶✷✳✷✳✷ (3) ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X, p)✱ ❛♥❞ (1) ❢♦r t❤❡
❝♦♥❞✐t✐♦♥ ❱❛❧(X, ℓ) ❛t ❛❧❧ ♦t❤❡r ♣r✐♠❡s ℓ✮✳

✶✷✳✸ ▼♦t✐✈✐❝ r❡❣✉❧❛r✐t②

❇② ◗✉✐❧❧❡♥✬s ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ t❤❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ ❛
r❡❣✉❧❛r ♥♦❡t❤❡r✐❛♥ r✐♥❣ ✐s A1✲✐♥✈❛r✐❛♥t✳ ❱♦rst ❝♦♥❥❡❝t✉r❡❞ ❛ ♣❛rt✐❛❧ ❝♦♥✈❡rs❡ ♦❢ t❤✐s r❡s✉❧t✱
✐✳❡✳✱ t❤❛t ❛♥ ❡ss❡♥t✐❛❧❧② ✜♥✐t❡ t②♣❡ ❛❧❣❡❜r❛ ♦✈❡r ❛ ✜❡❧❞ ✇❤♦s❡ K✲❣r♦✉♣s ❛r❡ A1✲✐♥✈❛r✐❛♥t ✐s
r❡❣✉❧❛r ✭❬❱♦r✼✾❪✮✳ ❚❤❡ ❝♦♥❥❡❝t✉r❡ ✇❛s ♣r♦✈❡❞ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❜② ❈♦rt✐♥̃❛s✕❍❛❡s❡♠❡②❡r✕
❲❡✐❜❡❧ ✭❬❈❍❲✵✽❪✮✳ ❑❡r③✕❙tr✉♥❦✕❚❛♠♠❡ t❤❡♥ ♣r♦✈❡❞ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❝♦♥❥❡❝t✉r❡ ✐♥ ♣♦s✐t✐✈❡
❝❤❛r❛❝t❡r✐st✐❝ ✭❬❑❙❚✷✶✱ ❚❤❡♦r❡♠ ❆❪✮✱ ❛♥❞ ❛s❦❡❞ ✐❢ ❱♦rst✬s ❝♦♥❥❡❝t✉r❡ ❤♦❧❞s ❢♦r ❣❡♥❡r❛❧ ❡①❝❡❧❧❡♥t
♥♦❡t❤❡r✐❛♥ r✐♥❣s ✭❬❑❙❚✷✶✱ ◗✉❡st✐♦♥ ❉❪✮✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡s❡ q✉❡st✐♦♥s ❤❛✈❡ ❛ ♥❛t✉r❛❧ ❛♥❛❧♦❣✉❡ ✐♥
♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ ❛ q❝qs s❝❤❡♠❡ X ❛♥❞ ❛♥ ✐♥t❡❣❡r i ≥ 0✱ ❛♥❞ ✐♥ ❧✐❣❤t
♦❢ ❚❤❡♦r❡♠ ✶✷✳✶✳✺✱ ✇❡ ✇✐❧❧ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ✇❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❲❡ ✇✐❧❧ ✉s❡ r❡♣❡❛t❡❞❧② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢
❬❇❊▼✷✹❪✳

❚❤❡♦r❡♠ ✶✷✳✸✳✶ ✭❬❇❊▼✷✹❪✮✳ ▲❡t i ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r✳

✭✶✮ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Q(i)❝❞❤(X) −→ Q(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

✭✷✮ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ❡✈❡r② q❝qs Z[1p ]✲s❝❤❡♠❡ X✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Fp(i)
❝❞❤(X) −→ Fp(i)

A1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳

✭✸✮ ❋♦r ❡✈❡r② q❝qs s❝❤❡♠❡ X s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(X) ✭❉❡✜♥✐t✐♦♥ ✶✷✳✷✳✸✮✱ t❤❡ ♥❛t✉r❛❧
♠❛♣

Z(i)❝❞❤(X) −→ Z(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❚❤❡♦r❡♠ ✶✷✳✸✳✷ ✭❘❛t✐♦♥❛❧ ♠♦t✐✈✐❝ r❡❣✉❧❛r✐t②✮✳ ▲❡t X ❜❡ ❛ q❝qs s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✼✺



✭✶✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Q(i)♠♦t(X) → Q(i)A
1
(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②

D(Q)❀

✭✷✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Q(i)♠♦t(XQ) → Q(i)A
1
(XQ) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r②

D(Q)✳

▼♦r❡♦✈❡r✱ (1) ♦r (2) ❢♦r ❛❧❧ ✐♥t❡❣❡rs i ≥ 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✿

✭✸✮ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ RΓ❩❛r(X,L
j
−Q/Q

) → RΓ❝❞❤(X,Ω
j
−Q/Q

) ✐s ❛♥

❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)❀

✭✹✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑(X;Q)→ ❑❍(X;Q) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛❀

✭✺✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❍❈(XQ/Q)→ L❝❞❤❍❈(−Q/Q)(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✳

Pr♦♦❢✳ (4) ❛♥❞ (5) ❛r❡ ❡q✉✐✈❛❧❡♥t ❜② ❈♦r♦❧❧❛r② ✺✳✻✳✼✳ ❚❤❡♦r❡♠ ✶✷✳✸✳✶ (1) ❛♥❞ t❤❡ ❆❞❛♠s
❞❡❝♦♠♣♦s✐t✐♦♥s ❈♦r♦❧❧❛r② ✺✳✺✳✶✶ ❛♥❞

❑❍(X;Q) ≃
⊕

i≥0

Q(i)❝❞❤(X)

t❤❡♥ ✐♠♣❧② t❤❛t (1) ❢♦r ❛❧❧ ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ (4) ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❇② ❈♦r♦❧❧❛r② ✺✳✻✳✼✱ (1) ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

RΓ❩❛r
(
X,LΩ<i

−Q/Q

)
−→ RΓ❝❞❤

(
X,Ω<i

−Q/Q

)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✱ ✇❤✐❝❤ ✐s ✐♥ t✉r♥ ❡q✉✐✈❛❧❡♥t t♦ (2)✱ ❛♥❞ ✐♠♣❧✐❡s
t❤❛t (1) ❢♦r ❛❧❧ ✐♥t❡❣❡rs i ≥ 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ (3)✳

❈♦r♦❧❧❛r② ✶✷✳✸✳✸ ✭▼♦t✐✈✐❝ r❡❣✉❧❛r✐t② ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✮✳ ▲❡t X ❜❡ ❛ q❝qs Q✲s❝❤❡♠❡✳ ❚❤❡♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Z(i)♠♦t(X) → Z(i)A
1
(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥

t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)❀

✭✷✮ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ RΓ❩❛r(X,L
j
−/Q) → RΓ❝❞❤(X,Ω

j
−/Q) ✐s ❛♥

❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)❀

✭✸✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑(X)→ ❑❍(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛❀

✭✹✮ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❍❈(X/Q)→ L❝❞❤❍❈(−/Q)(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑(X;Fp) −→ ❑❍(X;Fp)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ♦♥ q❝qs Q✲s❝❤❡♠❡s ✭❬❲❡✐✽✾✱ Pr♦♣♦s✐t✐♦♥ 1.6❪✮✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥②
♣r✐♠❡ ♥✉♠❜❡r p ❛♥❞ ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Fp(i)
♠♦t(X) −→ Fp(i)

❝❞❤(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp) ✭❘❡♠❛r❦ ✹✳✸✳✶✸✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❛❧
♠❛♣

❑(X) −→ ❑❍(X) ✭r❡s♣✳ Z(i)♠♦t(X) −→ Z(i)❝❞❤(X)✮

✶✼✻



✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ✭r❡s♣✳ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧
♠❛♣

❑(X;Q) −→ ❑❍(X;Q) ✭r❡s♣✳ Q(i)♠♦t(X) −→ Q(i)❝❞❤(X)✮

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ✭r❡s♣✳ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✮✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠
❚❤❡♦r❡♠s ✶✷✳✸✳✶ (1) ❛♥❞ ✶✷✳✸✳✷✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✳✹ ✭ℓ✲❛❞✐❝ ♠♦t✐✈✐❝ r❡❣✉❧❛r✐t②✮✳ ▲❡t ℓ ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs
Z[1ℓ ]✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /ℓk(i)♠♦t(X) −→ Z /ℓk(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /ℓk)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❘❡♠❛r❦ ✹✳✸✳✶✸ ❛♥❞ ❚❤❡♦r❡♠ ✶✷✳✸✳✶ (2)✳

❘❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦♥♦✇♥ r❡s✉❧t ❛t t❤❡ ❧❡✈❡❧ ♦❢ K✲t❤❡♦r② ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✳

❈♦r♦❧❧❛r② ✶✷✳✸✳✺✳ ▲❡t N ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ X ❜❡ ❛ q❝qs Z /N ✲s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧
♠❛♣ ❑(X) → ❑❍(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p
❞✐✈✐❞✐♥❣ N ✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❚❈(X;Fp)→ L❝❞❤❚❈(−;Fp)(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ❢✉♥❝t♦r ❚❈(−;Fp) ✐s ③❡r♦ ♦♥ q❝qs Z[1p ]✲s❝❤❡♠❡s✳ ❚❤❡
♥❛t✉r❛❧ ♠❛♣ ❑(X) → ❑❍(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❛t✐♦♥❛❧❧②✱
❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠s ✷✳✶✳✶
❛♥❞ ✶✷✳✸✳✷ (4)✲(5)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ♠♦t✐✈✐❝ ❛♥❛❧♦❣✉❡ ♦❢ ❈♦r♦❧❧❛r② ✶✷✳✸✳✺✳

❈♦r♦❧❧❛r② ✶✷✳✸✳✻ ✭▼♦t✐✈✐❝ r❡❣✉❧❛r✐t② ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✮✳ ▲❡t N ≥ 1 ❛♥❞ i ≥ 0 ❜❡
✐♥t❡❣❡rs✱ ❛♥❞ X ❜❡ ❛ q❝qs Z /N ✲s❝❤❡♠❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Z(i)♠♦t(X) → Z(i)A

1
(X) ✐s

❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❞✐✈✐❞✲
✐♥❣ N ✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Fp(i)

❇▼❙(X) → (L❝❞❤ Fp(i)
❇▼❙)(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞

❝❛t❡❣♦r② D(Fp)✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✷✳✸✳✶ (3) ❛♥❞ ❊①❛♠♣❧❡ ✶✷✳✷✳✹ (2)✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Z(i)♠♦t(X) → Z(i)❝❞❤(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳
❚❤❡ ♥❛t✉r❛❧ ♠❛♣ Z(i)♠♦t(X)→ Z(i)❝❞❤(X) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡
r❛t✐♦♥❛❧❧②✱ ❛♥❞ ♠♦❞✉❧♦ p ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✳ ❋♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡ ❢✉♥❝t♦r
Fp(i)

❇▼❙ ✐s ③❡r♦ ♦♥ q❝qs Z[1p ]✲s❝❤❡♠❡s✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✹✳✸✳✶✷
❛♥❞ ❚❤❡♦r❡♠ ✶✷✳✸✳✷ (1)✲(2)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 6.1 (2)❪✱ ✇❤❡r❡ ✇❡ ✉s❡ ❚❤❡♦r❡♠ ✶✷✳✸✳✶ ❛♥❞ ❊①❛♠✲
♣❧❡ ✶✷✳✷✳✹ (2) t♦ ✐❞❡♥t✐❢② ❝❞❤✲❧♦❝❛❧ ❛♥❞ A1✲✐♥✈❛r✐❛♥t ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣✐❡s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✳

❚❤❡♦r❡♠ ✶✷✳✸✳✼ ✭❬❊▼✷✸❪✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ❛♥❞ X ❜❡ ❛♥ ✐♥❞✲r❡❣✉❧❛r Fp✲s❝❤❡♠❡✳
❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

✶✼✼



❈♦r♦❧❧❛r② ✶✷✳✸✳✽✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ V ❜❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝ p ♣❡r❢❡❝t ✈❛❧✉❛t✐♦♥ r✐♥❣✱
❛♥❞ X ❜❡ ❛♥ ✐♥❞✲s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r V ✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❇② ❬❆❉✷✶✱ Pr♦♣♦s✐t✐♦♥ 4.1.1❪✱ t❤❡ ♣❡r❢❡❝t ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s t❤❡ ✜❧t❡r❡❞ ❝♦❧✐♠✐t ♦❢ ✐ts
s♠♦♦t❤ Fp✲s✉❜❛❧❣❡❜r❛s✳ ❙♦ t❤❡ s❝❤❡♠❡ X ✐s ✐♥ ♣❛rt✐❝✉❧❛r ✐♥❞✲s♠♦♦t❤ ♦✈❡r Fp✱ ❛♥❞ t❤❡ r❡s✉❧t
✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✷✳✸✳✼✳

❲❡ ♥♦✇ st✉❞② ♠♦t✐✈✐❝ r❡❣✉❧❛r✐t② ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✳✾ ✭▼♦t✐✈✐❝ r❡❣✉❧❛r✐t② ♦❢ ✈❛❧✉❛t✐♦♥ r✐♥❣s✮✳ ▲❡t V ❜❡ ❛ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥
r✐♥❣✳ ■❢ V s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(V ) ✭❡✳❣✳✱ ✐❢ V ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ ♣❡r❢❡❝t♦✐❞ ✈❛❧✉❛t✐♦♥
r✐♥❣✮✱ t❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(V ) −→ Z(i)A
1
(V )

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ■❢ t❤❡ r✐♥❣ V s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(V )✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(V ) −→ Z(i)A
1
(V )

✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(V ) −→ Z(i)❝❞❤(V )

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❚❤❡♦r❡♠ ✶✷✳✸✳✶ (3)✮✳ ❚❤✐s ❧❛tt❡r ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜②
❘❡♠❛r❦ ✹✳✸✳✶✵✱ ❛♥❞ ❜❡❝❛✉s❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛r❡ ❧♦❝❛❧ ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✳✶✵ ✭❬❇❊▼✷✹❪✮✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ S ❜❡ ❛ q❝qs s❝❤❡♠❡ ♦❢ ✜♥✐t❡
✈❛❧✉❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(S, p)✱ ❛♥❞ X ❜❡ ❛ q❝qs S✲s❝❤❡♠❡✳ ❚❤❡♥
❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ❝❞❤✲❧♦❝❛❧ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥
♠❛♣ ✭❉❡✜♥✐t✐♦♥ ✻✳✶✳✷✮

Z /pk(i)❝❞❤(X) −→ RΓét(X[1p ], µ
⊗i
pk
)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i✳

Pr♦♦❢✳ ❚❤❡ ♣r❡s❤❡❛✈❡s Z /pk(i)❝❞❤(−) ❛♥❞ RΓét(−[
1
p ], µ

⊗i
pk
) ❛r❡ ✜♥✐t❛r② ❝❞❤ s❤❡❛✈❡s ♦♥ q❝qs

S✲s❝❤❡♠❡s ✭❬❇❊▼✷✹❪ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✶✳✶✮✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛✲
t✐♦♥ r✐♥❣s V ✇✐t❤ ❛ ♠❛♣ ❙♣❡❝(V )→ S ✭❬❊❍■❑✷✶✱ ❈♦r♦❧❧❛r② 2.4.19❪✮✳ ■❢ t❤❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥
r✐♥❣ V ✐s p✲t♦rs✐♦♥❢r❡❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❱❛❧(S, p) ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✷✳✻ ✐♠♣❧② t❤❛t t❤❡ ✜❜r❡ ♦❢ t❤❡
❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣

Z /pk(i)♠♦t(V ) −→ RΓét(V [1p ], µ
⊗i
pk
)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i + 1✳ ■❢ t❤❡ ❤❡♥s❡❧✐❛♥ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s ♥♦t p✲t♦rs✐♦♥❢r❡❡✱ t❤❡♥ ✐t
✐s ❛♥ Fp✲❛❧❣❡❜r❛✱ ❛♥❞ ✐t ✐s F ✲s♠♦♦t❤ ✭❚❤❡♦r❡♠ ✶✷✳✷✳✷ (2)✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧
❡q✉✐✈❛❧❡♥❝❡

Z /pk(i)❇▼❙(V )
∼
−−→ RΓét(V,WkΩ

i
❧♦❣)[−i]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✭❬▲▼✷✸✱ Pr♦♣♦s✐t✐♦♥ 5.1 (ii)❪✮✱ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✷✳✹ ✐♠♣❧✐❡s
t❤❛t t❤❡ ✜❜r❡ ♦❢ t❤❡ ❇❡✐❧✐♥s♦♥✕▲✐❝❤t❡♥❜❛✉♠ ❝♦♠♣❛r✐s♦♥ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i✳

✶✼✽



❚❤❡♦r❡♠ ✶✷✳✸✳✶✶✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s
♣❡r❢❡❝t♦✐❞✱ ❛♥❞ X ❜❡ ❛ p✲t♦rs✐♦♥❢r❡❡ F ✲s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r ❙♣❡❝(V )✳ ❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs
i ≥ 0 ❛♥❞ k ≥ 1✱ t❤❡ ✜❜r❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z /pk(i)♠♦t(X) −→ Z /pk(i)A
1
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z /pk) ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✷✳✸✳✶ (3) ❛♥❞ ❊①❛♠♣❧❡ ✶✷✳✷✳✹ (3)✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡
✜❜r❡ ♦❢ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐♥ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z /pk(i)♠♦t(X) RΓét(X[1p ], µ
⊗i
pk
)

Z /pk(i)❝❞❤(X)
(
L❝❞❤RΓét(−[

1
p ], µ

⊗i
pk
)
)
(X)

✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 1✱ ✐✳❡✳✱ t❤❛t ✐t ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ✐♥ ❞❡❣r❡❡s ❛t
♠♦st i−1✱ ❛♥❞ ✐♥❥❡❝t✐✈❡ ✐♥ ❞❡❣r❡❡ i✳ ❚❤❡ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✭❚❤❡♦r❡♠ ✻✳✶✳✶✮✳
❚❤❡ ✜❜r❡ ♦❢ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+1 ✭❈♦r♦❧❧❛r② ✻✳✷✳✻✮✳ ❚❤❡ ✜❜r❡ ♦❢ t❤❡
❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i ✭Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✳✶✵ ❛♥❞ ❚❤❡♦r❡♠ ✶✷✳✷✳✷ (3)✮✳
❚❤✐s ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✱ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② ❛r❣✉♠❡♥t✳ ❖♥ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s
✐♥ ❞❡❣r❡❡s ❛t ♠♦st i−2✱ ❛❧❧ ❜✉t t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ❛r❡ ✐s♦♠♦r♣❤✐s♠s✱ s♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ ❞❡❣r❡❡ i−1✱ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ❛♥❞ r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣s ❛r❡ ✐s♦♠♦r♣❤✐s♠s✱
s♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡❀ t❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ♠♦r❡♦✈❡r ✐♥❥❡❝t✐✈❡✱ s♦ t❤❡
❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ ❞❡❣r❡❡ i✱ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ t❤❡
r✐❣❤t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ s♦ t❤❡ ❧❡❢t ✈❡rt✐❝❛❧ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡✳

❈♦r♦❧❧❛r② ✶✷✳✸✳✶✷✳ ▲❡t V ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❤♦s❡ p✲❝♦♠♣❧❡t✐♦♥ ✐s ♣❡r❢❡❝t♦✐❞ ❢♦r ❡✈❡r②
♣r✐♠❡ ♥✉♠❜❡r p✱✶ ❛♥❞ X ❜❡ ❛♥ ✐♥❞✲s♠♦♦t❤ V ✲s❝❤❡♠❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ✜❜r❡
♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✐s ✐♥ ❞❡❣r❡❡s ❛t ❧❡❛st i+ 2✳

Pr♦♦❢✳ ❇② ❬❆▼▼✷✷✱ ❈♦r♦❧❧❛r② 2.3 ❛♥❞ Pr♦♣♦s✐t✐♦♥ 2.4.2❪✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑(X) −→ ❑❍(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ❢♦r ❡✈❡r② ✐♥❞✲s♠♦♦t❤ s❝❤❡♠❡ ♦✈❡r ❛ ❣❡♥❡r❛❧ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✳ ❇②
❚❤❡♦r❡♠ 10.1✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

Q(i)♠♦t(X) −→ Q(i)A
1
(X)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ❚❤❛t ✐s✱ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ t❤❡ ✜❜r❡
♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X) −→ Z(i)A
1
(X)

❛r❡ t♦rs✐♦♥✳ ■♥ ❞❡❣r❡❡s ❛t ♠♦st i + 2✱ ❛♥❞ ✐❢ t❤❡ p✲❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✐s
♣❡r❢❡❝t♦✐❞ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p✱ t❤❡♥ t❤❡s❡ ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ❛r❡ ❛❧s♦ p✲t♦rs✐♦♥❢r❡❡ ❢♦r
❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❜② ❚❤❡♦r❡♠ ✶✷✳✸✳✶✶✱ ❛♥❞ ❛r❡ t❤✉s ③❡r♦✳

✶◆♦t❡ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✈❛❝✉♦✉s❧② tr✉❡ ❢♦r ❡✈❡r② ♣r✐♠❡ ♥✉♠❜❡r p ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝
♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ V ✳

✶✼✾



✶✽✵



❈❤❛♣t❡r ✶✸

❊①❛♠♣❧❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐s✐t ❝❡rt❛✐♥ ❦♥♦✇♥ r❡s✉❧ts ♦♥ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐♥ t❡r♠s ♦❢ t❤❡
♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t✳

✶✸✳✶ P❡r❢❡❝t ❛♥❞ s❡♠✐♣❡r❢❡❝t r✐♥❣s

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ■t ✇❛s ♣r♦✈❡❞ ❜② ❑r❛t③❡r ❬❑r❛✽✵✱ ❈♦r♦❧❧❛r② 5.5❪ t❤❛t ❢♦r ❡✈❡r②
♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛ R ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r n ≥ 1✱ t❤❡ K✲❣r♦✉♣ ❑n(R) ✐s ✉♥✐q✉❡❧② p✲❞✐✈✐s✐❜❧❡
✭s❡❡ ❛❧s♦ ❬❆▼▼✷✷❪ ❢♦r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❣❡♥❡r❛❧✐s❛t✐♦♥✮✳ ■t ✇❛s ❛❧s♦ ♣r♦✈❡❞ ❜② ❑❡❧❧②✕
▼♦rr♦✇ t❤❛t ❢♦r ❡✈❡r② Fp✲❛❧❣❡❜r❛ R ✇✐t❤ ♣❡r❢❡❝t✐♦♥ R♣❡r❢✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ❑(R)→ ❑(R♣❡r❢)
✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❛❢t❡r ✐♥✈❡rt✐♥❣ p ✭❬❑▼✷✶✱ ▲❡♠♠❛ 4.1❪✱ s❡❡ ❛❧s♦ ❬❊❑✷✵✱ ❊①❛♠♣❧❡ 2.1.11❪ ❛♥❞
❬❈♦✉✷✸✱ ❚❤❡♦r❡♠ 3.1.2 ❛♥❞ Pr♦♣♦s✐t✐♦♥ 3.3.1❪ ❢♦r ❞✐✛❡r❡♥t ♣r♦♦❢s✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛
♠♦t✐✈✐❝ r❡✜♥❡♠❡♥t ♦❢ t❤❡s❡ t✇♦ ❢❛❝ts✳

❚❤❡♦r❡♠ ✶✸✳✶✳✶ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ♣❡r❢❡❝t Fp✲s❝❤❡♠❡s✱ ❛❢t❡r ❬❊▼✷✸❪✮✳ ▲❡t X ❜❡ ❛ q❝qs
Fp✲s❝❤❡♠❡✳

✭✶✮ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X)[1p ] −→ Z(i)♠♦t(X♣❡r❢)[
1
p ]

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z[1p ])✳

✭✷✮ ❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X♣❡r❢) −→ Z(i)♠♦t(X♣❡r❢)[
1
p ]

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❇② ❬❊▼✷✸✱ ❚❤❡♦r❡♠ 4.24 (5)❪✱✶ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

ϕ∗X : Z(i)♠♦t(X) −→ Z(i)♠♦t(X)

✐♥❞✉❝❡❞ ❜② t❤❡ ❛❜s♦❧✉t❡ ❋r♦❜❡♥✐✉s ϕX : X → X ♦❢ ❛ q❝qs Fp✲s❝❤❡♠❡ X ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② pi✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♥❛t✉r❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❛❢t❡r ✐♥✈❡rt✐♥❣ p✱ ❛♥❞ (1) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

✶❚❤✐s r❡s✉❧t ✐s ♣r♦✈❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❛♠❡ r❡s✉❧t ✐♥ ❝❧❛ss✐❝❛❧ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ❬●▲✵✵❪ ❛♥❞ ✐♥
s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ❬❆▼▼◆✷✷❪✱ ❛♥❞ ✉❧t✐♠❛t❡❧② ❣♦❡s ❜❛❝❦ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ❛❝ts ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥
❜② pi ♦♥ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❞❡ ❘❤❛♠✕❲✐tt s❤❡❛❢ WΩi

❧♦❣✳

✶✽✶



t❤✐s ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r❡s❤❡❛❢ Z(i)♠♦t ✐s ✜♥✐t❛r② ✭❬❊▼✷✸✱ ❚❤❡♦r❡♠ 4.24 (4)❪✮✳ ❙✐♠✐❧❛r❧②✱
t❤❡ s❛♠❡ r❡s✉❧t ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❡r❢❡❝t Fp✲s❝❤❡♠❡ X♣❡r❢ ✐♠♣❧✐❡s t❤❛t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② pi ♦♥ t❤❡
❝♦♠♣❧❡① Z(i)♠♦t(X♣❡r❢) ∈ D(Z) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ■❢ i ≥ 1✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(X♣❡r❢) −→ Z(i)♠♦t(X♣❡r❢)[
1
p ]

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

❘❡♠❛r❦ ✶✸✳✶✳✷ ✭◆❡❣❛t✐✈❡ K✲❣r♦✉♣s ♦❢ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s✮✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❡①❛♠✲
♣❧❡s ♦❢ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s ✇❤♦s❡ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s ❛r❡ ♥♦t p✲❞✐✈✐s✐❜❧❡ ✭❬❈♦✉✷✸✱ ❙❡❝t✐♦♥ 3.3❪✮✳
❚❤❡♦r❡♠ ✶✸✳✶✳✶ (2) st❛t❡s t❤❛t t❤❡ ♦♥❧② ♥♦♥✲p✲❞✐✈✐s✐❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ K✲❣r♦✉♣s
♦❢ ❛ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛ R ❛❝t✉❛❧❧② ❝♦♠❡ ❢r♦♠ ✇❡✐❣❤t ③❡r♦ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ ✐✳❡✳✱ ❢r♦♠ t❤❡
❝♦♠♣❧❡① RΓ❝❞❤(R,Z) ✭❊①❛♠♣❧❡ ✺✳✻✳✽✮✳

❘❡❝❛❧❧ t❤❛t ❛ Fp✲❛❧❣❡❜r❛ ✐s s❡♠✐♣❡r❢❡❝t ✐❢ ✐ts ❋r♦❜❡♥✐✉s ✐s s✉r❥❡❝t✐✈❡✳

❈♦r♦❧❧❛r② ✶✸✳✶✳✸ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ s❡♠✐♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛s✮✳ ▲❡t S ❜❡ ❛ s❡♠✐♣❡r❢❡❝t
Fp✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ t❤❡ ♥❛t✉r❛❧ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(S) Zp(i)
s②♥(S)

Z(i)♠♦t(S♣❡r❢) Zp(i)
s②♥(S♣❡r❢)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✱ ❛♥❞ ❛❢t❡r ✐♥✈❡rt✐♥❣ p✳ ❆❢t❡r ✐♥✈❡rt✐♥❣ p✱
t❤❡ ✈❡rt✐❝❛❧ ♠❛♣s ❜❡❝♦♠❡ ❡q✉✐✈❛❧❡♥❝❡s ❜② ❚❤❡♦r❡♠ ✶✸✳✶✳✶ (1) ✭❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦r
s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✮✳ ❲❡ ♣r♦✈❡ ♥♦✇ t❤❡ r❡s✉❧t ♠♦❞✉❧♦ p✳ ❇② ❚❤❡♦r❡♠ ✶✸✳✶✳✶ (2) ✭❛♥❞ t❤❡
s❛♠❡ ❛r❣✉♠❡♥t ❢♦r s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✮✱ t❤❡ ❜♦tt♦♠ t❡r♠s ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ❛r❡
③❡r♦ ♠♦❞✉❧♦ p✱ s♦ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣

Fp(i)
♠♦t(S) −→ Fp(i)

s②♥(S)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳ ❇② ❬❊▼✷✸✱ ❈♦r♦❧❧❛r② 4.32❪ ✭s❡❡ ❛❧s♦ ❚❤❡♦✲
r❡♠ ✻✳✷✳✹ ❢♦r ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❣❡♥❡r❛❧✐s❛t✐♦♥✮✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t

RΓ❝❞❤(S, ν̃(i))[−i− 1] ≃ 0

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ϕS : S → S ✐s s✉r❥❡❝t✐✈❡✱
❛♥❞ ❤❛s ♥✐❧♣♦t❡♥t ❦❡r♥❡❧✳ ❚❤❡ ♣r❡s❤❡❛❢ RΓ❝❞❤(−, ν̃(i))[−i − 1] ✐s ❛ ✜♥✐t❛r② ❝❞❤ s❤❡❛❢✱ s♦ t❤❡
♥❛t✉r❛❧ ♠❛♣

RΓ❝❞❤(S, ν̃(i))[−i− 1] −→ RΓ❝❞❤(S♣❡r❢, ν̃(i))[−i− 1]

✐s t❤❡♥ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Fp)✳ ❚❤❡ t❛r❣❡t ♦❢ t❤✐s ♠❛♣ ✐s ③❡r♦ ❜② ❚❤❡✲
♦r❡♠ ✶✸✳✶✳✶ (2) ✭✇❤❡r❡ ✇❡ ✉s❡ t❤❛t i ≥ 1✱ ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦r s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣②✮✱
❛♥❞ ❛♣♣❧②✐♥❣ ❬❊▼✷✸✱ ❈♦r♦❧❧❛r② 4.32❪ t♦ t❤❡ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛ S♣❡r❢✳

✶✽✷



✶✸✳✷ ❋✐♥✐t❡ ❝❤❛✐♥ r✐♥❣s

❋✐♥✐t❡ ❝❤❛✐♥ r✐♥❣s ❛r❡ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s OK/πn✱ ✇❤❡r❡ OK ✐s ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞✱ π ✐s ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ OK ✱ ❛♥❞ n ≥ 1 ✐s ❛♥
✐♥t❡❣❡r✳ ❊①❛♠♣❧❡s ♦❢ ✜♥✐t❡ ❝❤❛✐♥ r✐♥❣s t❤✉s ✐♥❝❧✉❞❡ ✜♥✐t❡ ✜❡❧❞s✱ r✐♥❣s ♦❢ t❤❡ ❢♦r♠ Z /pn✱ ❛♥❞
tr✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✳

▲❡♠♠❛ ✶✸✳✷✳✶✳ ▲❡t OK ❜❡ ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p) ❛♥❞ ✇✐t❤
✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞ Fq✱ π ❜❡ ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ OK ✱ ❛♥❞ n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)♠♦t(OK/π
n) ≃

{
Z[0] ✐❢ i = 0
Zp(i)

❇▼❙(OK/π
n)⊕ Z(i)♠♦t(Fq)[

1
p ] ✐❢ i ≥ 1

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦r i = 0 ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s

Z(0)♠♦t(OK/π
n) ≃ RΓ❝❞❤(OK/π

n,Z) ≃ RΓ❝❞❤(Fq,Z) ≃ Z[0]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱ t❤❡ ✜rst ❡q✉✐✈❛❧❡♥❝❡ ❜❡✐♥❣ ❊①❛♠♣❧❡ ✺✳✻✳✽✱ t❤❡ s❡❝♦♥❞ ❡q✉✐✈❛❧❡♥❝❡
❜❡✐♥❣ ♥✐❧♣♦t❡♥t ✐♥✈❛r✐❛♥❝❡ ♦❢ ❝❞❤ s❤❡❛✈❡s✱ ❛♥❞ t❤❡ ❧❛st ❡q✉✐✈❛❧❡♥❝❡ ❜❡✐♥❣ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
❢❛❝t t❤❛t ✜❡❧❞s ❛r❡ ❧♦❝❛❧ ❢♦r t❤❡ ❝❞❤ t♦♣♦❧♦❣②✳

❋♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(OK/π
n) Zp(i)

❇▼❙(OK/π
n)

Z(i)♠♦t(Fq) Zp(i)
❇▼❙(Fq)

✐s ❛ ❝❛rt❡s✐❛♥ sq✉❛r❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❚❤❡♦r❡♠ ✹✳✸✳✶✺✮✳ ■❢ i ≥ 1✱ t❤❡ ❜♦tt♦♠
r✐❣❤t t❡r♠ ✈❛♥✐s❤❡s ✭✉s❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❇❤❛tt✕▼♦rr♦✇✕❙❝❤♦❧③❡✬s s②♥t♦♠✐❝
❝♦❤♦♠♦❧♦❣② ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p ✐♥ t❡r♠s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❞❡ ❘❤❛♠✕❲✐tt ❢♦r♠s✮✱ ❛♥❞ t❤❡r❡ ✐s ❛
♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Z(i)♠♦t(Fq)
∼
−−→ Z(i)♠♦t(Fq)[

1
p ]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ✭❜② ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✐♥ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②✱ s❡❡ ❛❧s♦ ❚❤❡♦✲
r❡♠ ✶✸✳✶✳✶ (2) ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ st❛t❡♠❡♥t✮✱ ❤❡♥❝❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳✷✳✷✳ ▲❡t OK ❜❡ ❛ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ✜♥✐t❡
r❡s✐❞✉❡ ✜❡❧❞✱ π ❜❡ ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ OK ✱ ❛♥❞ n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r
m ∈ Z✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❑m(OK/π
n) ∼=





Z ✐❢ m = 0
❍1
♠♦t(OK/π

n,Z(i)) ✐❢ m = 2i− 1, i ≥ 1
❍2
♠♦t(OK/π

n,Z(i)) ✐❢ m = 2i− 2, i ≥ 2
0 ✐❢ m < 0

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳

Pr♦♦❢✳ ▲❡t p ❜❡ t❤❡ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ OK ✳ ❚❤❡ r❡s✉❧t ✇✐t❤
p✲❛❞✐❝ ❝♦❡✣❝✐❡♥ts ✐s ❬❆❑◆✷✹✱ ❈♦r♦❧❧❛r② 2.16❪✳ ❚❤❡ r❡s✉❧t ✇✐t❤ Z[1p ]✲❝♦❡✣❝✐❡♥ts r❡❞✉❝❡s t♦ t❤❡
❝❛s❡ n = 1✱ ✇❤❡r❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✭❝❧❛ss✐❝❛❧✮ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣②
♦❢ ✜♥✐t❡ ✜❡❧❞s✳ ❚❤❡ ✐♥t❡❣r❛❧ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✷✳✶✳

✶✽✸



❚❤❡♦r❡♠ ✶✸✳✷✳✸ ✭▼♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ✜♥✐t❡ ❝❤❛✐♥ r✐♥❣s✱ ❛❢t❡r ❬❆❑◆✷✹❪✮✳ ▲❡t OK ❜❡ ❛
❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p) ❛♥❞ ✇✐t❤ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞ Fq✱ π ❜❡ ❛
✉♥✐❢♦r♠✐③❡r ♦❢ OK ✱ ❛♥❞ n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 4pn✱✷ t❤❡ ♠♦t✐✈✐❝
❝♦♠♣❧❡①

Z(i)♠♦t(OK/π
n) ∈ D(Z)

✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ♦♥❡✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥ ❜② ❛ ❣r♦✉♣ ♦❢ ♦r❞❡r (qi − 1)qi(n−1)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✷✳✶✱ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦✲
♠♦❧♦❣② ♦❢ Fq✱ ❛♥❞ ❬❆❑◆✷✹✱ ❚❤❡♦r❡♠ 1.4 ❛♥❞ Pr♦♣♦s✐t✐♦♥ 1.5❪✳

❘❡♠❛r❦ ✶✸✳✷✳✹ ✭◆✐❧♣♦t❡♥❝❡ ♦❢ v1✮✳ ❆♥t✐❡❛✉✕❑r❛✉s❡✕◆✐❦♦❧❛✉s ❛❧s♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥✐❧♣♦t❡♥❝❡
❞❡❣r❡❡ ♦❢ t❤❡ ❡❧❡♠❡♥t v1 ✐♥ t❤❡ ♠♦❞ p s②♥t♦♠✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ Z /pn ✭❬❆❑◆✷✹✱ ❚❤❡♦r❡♠ 1.8❪✮✳
❚❤✐s ✐s ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ❦❡② r❡s✉❧t ✐♥ t❤❡ st✉❞② ♦❢ K(1)✲❧♦❝❛❧ K✲t❤❡♦r② ♦❢ ❇❤❛tt✕❈❧❛✉s❡♥✕
▼❛t❤❡✇ ❬❇❈▼✷✵❪✳ ◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ♦♥ t❤❡ ♥✐❧♣♦t❡♥❝❡ ❞❡❣r❡❡ ♦❢ v1 ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞✱
✈✐❛ ▲❡♠♠❛ ✶✸✳✷✳✶✱ ❛s ❛ st❛t❡♠❡♥t ♦♥ t❤❡ ♠♦❞ p ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ Z /pn✳

✶✸✳✸ C⋆✲❛❧❣❡❜r❛s

❇② ●❡❧❢❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ C⋆✲❛❧❣❡❜r❛s ❛r❡ ❡①❛❝t❧② t❤❡ ❛❧❣❡❜r❛s
♦❢ ❝♦♥t✐♥✉♦✉s ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s C (X;C) ♦♥ ❛ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡ X✳ ❆♥ ✐♠♣♦r✲
t❛♥t t❤❡♦r❡♠ ♦❢ ❈♦rt✐ñ❛s✕❚❤♦♠ st❛t❡s t❤❛t ❝♦♠♠✉t❛t✐✈❡ C⋆✲❛❧❣❡❜r❛s ❛r❡ K✲r❡❣✉❧❛r ✭❬❈❚✶✷✱
❚❤❡♦r❡♠ 1.5❪✮✳ ❚❤✐s r❡s✉❧t ✇❛s ❢✉rt❤❡r ❣❡♥❡r❛❧✐s❡❞ r❡❝❡♥t❧② ❜② ❆♦❦✐ t♦ ❛❧❧ s♠♦♦t❤ ❛❧❣❡❜r❛s
♦✈❡r ❝♦♠♠✉t❛t✐✈❡ C⋆✲❛❧❣❡❜r❛s✱ ❛♥❞ ♦✈❡r ❛ ❣❡♥❡r❛❧ ❧♦❝❛❧ ✜❡❧❞ ✭❬❆♦❦✷✹✱ ❚❤❡♦r❡♠ 8.7❪✮✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ♠♦t✐✈✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❧❛tt❡r r❡s✉❧t✳

❚❤❡♦r❡♠ ✶✸✳✸✳✶ ✭C⋆✲❛❧❣❡❜r❛s ❛r❡ ♠♦t✐✈✐❝❛❧❧② r❡❣✉❧❛r✱ ❛❢t❡r ❬❈❚✶✷✱ ❆♦❦✷✹❪✮✳ ▲❡t X ❜❡ ❛ ❝♦♠✲
♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡✱ F ❜❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❧♦❝❛❧ ✜❡❧❞✱ ❛♥❞ A ❜❡ ❛ s♠♦♦t❤ C (X;F )✲❛❧❣❡❜r❛✳
❚❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡rs i ≥ 0 ❛♥❞ n ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(A) −→ Z(i)♠♦t(A[T1, . . . , Tn])

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❇② ❬❆♦❦✷✹✱ ❚❤❡♦r❡♠ 8.7 (2)❪✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

❑(A[T1, . . . , Tn]) −→ ❑❍(A[T1, . . . , Tn])

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ s♣❡❝tr❛ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 0✳ ❇② ❈♦r♦❧❧❛r② ✶✷✳✸✳✸✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
✈❡rt✐❝❛❧ ♠❛♣s ✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Z(i)♠♦t(A) Z(i)♠♦t(A[T1, . . . , Tn])

Z(i)A
1
(A) Z(i)A

1
(A[T1, . . . , Tn])

❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳ ❚❤❡ ❜♦tt♦♠ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥
t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z) ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r❡s❤❡❛❢ Z(i)A

1
✭❬❇❊▼✷✹❪✱ s❡❡ ❛❧s♦ ❈❤❛♣t❡r ✶✷✮✳

❙♦ t❤❡ t♦♣ ❤♦r✐③♦♥t❛❧ ♠❛♣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳
✷◆♦t❡ t❤❛t t❤✐s ✐s ♥♦t ❛♥ ♦♣t✐♠❛❧ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ✐♥t❡❣❡r i✳ ❙❡❡ ❬❆❑◆✷✹✱ ❚❤❡♦r❡♠ 1.4❪ ❢♦r ❛ ♠♦r❡

♣r❡❝✐s❡ r❡s✉❧t✱ ✐♥ t❡r♠s ♦❢ t❤❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ♦❢ OK ✳

✶✽✹



✶✸✳✹ ❚r✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ tr✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s✱ ✐✳❡✳✱ t❤❡ ♠♦t✐✈✐❝
❝♦❤♦♠♦❧♦❣② ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ♦❢ t❤❡ ❢♦r♠ R[x]/(xe)✳ ●✐✈❡♥ ❛ D(Z)✲✈❛❧✉❡❞ ❢✉♥❝t♦r F (−)✱
❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r e ≥ 1✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

F (R[x]/(xe), (x)) := ✜❜(F (R[x]/(xe)) −→ F (R)),

✇❤❡r❡ t❤❡ ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ R[x]/(xe)→ R✳
❚❤❡ r❡❧❛t✐✈❡ K✲t❤❡♦r② ❑(k[x]/(xe), (x)) ♦❢ tr✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s ♦✈❡r ❛ ♣❡r❢❡❝t ✜❡❧❞ k ♦❢

♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇❛s ❝♦♠♣✉t❡❞ ❜② ❍❡ss❡❧❤♦❧t✕▼❛❞s❡♥ ❬❍▼✾✼❜✱ ❍▼✾✼❛❪✱ ✉s✐♥❣ t♦♣♦❧♦❣✲
✐❝❛❧ r❡str✐❝t✐♦♥ ❤♦♠♦❧♦❣②✳ ❚❤❡✐r ❝❛❧❝✉❧❛t✐♦♥ ✇❛s r❡♣r♦✈❡❞ ❜② ❙♣❡✐rs ❬❙♣❡✷✵❪ ✉s✐♥❣ ◆✐❦♦❧❛✉s✕
❙❝❤♦❧③❡✬s ❛♣♣r♦❛❝❤ t♦ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❬◆❙✶✽❪✱ ❛♥❞ ❜② ▼❛t❤❡✇ ❬▼❛t✷✷❪ ❛♥❞ ❙✉❧②♠❛
❬❙✉❧✷✸❪ ✉s✐♥❣ ❇❤❛tt✕▼♦rr♦✇✕❙❝❤♦❧③❡✬s ✜❧tr❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣② ❬❇▼❙✶✾❪✳ ❚❤✐s
❧❛st ❛♣♣r♦❛❝❤ ✇❛s t❤❡♥ ❡①t❡♥❞❡❞ t♦ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❜② ❘✐❣❣❡♥❜❛❝❤ ❬❘✐❣✷✷❪✳ ▼♦r❡ ♣r❡✲
❝✐s❡❧②✱ ❘✐❣❣❡♥❜❛❝❤ ✉s❡❞ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② t♦ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t
t♦ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ p✲❛❞✐❝ r❡❧❛t✐✈❡ K✲t❤❡♦r② ❑(R[x]/(xe), (x);Zp) ♦❢ ♣❡r❢❡❝t♦✐❞ r✐♥❣s R✱
❛♥❞ ❛❧s♦ r❡♣r♦✈❡❞ t❤❡ p✲❛❞✐❝ ♣❛rt ♦❢ t❤❡ ❦♥♦✇♥ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❑(Z[x]/(xe), (x))✱ ♦r✐❣✐♥❛❧❧② ❞✉❡
t♦ ❆♥❣❡❧t✈❡✐t✕●❡r❤❛r❞t✕❍❡ss❡❧❤♦❧t ❬❆●❍✵✾❪✳

❚❤✐s r❡❝❡♥t ♣r♦❣r❡ss ✇♦✉❧❞ s❡❡♠ t♦ ✐♥❞✐❝❛t❡ t❤❛t K✲t❤❡♦r② ❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ ❡q✉✐✈❛r✐❛♥t
st❛❜❧❡ ❤♦♠♦t♦♣② ♠❛② ❜❡ ♣✉s❤❡❞ ❢✉rt❤❡r ❜② ✉s✐♥❣ ❝♦❤♦♠♦❧♦❣✐❝❛❧ t❡❝❤♥✐q✉❡s✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t
t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❬▼❛t✷✷✱ ❙✉❧✷✸✱ ❘✐❣✷✷❪ ❛r❡ ♣✉r❡❧② p✲❛❞✐❝ ♦♥❡s✱ ❛s t❤❡② r❡❧② ♦♥ ✭✐♥st❛♥❝❡s ♦❢✮
♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣②✳ ■♥ ❢❛❝t✱ ❛❧❧ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝
✭✐✳❡✳✱ ❢♦r R t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞✮ r❡❧② ♦♥ ❛ r❛t✐♦♥❛❧ r❡s✉❧t ♦❢ ❙♦✉❧é ❬❙♦✉✽✶❪ ❛♥❞
❙t❛✛❡❧❞t ❬❙t❛✽✺❪✱ ✇❤♦ ❝♦♠♣✉t❡ t❤❡ r❛♥❦s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ r❡❧❛t✐✈❡ K✲❣r♦✉♣s ✉s✐♥❣ ❡q✉✐✈❛r✐❛♥t
❤♦♠♦t♦♣② t❤❡♦r②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐s✐t ❛♥❞ ❡①t❡♥❞ t❤✐s r❛t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ ❞✐s❝✉ss
s♦♠❡ ♥❛t✉r❛❧ ♠♦t✐✈✐❝ r❡✜♥❡♠❡♥ts ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✳

❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥s ✉s❡ tr❛❝❡ ♠❡t❤♦❞s✱ ✈✐❛ t❤❡ ❉✉♥❞❛s✕●♦♦❞✇✐❧❧✐❡✕▼❝❈❛rt❤②
t❤❡♦r❡♠✳ ❲❡ ✜rst st❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❝♦❤♦♠♦❧♦❣② t❤❡♦r✐❡s✳

▲❡♠♠❛ ✶✸✳✹✳✶✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Z(i)♠♦t(R[x]/(xe), (x)) −→ Z(i)❚❈(R[x]/(xe), (x))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❘❡♠❛r❦ ✹✳✸✳✼✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❝❞❤ s❤❡❛✈❡s ❛r❡ ✐♥✈❛r✐❛♥t
✉♥❞❡r ♥✐❧♣♦t❡♥t ❡①t❡♥s✐♦♥s✳

❈♦r♦❧❧❛r② ✶✸✳✹✳✷✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ p ❜❡ ❛ ♣r✐♠❡
♥✉♠❜❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Zp(i)
♠♦t(R[x]/(xe), (x)) −→ Zp(i)

❇▼❙(R[x]/(xe), (x))

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Zp)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✹✳✶✳

❈♦r♦❧❧❛r② ✶✸✳✹✳✸✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 0✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Q(i)♠♦t(R[x]/(xe), (x)) ≃ LΩ<i(R[x]/(xe),(x))Q/Q
[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

✶✽✺



Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✹✳✶ ❛♥❞ ❝❞❤ ❞❡s❝❡♥t ❢♦r t❤❡ ♣r❡s❤❡❛❢ L̂Ω−/Q ♦♥
❝♦♠♠✉t❛t✐✈❡ Q✲❛❧❣❡❜r❛s ✭❬❊▼✷✸✱ ▲❡♠♠❛ 4.5❪✮✳

▲❡♠♠❛ ✶✸✳✹✳✹✳ ❋♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ❛♥❞ ✐♥t❡❣❡r e ≥ 1✱ t❤❡ ♦❜❥❡❝t

Z(0)♠♦t
(
R[x]/(xe), (x)

)

✐s ③❡r♦ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡① Z(0)♠♦t ✐s ❛ ❝❞❤ s❤❡❛❢
✭❊①❛♠♣❧❡ ✺✳✻✳✽✮✳

▲❡♠♠❛ ✶✸✳✹✳✺✳ ❋♦r ❛♥② ✐♥t❡❣❡rs e ≥ 1 ❛♥❞ i ≥ 0✱ t❤❡ ❝♦♠♣❧❡①

LΩ≤i(Q[x]/(xe),(x))/Q ∈ D(Q)

✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② ❛ Q✲✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ e− 1✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ✉s✐♥❣ t❤❡ ♥❛t✉r❛❧ ❣r❛❞✐♥❣ ♦❢ t❤❡ Q✲❛❧❣❡❜r❛
Q[x]/(xe) ❛♥❞ t❤❡ Q✲❧✐♥❡❛r ❞❡r✐✈❛t✐♦♥ d : Q[x]/(xe)→ Q[x]/(xe) ❣✐✈❡♥ ❜② d(xj) = jxj ❀ s❡❡ ❢♦r
✐♥st❛♥❝❡ t❤❡ ♣r♦♦❢ ♦❢ ❬❙t❛✽✺✱ Pr♦♣♦s✐t✐♦♥ 5❪✳

❚❤❡♦r❡♠ ✶✸✳✹✳✻✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ s✉❝❤ t❤❛t t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(R⊗ZQ)/Q

✈❛♥✐s❤❡s ✭❡✳❣✳✱ ✐❢ R ⊗Z Q ✐s ✐♥❞✲ét❛❧❡ ♦✈❡r Q✮✱✸ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r②
✐♥t❡❣❡r i ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Q(i)♠♦t(R[x]/(xe), (x)) ≃ (R⊗Z Q)e−1[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✶✸✳✹✳✸✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Q(i)♠♦t(R[x]/(xe), (x)) ≃ LΩ<i(R[x]/(xe),(x))Q/Q
[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ❇② t❤❡ ❑ü♥♥❡t❤ ❢♦r♠✉❧❛ ❢♦r ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✱ ❛♥❞
❜❡❝❛✉s❡ ❛❧❧ t❤❡ ♣♦s✐t✐✈❡ ♣♦✇❡rs ♦❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(R⊗ZQ)/Q ✈❛♥✐s❤✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧
❡q✉✐✈❛❧❡♥❝❡

LΩ<i(R[x]/(xe),(x))Q/Q
≃ LΩ<i(Q[x]/(xe),(x))/Q ⊗Q R

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Q)✳ ❚❤❡ r❡s✉❧t ✐s t❤❡♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✸✳✹✳✺✳

❲❤❡♥ R ✐s t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❞✉❡ t♦ ❙♦✉❧é ❬❙♦✉✽✶❪
✇❤❡♥ e = 2✱ ❛♥❞ t♦ ❙t❛✛❡❧❞t ❬❙t❛✽✺❪ ❢♦r e ≥ 2 ❛ ❣❡♥❡r❛❧ ✐♥t❡❣❡r✳ ❚❤❡✐r ♣r♦♦❢ ✉s❡s r❛t✐♦♥❛❧
❤♦♠♦t♦♣② t❤❡♦r②✱ ❛♥❞ ✉❧t✐♠❛t❡❧② r❡❞✉❝❡s t♦ ❛ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳

❈♦r♦❧❧❛r② ✶✸✳✹✳✼✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ s✉❝❤ t❤❛t t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(R⊗ZQ)/Q

✈❛♥✐s❤❡s✱ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ∈ Z✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❑n(R[x]/(x
e), (x);Q) ∼=

{
(R⊗Z Q)e−1 ✐❢ n ✐s ♦❞❞ ❛♥❞ n ≥ 1
0 ♦t❤❡r✇✐s❡

♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✳
✸❙❡❡ ❬▼▼✷✷❪ ❢♦r ♠♦r❡ ♦♥ t❤✐s ❝♦♥❞✐t✐♦♥✳

✶✽✻



Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✸✳✹✳✻ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✺✳✶✶✳

❘❡♠❛r❦ ✶✸✳✹✳✽✳ ▲❡t K ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✱ OK ❜❡ ✐ts r✐♥❣ ♦❢ ✐♥t❡❣❡rs✱ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳
❚❤❡ ♦r❞❡rs ✐♥ t❤❡ t♦rs✐♦♥ ♣❛rt ♦❢ t❤❡ r❡❧❛t✐✈❡ K✲t❤❡♦r② ❑(OK [x]/(xe), (x)) ✇❡r❡ ❝♦♠♣❧❡t❡❧② ❞❡✲
t❡r♠✐♥❡❞ ✐♥ ❬❘✐❣✷✷✱ ❘❡♠❛r❦ 1.8❪✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✉s❡ t❤✐s r❡s✉❧t ❛♥❞ ❚❤❡♦r❡♠ ✶✸✳✹✳✻
t♦ ♦❜t❛✐♥ ❛♥ ✐♥t❡❣r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♠♦t✐✈✐❝ ❝♦♠♣❧❡①❡s Z(i)♠♦t(OK [x]/(xe), (x)) ❢♦r
❛❧❧ i ≥ 0✳ ❚❤✐s ✇♦✉❧❞ ✐♥ ♣❛rt✐❝✉❧❛r r❡♣r♦✈❡ ❛♥❞ ❣❡♥❡r❛❧✐s❡ t❤❡ r❡s✉❧t ❢♦r K = Q ♦❢ ❆♥❣❡❧t✈❡✐t✕
●❡r❤❛r❞t✕❍❡ss❡❧❤♦❧t ❬❆●❍✵✾❪✳

❲❡ ❛❧s♦ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❘✐❣❣❡♥❜❛❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦t✐✈✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡
❛♥❛❧♦❣♦✉s r❡s✉❧t ✐♥ K✲t❤❡♦r② ✭❬❘✐❣✷✷✱ ❚❤❡♦r❡♠ 1.1❪✮✳

❚❤❡♦r❡♠ ✶✸✳✹✳✾ ✭❚r✉♥❝❛t❡❞ ♣♦❧②♥♦♠✐❛❧s ♦✈❡r ♣❡r❢❡❝t♦✐❞s✱ ❛❢t❡r ❬❘✐❣✷✷❪✮✳ ▲❡t R ❜❡ ❛ ♣❡r❢❡❝✲
t♦✐❞ r✐♥❣✱ ❛♥❞ e ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i ≥ 1✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡

Zp(i)
♠♦t(R[x]/(xe), (x)) ≃Wei(R)/VeWi(R)[−1]

✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Zp)✱ ✇❤❡r❡ W(R) ❞❡♥♦t❡s t❤❡ ❜✐❣ ❲✐tt ✈❡❝t♦rs ♦❢ R✱ ❛♥❞ V t❤❡
❛ss♦❝✐❛t❡❞ ❱❡rs❝❤✐❡❜✉♥❣ ♦♣❡r❛t♦r✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❘✐❣✷✷✱ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② 6.5❪ ❛♥❞ ❈♦r♦❧❧❛r② ✶✸✳✹✳✷✳

❘❡♠❛r❦ ✶✸✳✹✳✶✵ ✭❈✉s♣✐❞❛❧ ❝✉r✈❡s✮✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♦❢ ❝✉s♣✐❞❛❧ ❝✉r✈❡s ✭✐✳❡✳✱ ❝✉r✈❡s
t❤❛t ❛r❡ ❞❡✜♥❡❞ ❜② ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ya − xb✱ ❢♦r a, b ≥ 2 ❝♦♣r✐♠❡ ✐♥t❡❣❡rs✮ ✇❛s ❝♦♠✲
♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ♦✈❡r ❛ ♣❡r❢❡❝t Fp✲❛❧❣❡❜r❛ ❜② ❍❡ss❡❧❤♦❧t✕◆✐❦♦❧❛✉s ❬❍◆✷✵❪✱ ✉s✐♥❣ ◆✐❦♦❧❛✉s✕
❙❝❤♦❧③❡✬s ❛♣♣r♦❛❝❤ ❬◆❙✶✽❪ t♦ t♦♣♦❧♦❣✐❝❛❧ ❝②❝❧✐❝ ❤♦♠♦❧♦❣②✳ ❚❤✐s r❡s✉❧t ✇❛s t❤❡♥ ❣❡♥❡r❛❧✐s❡❞
t♦ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ♣❡r❢❡❝t♦✐❞ r✐♥❣s ❜② ❘✐❣❣❡♥❜❛❝❤ ❬❘✐❣✷✸❪✱ ✉❧t✐♠❛t❡❧② r❡❧②✐♥❣ ♦♥ ❝♦♠✲
♣✉t❛t✐♦♥s ✐♥ r❡❧❛t✐✈❡ t♦♣♦❧♦❣✐❝❛❧ ❍♦❝❤s❝❤✐❧❞ ❤♦♠♦❧♦❣②✳ ■t ✇♦✉❧❞ s❡❡♠ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞
❆t✐②❛❤✕❍✐r③❡❜r✉❝❤ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ s❤♦✉❧❞ ❞❡❣❡♥❡r❛t❡ ✐♥ t❤✐s ❝♦♥t❡①t✱ t❤✉s ♣r♦✈✐❞✐♥❣ ❛ s✐♠✲
✐❧❛r ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦t✐✈✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ ❝✉s♣✐❞❛❧ ❝✉r✈❡s✳ ❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✇♦✉❧❞
❜❡ ✇❤❡t❤❡r t❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ r❡♣r♦✈❡❞✱ ♦r ❡✈❡♥ ❡①t❡♥❞❡❞ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❜❛s❡ r✐♥❣s✱ ✉s✐♥❣
t❡❝❤♥✐q✉❡s ❢r♦♠ ♣r✐s♠❛t✐❝ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣②✳

✶✽✼
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◆♦t❛t✐♦♥

❆❧❣❡❜r❛✐❝ K✲t❤❡♦r②

❇② ❞❡❢❛✉❧t✱ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ♠❡❛♥s ♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r②✱ ❛s ✐♥tr♦❞✉❝❡❞
❜② ❚❤♦♠❛s♦♥✕❚r♦❜❛✉❣❤ ❬❚❚✾✵❪✳ ❇② ❛ t❤❡♦r❡♠ ♦❢ ❇❧✉♠❜❡r❣✕●❡♣♥❡r✕❚❛❜✉❛❞❛ ❬❇●❚✶✸❪✱
♥♦♥✲❝♦♥♥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ K✲t❤❡♦r② ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❧♦❝❛❧✐③✐♥❣ ✐♥✈❛r✐❛♥t✳

A1✲✐♥✈❛r✐❛♥❝❡

❆ ♣r❡s❤❡❛❢ F (−) ♦♥ s❝❤❡♠❡s ✐s ❝❛❧❧❡❞ A1✲✐♥✈❛r✐❛♥t ✐❢ ❢♦r ❡✈❡r② s❝❤❡♠❡ X ❛♥❞ ❡✈❡r② ✐♥t❡✲
❣❡r m ≥ 0✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ F (X) → F (AmX) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ●✐✈❡♥ ❛ ♣r❡s❤❡❛❢ F (−) ♦♥
s❝❤❡♠❡s✱ t❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ LA1F (−) ♦❢ F (−) ✐s t❤❡ ✐♥✐t✐❛❧ A1✲✐♥✈❛r✐❛♥t ♣r❡s❤❡❛❢ ✇✐t❤ ❛ ♠❛♣
❢r♦♠ F (−)✳ ❚❤❡ A1✲❧♦❝❛❧✐s❛t✐♦♥ ❢✉♥❝t♦r LA1 ❝♦♠♠✉t❡s ✇✐t❤ ❝♦❧✐♠✐ts✳

❇❛s❡ ❝❤❛♥❣❡

●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❛♥ R✲❛❧❣❡❜r❛ S✱ ❛♥❞ ❛ s❝❤❡♠❡ X ♦✈❡r ❙♣❡❝(R)✱ ❞❡♥♦t❡ ❜② XS

t❤❡ ❜❛s❡ ❝❤❛♥❣❡ X ×❙♣❡❝(R) ❙♣❡❝(S) ♦❢ X ❢r♦♠ R t♦ S✳ ■❢ X ✐s ❛ ❞❡r✐✈❡❞ s❝❤❡♠❡✱ t❤✐s ❜❛s❡
❝❤❛♥❣❡ ✐s ✐♠♣❧✐❝✐t❧② t❤❡ ❞❡r✐✈❡❞ ❜❛s❡ ❝❤❛♥❣❡ ❢r♦♠ R t♦ S✳ ❲❡ s♦♠❡t✐♠❡s ✉s❡ t❤❡ ❞❡r✐✈❡❞ ❜❛s❡
❡✈❡♥ ♦♥ ❝❧❛ss✐❝❛❧ s❝❤❡♠❡s✱ ❛♥❞ s❛② ❡①♣❧✐❝✐t❧② ✇❤❡♥ ✇❡ ❞♦ s♦✳

❇♦✉♥❞❡❞ t♦rs✐♦♥

❆♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ A ✐s s❛✐❞ t♦ ❤❛✈❡ ❜♦✉♥❞❡❞ t♦rs✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r N ≥ 1 s✉❝❤
t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② N ♦❢ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ A ✐s ③❡r♦✳

●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ❛♥❞ ❛♥ ❡❧❡♠❡♥t d ♦❢ R✱ ❛♥ R✲♠♦❞✉❧❡M ✐s s❛✐❞ t♦ ❤❛✈❡ ❜♦✉♥❞❡❞
d✲♣♦✇❡r t♦rs✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r n ≥ 1 s✉❝❤ t❤❛t M [dm] = M [dn] ❢♦r ❛❧❧ m ≥ n❀ t❤✐s
❛ss✉♠♣t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❞❡r✐✈❡❞ d✲❝♦♠♣❧❡t✐♦♥ ♦❢ M ✐s ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ❣✐✈❡♥ ❜② t❤❡
❝❧❛ss✐❝❛❧ d✲❝♦♠♣❧❡t✐♦♥ ♦❢ M ✳

❈❞❤ t♦♣♦❧♦❣②

❚❤❡ ❝❞❤ t♦♣♦❧♦❣② ✐s ❛ ●r♦t❤❡♥❞✐❡❝❦ t♦♣♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ❜② ❱♦❡✈♦❞s❦② ❬❙❱✵✵✱ ❱♦❡✶✵❪❀ s❡❡
❬❊❍■❑✷✶❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❞❤ t♦♣♦❧♦❣② ✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ q❝qs s❝❤❡♠❡s✳
■t ✐s ❛ ❝♦♠♣❧❡t❡❧② ❞❡❝♦♠♣♦s❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ t♦♣♦❧♦❣② ❣❡♥❡r❛t❡❞ ❜② ❉❡❧✐❣♥❡✬s ❤②♣❡r❝♦✈❡r✐♥❣s✳
❚❤❡ ❝❞❤ s❤❡❛✜✜❝❛t✐♦♥ ❢✉♥❝t♦r L❝❞❤ ♣r❡s❡r✈❡s ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡s✳

❈♦❡✣❝✐❡♥ts

●✐✈❡♥ ❛ ❢✉♥❝t♦r F (−) ✭r❡s♣✳ ❋✐❧⋆F (−)✮ t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ s♣❡❝tr❛ ✭r❡s♣✳ ✜❧t❡r❡❞ s♣❡❝tr❛✮ ❛♥❞
❛ ♣r✐♠❡ ♥✉♠❜❡r p✱ ✇❡ ❞❡♥♦t❡ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ F (−) ❜② F (−;Q)✱ ✐ts r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p
❜② F (−;Fp)✱ ✐ts ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ ♣♦✇❡rs ♦❢ p ❜② F (−;Z /pk)✱ ✐ts p✲❝♦♠♣❧❡t✐♦♥ ❜②

✶✽✾



F (−;Zp)✱ ❛♥❞ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ ✐ts p✲❝♦♠♣❧❡t✐♦♥ ❜② F (−;Qp)✳ ❲❡ ❛❞♦♣t ❛ s✐♠✐❧❛r ♥♦t❛t✐♦♥
❢♦r ❛ ❢✉♥❝t♦r ❋✐❧⋆F (−) t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ❡✳❣✳✱ ✇❡ ❞❡♥♦t❡ ✐ts r❛t✐♦♥❛❧✐s❛t✐♦♥ ❜②
❋✐❧⋆F (−;Q)✳ ❙✐♠✐❧❛r❧②✱ ✐❢ Z(i)F (−) ✐s ❛ ❢✉♥❝t♦r t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(Z)✱
✇❡ ❞❡♥♦t❡ t❤❡ r❛t✐♦♥❛❧✐s❛t✐♦♥ ♦❢ Z(i)F (−) ❜② Q(i)F (−)✱ ✐ts ❞❡r✐✈❡❞ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ❜②
Fp(i)

F (−)✱ ❡t❝✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❛❧s♦ ✇r✐t❡

∏

p∈P

′

F (−;Qp) :=
(∏

p∈P

F (−;Zp)
)
Q

(
r❡s♣✳

∏

p∈P

′

❋✐❧⋆F (−;Qp) :=
(∏

p∈P

❋✐❧⋆F (−;Zp)
)
Q

)
.

❉❡r✐✈❡❞ ❝❛t❡❣♦r✐❡s ❛♥❞ s♣❡❝tr❛

❉❡♥♦t❡ ❜② ❙♣ t❤❡ ❝❛t❡❣♦r② ♦❢ s♣❡❝tr❛✳ ●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❞❡♥♦t❡ ❜② D(R) t❤❡
❞❡r✐✈❡❞ ❝❛t❡❣♦r② ♦❢ R✲♠♦❞✉❧❡s❀ ✐t ✐s ✐♠♣❧✐❝✐t❧② t❤❡ ❞❡r✐✈❡❞∞✲❝❛t❡❣♦r② ♦❢ R✲♠♦❞✉❧❡s✱ ❛♥❞ ✐s ✐♥
♣❛rt✐❝✉❧❛r ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❝❛t❡❣♦r② ♦❢R✲❧✐♥❡❛r s♣❡❝tr❛✳ ❖✉r ❝♦♥✈❡♥t✐♦♥ ❢♦r ❞❡❣r❡❡s
✐s ❜② ❞❡❢❛✉❧t ❝♦❤♦♠♦❧♦❣✐❝❛❧✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♥♦t✐♦♥s ♦❢ ✜❜r❡ ❛♥❞ ❝♦✜❜r❡ s❡q✉❡♥❝❡s ❛❣r❡❡✱
❛♥❞ t❤❡ ✜❜r❡ ❛♥❞ ❝♦✜❜r❡ ♦❢ ❛ ❣✐✈❡♥ ♠❛♣ s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥ ✜❜ ≃ ❝♦✜❜[−1]✳ ●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t
d ♦❢ R✱ ❛❧s♦ ❞❡♥♦t❡ ❜② (−)∧d t❤❡ d✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ❢✉♥❝t♦r ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝❛t❡❣♦r② D(R)✳

❊①t❡♥s✐♦♥ ❜② ③❡r♦ j!

●✐✈❡♥ ❛ ♣r✐♠❡ ♥✉♠❜❡r p ✭✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② ❝❧❡❛r ❢r♦♠ ❝♦♥t❡①t✮ ❛♥❞ ❛ s❝❤❡♠❡ X✱ ❞❡♥♦t❡ ❜②
j : X[1p ]→ X t❤❡ ♦♣❡♥ ✐♠♠❡rs✐♦♥ ♦❢ t❤❡ p✲❛❞✐❝ ❣❡♥❡r✐❝ ✜❜r❡ ♦❢ X✱ ❛♥❞ ❜② j! : (X[1p ])ét → Xét

t❤❡ ❛ss♦❝✐❛t❡❞ ❡①t❡♥s✐♦♥ ❜② ③❡r♦ ❢✉♥❝t♦r✳

❋✐❧tr❛t✐♦♥s

❇② ❞❡❢❛✉❧t✱ ❛ ✜❧tr❛t✐♦♥ ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ❝❛t❡❣♦r② C ✐s ❛ Z✲✐♥❞❡①❡❞ ❞❡❝r❡❛s✐♥❣ ✜❧t❡r❡❞
♦❜❥❡❝t ✐♥ t❤❡ ❝❛t❡❣♦r② C✱ ✐✳❡✳✱ ❛ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② (Z,≥)♦♣ t♦ t❤❡ ❝❛t❡❣♦r② C✳ ❆
✜❧tr❛t✐♦♥ ✐s ❝❛❧❧❡❞ N✲✐♥❞❡①❡❞ ✐❢ ✐t ✐s ❝♦♥st❛♥t ✐♥ ♥♦♥✲♣♦s✐t✐✈❡ ❞❡❣r❡❡s✳ ●✐✈❡♥ ❛ ✜❧t❡r❡❞ ♦❜❥❡❝t
❋✐❧⋆C ❛♥❞ ❢♦r ❡❛❝❤ ✐♥t❡❣❡r n ∈ Z✱ ❧❡t ❣rnC ∈ D(R) ❞❡♥♦t❡ t❤❡ ❝♦✜❜r❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣
❋✐❧n+1C → ❋✐❧nC✳ ❆ ✜❧t❡r❡❞ ♦❜❥❡❝t ❋✐❧⋆C ✐s s❛✐❞ t♦ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ t❤❡ ❧✐♠✐t ❧✐♠n ❋✐❧nC
✈❛♥✐s❤❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❚❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① ✐s ❣✐✈❡♥ ❢♦r ❡❛❝❤ n ∈ Z

❜② ❋✐❧n❍♦❞Ω−/R := Ω≥n
−/R❀ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ LΩ≥⋆

−/R ♦♥ t❤❡ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① LΩ−/R
✐s ❞❡✜♥❡❞ ❛s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ✜❧tr❛t✐♦♥✳ ■t ✐s N✲✐♥❞❡①❡❞✱ ❜✉t ♥♦t ❛❧✇❛②s ❝♦♠♣❧❡t❡✳

■ts ❝♦♠♣❧❡t✐♦♥✱ t❤❡ ❍♦❞❣❡✲❝♦♠♣❧❡t❡❞ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡①✱ ✐s ❞❡♥♦t❡❞ ❜② L̂Ω
≥⋆

−/R✳
●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❞❡♥♦t❡ ❜② DF(R) := ❋✉♥((Z,≥)♦♣,D(R)) t❤❡ ✜❧t❡r❡❞ ❞❡r✐✈❡❞

❝❛t❡❣♦r② ♦❢ R✲♠♦❞✉❧❡s✳ ❆❧s♦ ❞❡♥♦t❡ ❜② ❋✐❧❙♣ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ s♣❡❝tr❛✱ ❛♥❞ ❜② ❜✐❋✐❧❙♣
t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐✜❧t❡r❡❞ s♣❡❝tr❛ ✭✐✳❡✳✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞
s♣❡❝tr❛✮✳

❍❡♥s❡❧✐❛♥ r✐♥❣s

●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ❛♥❞ ❛♥ ✐❞❡❛❧ I ♦❢ R✱ t❤❡ ♣❛✐r (R, I) ✐s ❝❛❧❧❡❞ ❤❡♥s❡❧✐❛♥ ✐❢ ✐t
s❛t✐s✜❡s ❍❡♥s❡❧✬s ❧❡♠♠❛✳ ❆ ❧♦❝❛❧ r✐♥❣ R ✐s ❝❛❧❧❡❞ ❤❡♥s❡❧✐❛♥ ✐❢ t❤❡ ♣❛✐r (R,m) ✐s ❤❡♥s❡❧✐❛♥✱
✇❤❡r❡ m ✐s t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ R✳ ❍❡♥s❡❧✐❛♥ ❧♦❝❛❧ r✐♥❣s ❛r❡ t❤❡ ❧♦❝❛❧ r✐♥❣s ❢♦r t❤❡ ◆✐s♥❡✈✐❝❤
t♦♣♦❧♦❣②✳ ❆ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s ❝❛❧❧❡❞ d✲❤❡♥s❡❧✐❛♥✱ ❢♦r d ❛♥ ❡❧❡♠❡♥t ♦❢ R✱ ✐❢ t❤❡ ♣❛✐r (R, (d))
✐s ❤❡♥s❡❧✐❛♥✳

✶✾✵



■♥❞✲s♠♦♦t❤ s❝❤❡♠❡s

●✐✈❡♥ ❛ s❝❤❡♠❡ S✱ ❛ s❝❤❡♠❡ X ✐s ❝❛❧❧❡❞ ✐♥❞✲s♠♦♦t❤ ✭r❡s♣✳ ✐♥❞✲r❡❣✉❧❛r✱ ✐♥❞✲ét❛❧❡✮ ♦✈❡r S ✐❢
✐t ✐s ❛ ❝♦✜❧t❡r❡❞ ❧✐♠✐t ♦❢ s♠♦♦t❤ ✭r❡s♣✳ r❡❣✉❧❛r✱ ét❛❧❡✮ S✲s❝❤❡♠❡s✳

▲❡❢t ❑❛♥ ❡①t❡♥s✐♦♥s

●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✱ ❛♥ ∞✲❝❛t❡❣♦r② D ✇❤✐❝❤ ❛❞♠✐ts s✐❢t❡❞ ❝♦❧✐♠✐ts ✭❡✳❣✳✱ D(R)
♦r DF(R)✮✱ ❛♥❞ ❛ ❢✉♥❝t♦r

F : ❙♠R := {s♠♦♦t❤ R✲❛❧❣❡❜r❛s} −→ D,

❞❡✜♥❡
LF : R✲❆❧❣ −→ D

S 7−→ ❝♦❧✐♠
P→S

F (P ),

✇❤❡r❡ t❤❡ ❝♦❧✐♠✐t ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ❢r❡❡ R✲❛❧❣❡❜r❛s P ♠❛♣♣✐♥❣ t♦ S✳ ❚❤❡ ❢✉♥❝t♦r LF ✐s ❝❛❧❧❡❞
t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ R✲❛❧❣❡❜r❛s ♦❢ F ✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡①
L−/R := LΩ1

−/R ✐s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ ♣♦❧②♥♦♠✐❛❧ R✲❛❧❣❡❜r❛s ♦❢ t❤❡ ♠♦❞✉❧❡ ♦❢ ❑ä❤❧❡r

❞✐✛❡r❡♥t✐❛❧s Ω1
−/R✱ ❛♥❞ t❤❡ ❞❡r✐✈❡❞ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① LΩ−/R ✐s t❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠

♣♦❧②♥♦♠✐❛❧ R✲❛❧❣❡❜r❛s ♦❢ t❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① Ω−/R✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❧❡❢t ❑❛♥
❡①t❡♥s✐♦♥s ✭❡✳❣✳✱ ❢r♦♠ s♠♦♦t❤ R✲❛❧❣❡❜r❛s✮✱ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ✕s❡❡ ❬❊▼✷✸✱ ❙❡❝t✐♦♥ 2.3
❛♥❞ ❘❡♠❛r❦ 3.4❪ ❢♦r ❛ q✉✐❝❦ r❡✈✐❡✇ ♦❢ t❤✐s ❢♦r♠❛❧✐s♠✳ ❚❤❡ ❧❡❢t ❑❛♥ ❡①t❡♥s✐♦♥ ❢r♦♠ ❛ ❝❛t❡❣♦r② C
t♦ ❛ ❝❛t❡❣♦r② C′✱ ✇❤❡♥ t❤✐s ♠❛❦❡s s❡♥s❡✱ ✐s ❞❡♥♦t❡❞ ❜② LC′/C ✳

◗✉❛s✐s②♥t♦♠✐❝ r✐♥❣s

❆ ♠♦r♣❤✐s♠ R→ S ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❝❛❧❧❡❞ p✲❞✐s❝r❡t❡✱ ❢♦r p ❛ ♣r✐♠❡ ♥✉♠❜❡r✱ ✐❢ t❤❡
❞❡r✐✈❡❞ t❡♥s♦r ♣r♦❞✉❝t S ⊗L

R R/p ∈ D(R/p) ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❞❡❣r❡❡ ③❡r♦✱ ✇❤❡r❡ ✐t ✐s ❣✐✈❡♥
❜② S/p✳ ■t ✐s ❝❛❧❧❡❞ p✲✢❛t ✐❢ ✐t ✐s p✲❞✐s❝r❡t❡ ❛♥❞ ✐❢ ✐ts r❡❞✉❝t✐♦♥ R/p→ S/p ♠♦❞✉❧♦ p ✐s ✢❛t✳ ■t
✐s ❝❛❧❧❡❞ p✲q✉❛s✐s②♥t♦♠✐❝ ✐❢ ✐t ✐s p✲✢❛t ❛♥❞ ✐❢ t❤❡ ❝♦t❛♥❣❡♥t ❝♦♠♣❧❡① L(S/p)/(R/p) ∈ D(S/p) ❤❛s
❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [−1; 0]✳

❆ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R ✐s ❝❛❧❧❡❞ p✲q✉❛s✐s②♥t♦♠✐❝ ✐❢ ✐t ❤❛s ❜♦✉♥❞❡❞ p✲♣♦✇❡r t♦rs✐♦♥ ❛♥❞ ✐❢ t❤❡
❝♦♠♣❧❡① LR/Z ⊗

L
R R/p ∈ D(R/p) ❤❛s ❚♦r✲❛♠♣❧✐t✉❞❡ ✐♥ [−1; 0]✳ ❇❡✇❛r❡ t❤❛t p✲q✉❛s✐s②♥t♦♠✐❝

Z✲❛❧❣❡❜r❛s ❛r❡ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡✿ ❢♦r ✐♥st❛♥❝❡✱ Fp ✐s ❛
p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣✱ ❜✉t t❤❡ ♠♦r♣❤✐s♠ Z → Fp ✐s ♥♦t p✲❞✐s❝r❡t❡✳ ❲❡ r❡❢❡r t♦ ❬❇▼❙✶✾❪
❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ p✲q✉❛s✐s②♥t♦♠✐❝ t♦♣♦❧♦❣② ♦♥ p✲q✉❛s✐s②♥t♦♠✐❝ r✐♥❣s✳

❘✐❣✐❞ ❢✉♥❝t♦r

❆ ❢✉♥❝t♦r F (−) ♦♥ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ✐s ❝❛❧❧❡❞ r✐❣✐❞ ✐❢ ❢♦r ❡✈❡r② ❤❡♥s❡❧✐❛♥ ♣❛✐r (R, I)✱ t❤❡
♥❛t✉r❛❧ ♠❛♣ F (R)→ F (R/I) ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳

❘✐♥❣s ❛♥❞ s❝❤❡♠❡s

◗✉❛s✐✲❝♦♠♣❛❝t q✉❛s✐✲s❡♣❛r❛t❡❞ ✭❞❡r✐✈❡❞✮ s❝❤❡♠❡s ❛r❡ ❝❛❧❧❡❞ q❝qs ✭❞❡r✐✈❡❞✮ s❝❤❡♠❡s✳ ❚❤❡s❡
✐♥❝❧✉❞❡ ❛❧❧ ❛✣♥❡ ✭❞❡r✐✈❡❞✮ s❝❤❡♠❡s✱ ✐✳❡✳✱ ✭❛♥✐♠❛t❡❞✮ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❉❡♥♦t❡ ❜② ❙❝❤q❝qs t❤❡
❝❛t❡❣♦r② ♦❢ q❝qs s❝❤❡♠❡s✱ ❞❙❝❤q❝qs t❤❡ ❝❛t❡❣♦r② ♦❢ q❝qs ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ ❘✐♥❣s t❤❡ ❝❛t❡❣♦r②
♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ❆♥✐❘✐♥❣s t❤❡ ❝❛t❡❣♦r② ♦❢ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ❙❝❤❡♠❡s✱ r❡s♣✳
❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ ❛r❡ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ❝❧❛ss✐❝❛❧ t♦ ❡♠♣❤❛s✐③❡ t❤❛t ✇❡ ❛r❡ ♥♦t ✇♦r❦✐♥❣ ✐♥ t❤❡
❣❡♥❡r❛❧✐t② ♦❢ ❞❡r✐✈❡❞ s❝❤❡♠❡s✱ r❡s♣✳ ❛♥✐♠❛t❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s✳ ●✐✈❡♥ ❛ ❝♦♠♠✉t❛t✐✈❡ ❜❛s❡
r✐♥❣ R✱ ❛❧s♦ ❞❡♥♦t❡ ❜② ❙♠R t❤❡ ❝❛t❡❣♦r② ♦❢ s♠♦♦t❤ s❝❤❡♠❡s ♦✈❡r ❙♣❡❝(R)✱ ❙❝❤❢♣ t❤❡ ❝❛t❡❣♦r②

✶✾✶



♦❢ ✜♥✐t❡❧② ♣r❡s❡♥t❡❞ s❝❤❡♠❡s ♦✈❡r ❙♣❡❝(R)✱ P♦❧②R t❤❡ ❝❛t❡❣♦r② ♦❢ ♣♦❧②♥♦♠✐❛❧ R✲❛❧❣❡❜r❛s✱ ❛♥❞
E1✲❘✐♥❣sR t❤❡ ❝❛t❡❣♦r② ♦❢ ❛ss♦❝✐❛t✐✈❡ R✲❧✐♥❡❛r r✐♥❣ s♣❡❝tr❛✳

❙❤❡❛✜✜❝❛t✐♦♥

❲❡ ✉s❡ s❡✈❡r❛❧ ●r♦t❤❡♥❞✐❡❝❦ t♦♣♦❧♦❣✐❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❩❛r✐s❦✐✱ ◆✐s♥❡✈✐❝❤✱ ét❛❧❡✱ ❛♥❞ ❝❞❤
t♦♣♦❧♦❣✐❡s✳ ❉❡♥♦t❡ ❜② L❩❛r✱ L◆✐s✱ Lét✱ ❛♥❞ L❝❞❤ t❤❡ s❤❡❛✜✜❝❛t✐♦♥ ❢✉♥❝t♦rs ❢♦r t❤❡s❡ t♦♣♦❧♦❣✐❡s✳
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